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Tavi 1

ZiriTadi cnebebi grafTa Teoriidan

1.1 Sesavali

kompiuteruli mecnierebis specialistisTvis algoriTmebis Seswavla mniSvnelovania rogorc praqti-
kuli, ise Teoriuli TvalsazrisiT. praqtikulad mas unda hqondes warmodgena ZiriTad algoriTmebze,
romlebic Sesabamis monacemTa struqturis arCeviT, programuli instrumentebis gamoyenebiT, miscems
algoriTmis efeqturad implementaciis saSualebas ama Tu im amocanisTvis. Teoriuli TvalsazrisiT,
algoriTmebi warmoadgenen baziss, romlis gareSec SeuZlebelia programuli kodis dawera.
algoriTmebis Seswavla ar gulisxmobs ramdenime algoriTmis aRweras ramdenime konkretuli amocan-
isTvis, aramed stilis da midgomebis gaazrebas, romelic gamoadgeba programists axali amocanis das-
misas, algoriTmis gamoyenebaSi. meore mxriv, programistma unda SeZlos gaarCios amoxsnadia Tu ara
dasmuli amocana.
arsebobs algoriTmebis klasifikaciis ori midgoma: amocanis tipis da proeqtirebis meTodis mixedviT.
amocanis tipis mixedviT algoriTmebi SeiZleba daiyos Semdegnairad:

• daxarisxeba

• Zebna

• striqonis damuSaveba

• amocanebi grafebze

• kombinatoruli amocanebi

• geometriuli amocanebi

• ricxviTi amocanebi

proeqtirebis meTodis mixedviT algoriTmebi SeiZleba daiyos:

• "uxeSi Zalis" meTodi

• dekompoziciis meTodi

• amocanis zomis Semcirebis meTodi

• gardaqmnis meTodi

• droisa da sivrcis kompromisis meTodi

• xarbi meTodi

• dinamikuri daprogramebis meTodi

• dabrunebiT Zebnis meTodi

• Stoebisa da sazRvrebis meTodi
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Cvens mier Sesaswavli algoriTmebis umravlesobas aqvs polinomialuri muSaobis dro, rac niSnavs,
rom uares SemTxvevaSi muSaobis dro aris O(nk). aseT amocanebs miakuTvneben P klass. ufro formalu-
rad, P-Si Sedis mxolod gadawyvetilebis miRebis amocanebi (decision problems), anu amocanebi, romelzec
pasuxia "ki" an "ara". magram yvela amocanis amoxsna ar SeiZleba polinomialur droSi. arsebobs ga-
dawyvetilebis miRebis amocanebi, romelic ar ixsneba saerTod, arc erTi algoriTmiT. aseT amocanebs
uwodeben amouxsnads (undecidable). am tipis amocanis cnobili magaliTia alan tiuringis mier 1936
wels dasmuli gaCerebis amocana (halting problem): mocemuli kompiuteruli programisTvis da Semavali
monacemebisTvis, gansazRvreT daamTavrebs Tu ara programa muSaobas, Tu is imuSavebs usasrulod.
NP klasSi Sedis gadawyvetilebis miRebis amocanebi, romlebic "eqvemdebarebian Semowmebas" polinomi-
alur droSi. sxva sityvebiT rom vTqvaT, Tu gvaqvs am amocanis raime amonaxsni, polinomialur droSi
SeiZleba SevamowmoT misi koreqtuloba. P klasis nebismieri amocana ekuTvnis NP klass: P ⊆ NP . ma-
gram jerjerobiT (kukis mier, misi dasmis momentidan, 1971 w.) Riad rCeba sakiTxi: P klasi NP klasis
mkacri qvesimravlea, Tu es ori klasi emTxveva erTmaneTs?
amocanebisTvis, amocanaTa klasidan, romelic cnobilia NP-sruli klasis saxelwodebiT, ar aris
napovni amoxsnis efeqturi algoriTmebi, magram isic ar aris damtkicebuli, rom aseTi algoriTmebi
ar arsebobs. meore mxriv, NP-srul amocanebs aqvT erTi SesaniSnavi Tviseba: Tu efeqturi algoriTmi
arsebobs erTi mainc amocanisTvis am klasidan, maSin misi formulireba SeiZleba am klasis yvela dan-
arCeni amocanisTvisac.
NP-sruli amocanebis gansakuTrebuli Tviseba aris is, rom zogierTi maTgani, erTi SexedviT, analo-
giuria amocanebisa, romelTaTvisac arsebobs algoriTmebi polinomialuri muSaobis droiT. magali-
Tad, ganvixiloT wyvilebi, romlebSic erTi ixsneba polinomialur droSi, xolo meore - NP-sruli
amocanaa.

1. eileris da hamiltonis ciklebis:

eileris ciklis povnis amocana: vipovoT G=(V,E) bmul orientirebul grafSi cikli, romelic
yvela wibos Semoivlis mxolod erTxel, Tumca dasaSvebia wveroebis ramdenjerme Semovla.
eileris ciklis arsebobis dadgena, agreTve, misi Semadgeneli wiboebis povna SeiZleba O(E)
droSi.

hamiltonis ciklis povnis amocana: vipovoT G=(V,E) orientirebul grafSi martivi cikli, rome-
lic yvela wveros Semoivlis. hamiltonis ciklis arsebobis dadgenis amocana aris NP-sruli.

2. grafSi or wveros Soris umoklesi gzis da yvelaze grZeli gzis povnis amocanebi:

G=(V,E) orientirebul grafSi or wveros Soris umoklesi gzis povnis amocana SeiZleba amoixsnas
O(VE) droSi. or wveros Soris yvelaze grZeli gzis povnis amocana rTulia. amocana imis Sesaxeb,
Seicavs Tu ara grafi martiv gzas, romelSic wiboebis raodenoba mocemul ricxvze naklebi araa,
NP-srulia.

Tu raime amocanisTvis dadginda, rom igi NP-srulia, maSin programisti ufro efeqturad daxar-
javs dros, Tu Seqmnis am amocanisTvis miaxloebiT algoriTms an amoxsnis am amocanis martiv
variants, imis magivrad, rom eZebos swrafi algoriTmi, romelic iZleva zust amonaxsns.

algoriTmebis agebis am kurss viwyebT grafebze algoriTmebis SeswavliT, amisTvis gavecnoT ZiriTad
cnebebs da gansazRvrebebs grafebis Sesaxeb.
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1.2 ZiriTadi cnebebi da gansazRvrebebi grafebze

rogorc wina semestris Sesaval kursSi aRvniSneT, grafebiT Zalian bevri problemis aRwera da gadaWra
SeiZleba. Tu mocemulia raime amocana A, misi monacemebis gardaqmna SeiZleba iseT grafad, romelzedac
raRaca sxva amocanis amoxsniT am sawyisi problemis pasuxis dadgena iqneba SesaZlebeli.
magaliTad, manqanebSi Cadgmuli navigaciis sistemebi, romlelTa meSveobiTac qalaqis erTi adgilidan
meoreze misvlis umokles gzas vgebulobT, grafebze or wveros Soris umoklesi gzis povnaze daiyva-
neba: Tu quCebis gadakveTas aRvniSnavT rogorc grafis wveroebs, xolo wiboebiT ki TviTon quCebs,
gamogviva Sewonili grafi, romelSic quCebis sigrZe wibos wonis toli iqneba. cxadia, rom grafSi
umoklesi gzis povna qalaqSi umoklesi gzis povnis tolfasi iqneba.
pirvel rigSi, aucilebelia gadasaWreli amocanis mkafiod da sworad gadatana grafebze, ris Semde-
gac mis amosaxsnelad ramodenime fundamenturi algoriTmis codnaa saWiro, maT Soris (magram ara
mxolod) umciresi damfaravi xis, mocemuli ori wveros Soris umoklesi gzis, grafis planarulad
(brtylad) sibrtyeze daxazvis amocanebi. Tu adamiani ramodenime ZiriTadi amocanis gadaWris xerxs
daeufleba, ufro rTuli amocanebis gadaWra, rogorc wesi, am ZiriTadi amocanebis Tanmimdevrulad
gadaWris saSualebiTac SeiZleba.
amocanaTa gadaWris ZiriTad meTodebs Soris (romelic farTod gamoiyneba grafebze algoriTmebSi)
SeiZleba moviyvanoT e.w. YsiganeSi ZebnisA da YsiRrmeSi ZebnisA algoriTmebi, romelTa saSualebiTac
swrafad SegviZlia SemoviaroT grafis yvela wvero (yovelgvari SezRudvis gareSe).

algoriTmebisa da maTi gadaWris meTodebis Seswavla umjobesia praqtikuli problemebis ganxilviT
daviwyoT.

1.2.1 berZnuli miTi minotavris Sesaxeb

kunZul kretazelabirinTSi damwyvdeuli iyo adamianis tanisa da xaris Tavis mqone urCxuli minotavri,
romlisTvis aTenelebs xalxis msxverpli unda SeegzavnaT. am saSinelebisagan Tavis daxsnis mizniT
berZeni gmiri Tesevsi labirinTSi Sevida da minotavri gangmira. radgan labirinTSi gzis gakvleva
sakmaod rTuli saqmea, man mefis qaliSvilis - ariadnas mier micemuli Zafi gamoiyena, riTac advilad
gamoagno gareT (aqedan momdinareobs gamoTqma Ymsjelobis Zafi dakargaA, YZafi gaeqcaA da sxva).

nax. 1.1: msoflioSi yvelaze ganTqmuli labirinTi

es miTi - filosofiuri, istoriuli, kulturuli da mravali sxva mniSvnelobis garda - aseve did rols
TamaSobs informatikaSic, radgan ucnob garemoSi moZraobis amocanas ukavSirdeba, xolo Zafis an sxva
saSualebebiT ganvlili gzis moniSnva da ukan dabruneba farTod gamoiyeneba algoriTmebTan dakavSi-
rebuli problemebis gadasaWrelad.
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yovel labirinTs SegviZlia SevusabamoT raRaca grafi. nax. 1.2-Si naCvenebia SedarebiT rTuli labi-
rinTi, romelSic Sesabamisi grafia Caxazuli.

nax. 1.2: SedarebiT rTuli labirinTi Sesabamisi grafiT

igive grafi SegviZlia sxvanairadac davxatoT, rom aRsaqmelad ufro advili iyos (nax. 1.3). cxadia, rom
Tu gveqneba algoriTmi, romlis saSualebiTac grafis yvela wveros Semovlas SevZlebT, amiT labi-
rinTSi Sesvlis an gamosvlis algoriTmsac avagebT.

nax. 1.3: labirinTis eqvivalenturi grafi

aRsaniSnavia, rom zeda or naxazSi moyvanili grafi erTmaneTis eqvivalenturia (erTis meoreSi gaday-
vana SeiZleba ise, rom grafis struqtura ar Seicvalos, aq mxolod daxatvis wesia sxvadasxva), amitom
Tu labirinTSi Sesvlisas gzis pirvel gasayarTan unda gavuxvioT marcxniv, meore grafSi unda viaroT
pirdapir. magram amas raime principuli mniSvneloba ar aqvs: erT grafze moZebnili amonaxsni advilad
SeiZleba gadavitanoT meoreze.

labirinTebSi gzis gakvlevis garda, grafSi wveroebis Semovlis amocanas mravali gamoyebena SeiZleba
movuZebnoT, magaliTad, grafis wveroebis SigTavsis amobeWdvaSi, grafTa kopirebasa an sxvadasxva for-
matebSi CaweraSi, wveroTa an wiboTa raodenobis daTvlaSi, grafis bmuli komponentebis povnaSi, or
wveros Soris gzis povnaSi, grafSi ciklebis aRmoCenaSi da bevr sxva amocanaSi.

Tu movaxerxebT imas, rom grafis Semovlisas yovel wiboze gavivliT zustad orjer (YiqiT-aqeTA),
gveqneba imis garantia, rom ar gaviWedebiT da yvela wverosac gavivliT.
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savarjiSo 1.1: formalurad daamtkiceT, rom Tu grafis yvela wibos SemovuvliT zustad orjer, mis
yvela wveroSi erTxel mainc SevalT.

axla ki moviyvanoT grafTa Teoriis ZiriTadi gansazRvrebebi.
orientirebuli grafi (directed) G ganisazRvreba rogorc (V,E) wyvili, sadac V sasruli simravlea,
xolo E warmoadgens V-s elementTa binarul damokidebulebas, anu V ×V simravlis qvesimravlea. ori-
entirebul grafs zogjer orgrafs (digraph) uwodeben. V simravles uwodeben grafis wveroTa sim-
ravles (vertex set), xolo E-s - wiboTa simravles (edge set). maT elementebs Sesabamisad ewodebaT wvero
(vertex) da wibo (edge). wibos, romelic wveros sakuTar TavTan aerTebs, uwodeben maryuJs ( ciklur
wibos).
araorientirebul grafSi (undirected graph) G=(V,E) wiboTa E simravle Sedgeba wveroTa daulagebeli
(unordered) wyvilebisagan. wibos aRsaniSnavad gamoiyeneba Canaweri (u,v). araorientirebul grafSi (u,v)
da (v,u) erTi da igive wibos aRniSnavs, xolo maryuJi ar SeiZleba arsebobdes, radgan wibo ori gansx-
vavebuli wverosagan unda Sedgebodes.

1 2 3

4 5 6

(a)

1 2 3

4 5 6

(b)

1 2 3

4 5 6

(c)

nax. 1.4:

sur. 1.4a-ze mocemulia orientirebuli grafi 6 wveroTi da 8 wiboTi V={1, 2, 3, 4, 5, 6} da E={(1,2), (2,2),
(2,4), (2,5), (4,1), (4,5), (5,4), (6,3)}. sur. 1.4b-ze - araorientirebuli grafi 6 wveroTi da 4 wiboTi V={1,
2, 3, 4, 5, 6} da E={(1,2), (1,5), (2,5), (3,6)}. (u,v) wibos Sesaxeb orientirebul grafSi ityvian, rom igi
gamodis u wverodan da Sedis v wveroSi. sur. 1.4a-ze 2 wverodan gamodis sami wibo - (2,2), (2,4), (2,5) da 2
wveroSi Sedis ori wibo - (1,2), (2,2). araorientirebul grafSi (u,v) wibos Sesaxeb ityvian, rom igi u da
v wveroebis incidenturia (incident).
Tu G grafSi arsebobs (u,v) wibo, ityvian, rom v wvero u wveros mosazRvrea (is adjacent to u) araorientire-
bul grafebSi mosazRvreoba simetriuli mimarTebaa, xolo orientirebul grafebisTvis es debuleba
ar aris samarTliani. Tuki orientirebul grafSi v wvero u wveros mosazRvrea, weren u→ v.
araorientirebul grafSi wveros xarisxs (degree) uwodeben am wverosadmi incidenturi wiboebis rao-
denobas. magaliTad sur. 1.4b-ze 2 wveros xarisxia 2. wveros, romlis xarisxic aris 0, ewodeba izolire-
buli (isolated) wvero. wveros, romlis xarisxi aris 1 ewodeba dakiduli wvero. orientirebul grafSi
ganasxvaveben Semaval (in-degree) da gamomaval (out-degree) xarisxebs (Sesabamisad wveroSi Semavali da
gamomavali wiboebis raodenobis mixedviT) da maT jams uwodeben wveros xarisxs. magaliTad, sur. 1.4a-
ze 2 wveros xarisxia 5 (Semavali xarisxi - 2, gamomavali xarisxi - 3). wveros, romlis gamomavali xarisxi
nulia, ewodeba Casadeni (sink), wveros, romlis Semavali xarisxi nulia, ewodeba wyaro (source).
k sigrZis gza ( marSruti) (path of length k) u wverodan v wveroSi ganifazRvreba rogorc wveroTa <
v0, v1, v2, . . . , vk > mimdevroba, sadac v0 = u, vk = v da (vi−1, vi) ∈ E nebismieri i=1,2,. . . ,k-saTvis. gzis
sigrZe ganisazRvreba masSi Semavali wiboebis raodenobiT. gza Seicavs (contains) v0, v1, v2, . . . , vk wveroebs
da (v0, v1), (v1, v2), . . . , (vk−1, vk) wiboebs. yovelTvis arsebobs nuli sigZis gza wverodan Tavis TavSi. v0
wveros uwodeben gzis dasawyiss, xolo vk wveros - gzis bolos da amboben, rom gza midis v0-dan vk-saken.
Tu mocemuli u da u’ wveroebisTvis arsebobs p gza u-dan u’-Si, maSin amboben, rom u’ miRwevadia u-dan p
gziT (u’ is reachable from u via p). gzas ewodeba martivi (simple), Tuki yvela wvero masSi gansxvavebulia.
sur. 1.4a-ze 3 sigrZis mqone gza ¡1, 2, 5, 4¿ martivia, xolo imave sigrZis gza ¡2, 5, 4, 5¿ - araa martivi.
p =< v0, v1, v2, . . . , vk > gzis qvegza (subpath) ewodeba am gzidan miyolebiT aRebul < vi, vi+1, . . . , vj >
wveroTa mimdevrobas, romlisTvisac 0 ≤ i ≤ j ≤ k. orientirebul grafSi cikli (cycle) ewodeba gzas,
romelSic sawyisi wvero emTxveva bolo wveros da romelic erT wibos mainc Seicavs. cikls ewodeba
martivi, Tuki masSi ar meordeba arc erTi wvero pirvelisa da bolos garda. maryuJi warmoadgens
cikls sigrZiT 1. aigiveben ciklebs, romlebic gansxvavdebian mxolod wanacvlebiT ciklis gaswvriv.
mag.: sur. 1.4a-ze gzebi ¡1, 2, 4, 1¿, ¡2, 4, 1, 2¿ da ¡4, 1, 2, 4¿ warmoadgenen erTsa da imave cikls. amave naxazze
cikli ¡2, 2¿ Seqmnilia erTi wiboTi. orientirebul grafs uwodeben martivs, Tuki igi ar Seicavs
maryuJebs.
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araorientirebul grafSi < v0, v1, v2, . . . , vk > gzas ewodeba martivi cikli, Tu k ≥ 3, v0 = vk da yvela
v1, v2, . . . , vk wvero gansxvavebulia. sur. 1.4b-ze martivi ciklia ¡1, 2, 5, 1¿. grafs, romelSic araa ciklebi,
acikluri (acyclic) ewodeba.
araorientirebul grafs ewodeba bmuli (connected), Tuki wveroTa nebismieri wyvilisaTvis arsebobs gza
erTidan meoreSi. araorientirebul grafSi gzis arseboba erTi wverodan meoreSi warmoadgens ekviva-
lentur mimarTebas wveroTa simravleze. ekvivalentobis klasebs ewodebaT grafis bmuli komponentebi
(connected components). mag.: sur. 1.4b-ze sami bmuli komponentia: {1, 2, 5}, {3, 6} da {4}. araorientirebuli
grafi bmulia maSin da mxolod maSin, roca is Sedgeba erTaderTi bmuli komponentisagan.
orientirebul grafs ewodeba Zlierad bmuli (strongly connected), Tuki misi nebismieri wverodan miRwe-
vadia (orientirebuli gzebiT) nebismieri sxva wvero. nebismieri orientirebuli grafi SeiZleba daiyos
Zlierad bmul komponentebad (strongly connected components). sur. 1.4a-ze aris sami aseTi komponenti {1, 2,
4, 5}, {3} da {6}. SevniSnoT, rom 3 da 6 wveroebi erTad ar hqmnian Zlierad bmul komponents, radgan ar
arsebobs gza 6-dan 3-Si.
G=(V,E) da G’=(V’,E’) grafebs ewodebaT izomorfulebi (isomorphic), Tuki arsebobs urTierTcalsaxa
Sesabamisoba f : V → V ′ maTi wveroebis simravleebs Soris, romlis drosac (u, v) ∈ E maSin da mxolod
maSin, roca (f(u), f(v)) ∈ E′. SeiZleba iTqvas, rom izomorfuli grafebi es erTi da igive grafia, sadac
wveroebi sxvadasxvagvaradaa dasaxelebuli.
G’=(V’,E’) grafs ewodeba G=(V,E) grafis qvegrafi (subgraph), Tu V ′ ⊆ V da E′ ⊆ E. Tu G=(V,E) grafSi
avirCevT V’ wveroTa nebismier simravles, maSin SegviZlia ganvixiloT G-s qvegrafi, romelic Sedgeba am
wveroebisa da maTi SemaerTebeli wiboebisagan. am qvegrafs uwodeben G grafis SezRudvas V’ wveroTa
simravleze. sur. 1.4a-ze mocemuli grafis SezRudva {1, 2, 3, 6} wveroTa simravleze naCvenebia sur.
1.4c-ze da Seicavs sam wibos (1,2), (2,2), (6,3).
nebismieri araorientirebuli grafisaTvis SeiZleba ganvixiloT misi orientirebuli varianti (di-
rected version), Tuki yovel (u,v) araorientirebul wibos SevcvliT orientirebuli wiboebis (u,v) da
(v,u) wyviliT, romlebsac eqnebaT urTierTsawinaaRmdego mimarTulebebi. meore mxriv, nebismieri orien-
tirebuli grafisaTvis SeiZleba ganvixiloT misi araorientirebuli varianti (undirected version), Tuki
amovSliT maryuJebs da (u,v) da (v,u) wiboebs SevcvliT araorientirebuli (u,v) wiboTi. orientirebul
grafSi wveros mezobeli (neighbor) ewodeba nebismier wveros, romelic SeerTebulia masTan nebismieri
mimarTulebis wiboTi, e.i. v wvero aris u-s mezobeli Tu v aris u-s mosazRvre an u aris v-s mosazRvre.
araorientirebul grafSi ki cnebebi "mezobeli" da "mosazRvre" sinonimebia.
sruli (complete) grafi ewodeba araorientirebul grafs, romelic Seicavs yvela SesaZlebel wibos
wveroTa mocemuli simravlisaTvis, e.i. nebismieri wvero SeerTebulia yvela danarCenTan. araorien-
tirebul G = (V,E) grafs uwodeben orwilas (bipartite), Tu V wveroTa simravle SeiZleba gavyoT iseT
or V1 da V2 nawilad, rom nebismieri wibos boloebi sxvadasxva nawilSi aRmoCndes. G=(V,E) grafis
damateba ewodeba grafs, romelsac wveroTa igive simravle aqvs, xolo ori wvero mosazRvrea maSin da
mxolod maSin, roca isini ar arian mosazRvre wveroebi G grafSi. aciklur araorientirebul grafs
uwodeben tyes (forest), xolo bmul aciklur araorientirebul grafs uwodeben ( Tavisufal) xes (free
tree). orientirebuli acikluri grafis (directed acyclic graph) aRsaniSnavad zogjer iyeneben mis abre-
viaturas - DAG.
Tu grafis wveroebis xarisxebis saSualo mniSvneloba 2|E|/|V | axlosaa |V |-sTan, an, sxva sityvebiT rom
vTqvaT, |E| imave rigisaa, rac |V |2, grafs ewodeba mkvrivi (dence) grafi. xalvaTi (sparse) ewodeba grafs,
romelSic |E| mkveTrad mcirea |V |2-Tan SedarebiT. sxva ganmartebiT, xalvaTi ewodeba grafs, romlis
damatebac mkvrivia.

1.3 xeebi

rogorc zemoT aRvniSneT, bmul aciklur araorientirebul grafs uwodeben xes an Tavisufal xes (free
tree), xolo aciklur araorientirebul grafs uwodeben tyes (forest). tye Sedgeba xeebisagan, romlebic
mis bmul komponentebs warmoadgenen. xeebisaTvis vargisi bevri algoriTmi gamosadegia tyeebisTvisac.
sur. 1.5a-ze gamosaxulia xe, sur. 1.5b-ze - tye (is ar warmoadgens xes imis gamo, rom bmuli araa), xolo
sur. 1.5c mocemuli grafi arc xea da arc tye, radgan igi cikls Seicavs.

Teorema 1.1. (xeTa Tvisebebi). vTqvaT, G=(V,E) araorientirebuli grafia. maSin tolfasia Semdegi Tvise-
bebi:

1. G xea
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(a) (b) (c)

nax. 1.5:

2. G-s nebismieri ori wverosaTvis arsebobs maTi SemaerTebeli erTaderTi martivi gza

3. G grafi bmulia, magram kargavs bmulobas, Tu amoviRebT nebismier wibos

4. G grafi bmulia da |E| = |V | − 1

5. G grafi acikluria da |E| = |V | − 1

6. G grafi acikluria, magram nebismieri wibos damatebiT masSi Cndeba cikli

xe fesviT (rooted tree) miiReba maSin, roca bmul aciklur araorientirebul grafSi gamoyofilia erT-
erTi wvero, romelsac fesvs (root) uwodeben. xSirad, fesvis mqone xis wveroebs kvanZebs (nodes) uwode-
ben. sur. 1.6-ze naCvenebia fesvis mqone xe 12 wveroTi da fesviT 7.

7

3

8

6 5

9

12

1

10 4

11 2

done 0

done 1

done 2

done 3

done 4

s
i
m
a
R
l
e

=
4

(a)

7

3

12

1

8

6 5

9

10 4

11 2

(b)

nax. 1.6:

vTqvaT x aris r fesvis mqone T xis kvanZi. nebismier y kvanZs, romelic mdebareobs (erTaderT) gzaze r-dan
x-Si, uwodeben x kvanZis winapars (ancestor). Tu y aris x-is winapari, maSin x-s uwodeben y-is STamomavals
(descendant). yoveli kvanZi SeiZleba CaiTvalos sakuTar winaprad an STamomavlad. Tu y aris x-is winapari
da x 6= y, maSin y-s uwodeben sakuTar winapars (proper ancestor), xolo x-s uwodeben sakuTar STamomavals
(proper descendant).
yoveli x kvanZisaTvis SeiZleba ganvixiloT xe, romelic x-is yvela STamomavlisagan Sedgeba da x iTv-
leba am xis fesvad. mas uwodeben qvexes x fesviT. magaliTad sur. 1.6a-ze qvexe fesviT 8 Seicavs wveroebs
8, 6, 5 da 9.
Tu (y,x) ukanaskneli wiboa T xeSi r fesvidan x-saken mimaval gzaze, maSin y-s uwodeben x-is mSobels
(parent), xolo x-s uwodeben y-is Svils (child). fesvi erTaderTi kvanZia, romelsac mSobeli ar hyavs.
kvanZebs, romelTac saerTo mSobeli hyavs, uwodeben dedmamiSvilebs (siblings, rusul literaturaSi
- Zmebi). fesvis mqone xis kvanZs, romelsac ara hyavs Svilebi, uwodeben foTols (leaf, external node).
wveroebs, romelTac hyavT Svilebi, uwodeben Sinagans (internal). fesvis mqone xis kvanZis Svilebis rao-
denobas uwodeben mis xarisxs (degree). gzis sigrZes fesvidan nebismier x kvanZamde uwodeben x wveros
dones (depth). xis kvanZis simaRle (height) aris wiboebis raodenoba yvelaze grZel gzaze am kvanZidan
mis STamomaval foTlamde. xis sigrZed iTvleba misi fesvis sigrZe.
dalagebuli xe (ordered tree) ewodeba fesvis mqone xes, romelsac damatebiTi struqtura aqvs: yoveli
kvanZisaTvis misi Svilebis simravle dalagebulia (cnobilia Tu romelia wveros pirveli Svili, meore
Svili da a.S.). sur. 1.6-ze gamosaxuli or xes erTi da igive fesvi aqvs da isini gansxvavdebian mxolod
Svilebis dalagebiT.
orobiTi xe (binary tree) yvelaze martivi saxiT ganisazRvreba rekursiulad, rogorc kvanZTa sasruli
simravle, romelic: an carielia (ar Seicavs kvanZebs), an gayofilia sam aragadamkveT nawilad: wvero
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romelsac ewodeba fesvi (root), orobiTi xe, romelsac ewodeba fesvis marcxena qvexe (left subtree) da
orobiTi xe, romelsac ewodeba fesvis marjvena qvexe (right subtree) orobiT xes, romelic ar Seicavs
kvanZebs, ewodeba carieli (empty). zogjer mas aRniSnaven NIL-iT. Tu marcxena qvexe aracarielia, maSin
mis fesvs uwodeben mTliani xis fesvis marcxena Svils (left child), Sesabamisad ganisazRvreba marjvena
Svilic (right child). orobiTi xis magaliTi mocemulia sur. 1.7-ze.
araswori iqneboda gangvesazRvra orobiTi xe, rogorc dalagebuli xe, romelSic TiToeuli kvanZis
xarisxi ar aRemateba 2-s. amis mizezia is, rom orobiT xeSi mniSvneloba aqvs rogoria kvanZis erTaderTi
Svili - marcxena Tu marjvena, xolo dalagebuli xisaTvis aseTi gansxvaveba ar arsebobs. sur. 1.7a-ze
da sur. 1.7b-ze naCvenebi orobiTi xeebi gansxvavdebian, radgan 1.7a-ze 5 aris 7-is marcxena Svili, xolo
1.7b-ze - marjvena. rogorc dalagebuli xeebi isini erTnairebi arian.

3

2

4 1

6

7

5

(a)

3

2

4 1

6

7

5

(b)

3

2

4 1

6

7

5

(c)

done 0

done 1

done 2

done 3

s
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e

=
3

(d)

nax. 1.7:

xSirad orobiT xeze cariel adgilebs avseben fiqtiuri foTlebiT, miiReba srulad orobiTi xe (full
binary tree). amis Semdeg yvela kvanZi an foTolia, an aqvs xarisxi 2, 1-s toli xarisxis mqone kvanZebi aseT
xeSi ar aris. es gardaqmna naCvenebia sur. 1.7c-ze.
sruli k -obiTi xe (complete k-ary tree) ewodeba k-obiT xes, romelSic yvela foTols aqvs erTnairi done
da yvela Sinagan kvanZs aqvs xarisxi k. aseT SemTxvevaSi xis struqtura mTlianad ganisazRvreba misi
simaRliT. sur. 1.7d-ze gamosaxulia sruli orobiTi xe simaRliT 3. fesvi yovelTvis aris 0 donis
erTaderTi kvanZi, misi k Svili aris 1 donis mqone kvanZebi, romelTa k2 Svili warmoadgenen 2 donis
kvanZebs da a.S. h doneze gveqneba kh foToli. h simaRlis sruli k-obiTi xis Sinagani kvanZebis raodenoba
tolia:

1 + k + k2 + · · ·+ kh−1 =
kh − 1

k − 1

kerZod, sruli orobiTi xis Sinagani kvanZebis raodenobaa 2h-1.

1.4 grafis warmodgena

grafis warmodgenisTvis gamoiyeneba sami ZiriTadi struqtura:

1. mosazRvre wveroebis sia (adjacency list representation)

2. mosazRvreobis matrica (adjacency matrix representation)

3. wiboebis sia (edge list representation)

G=(V,E) grafis warmodgena mosazRvre wveroebis siebiT iyenebs V cali wverosgan Semdgar bmul sias.
mosazRvre wveroTa yvela siis sigrZeTa jami orientirebuli grafisaTvis wiboTa raodenobis tolia,
xolo araorientirebuli grafisaTvis - wiboTa gaormagebuli raodenobis toli, radgan (u,v) wibo war-
moSobs elements rogorc u, aseve v wveros mosazRvre wveroTa siaSi. orive SemTxvevaSi mexsierebis
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saWiro moculobaa O(V+E). am warmodgeniT mosaxerxebelia wonadi grafebis (weighted graphs) Senaxvac,
sadac yovel wibos Seesabameba namdvili ricxvi - am wibos wona (weight), anu mocemulia wonis funq-
cia (weight function) w : E → R. am SemTxvevaSi mosaxerxebelia (u, v) ∈ E wibos w(u,v) wonis Senaxva u
wverosTan erTad wveros mosazRvre wveroTa siaSi. Tumca am warmodgenas aqvs mniSvnelovani nakli:
u-dan v-Si wibos arsebobis dasadgenad, saWiroa gadavamowmoT mTliani sia, masSi v-s mosaZebnad. Zebnas
SesaZloa Tavi avaridoT, Tu gamoviyenebT mosazRvreobis matricas, Tumca am SemTxvevaSi meti manqanuri
mexsierebaa saWiro.
mosazRvreobis matricis gamoyenebisas unda gadavnomroT G=(V,E) grafis wveroebi 1,2,. . . ,V ricxvebiT
da ganvixiloT |V | × |V | zomis A = (aij) matrica, sadac aij = 1, Tu (i, j) ∈ E da aij = 0, winaaRmdeg
SemTxvevaSi. mexsierebis saWiro moculobaa O(V2). araorientirebuli grafisaTvis mosazRvreobis ma-
trica simetriulia mTavari diagonalis mimarT da amitom sakmarisia SevinaxoT mxolod mTavari diag-
onali da mis zemoT myofi elementebi, rac TiTqmis orjer amcirebs gamoyenebul mexsierebas. wonadi
grafebis Senaxva problema arc am meTodisTvisaa - (u,v) wibos w(u,v) wona matricaSi Tavsdeba u striqon-
isa da v svetis gadakveTaze, xolo wibos ararsebobis SemTxvevaSi matricis Sesabamisi elementi miiRebs
cariel mniSvnelobas NIL (zog amocanaSi SeiZleba gamoviyenoT 0 an ∞).
sur. 1.8-ze mocemulia grafTa warmodgenis orive meTodi rogorc araorientirebuli, iseve orientire-
buli grafebisaTvis.
TiToeuli warmodgenis gamoyenebis Sesaxeb gadawyvetilebis miReba damokidebulia: grafis ganzomile-
baze (mosazRvreobis matriciT warmodgena mosaxerxebelia patara an mkvrivi grafebisaTvis), algoriT-
mze (mosazRvreobis matriciT warmodgena umjobesia algoriTmebisTvis, romlebic pasuxoben kiTxvaze,
mag.: aris Tu ara (u,v) wibo G grafSi?) imaze, xalvaTia Tu mkvrivi grafi (Tu grafi mkvrivia, matriciT
warmodgena ufro mosaxerxebelia, radgan yvela SemTxvevaSi O(V2) mexsierebis gamoyeneba mogviwevs).
Tuki manqanuri mexsiereba sakmarisia, sjobs grafi aRvweroT mosazRvreobis matricis saSualebiT,
radgan umetes SemTxvevaSi masTan muSaoba ufro mosaxerxebelia. amas garda, Tuki grafi wonadi ar
aris, mosazRvreobis matricis elementebi SesaZloa ganixiloT rogorc bitebi, romlebic SegviZlia
gavaerTianoT manqanur sityvebSi - es iZleva mexsierebis mniSvnelovan ekonomias.
grafisTvis efeqturi algoriTmis SerCevis dros, erT-erTi mTavari faqtoria informacia imis Sesaxeb
xalvaTia Tu mkvrivi grafi. mag.: Tu raime amocanis gadasawyvetad SegviZlia SevimuSaoT 2 algoriTmi:
pirvels sWirdeba —V—2, xolo meores - |E| log |E| biji. es formulebi gviCvenebs, rom pirveli algo-
riTmi ufro gamodgeba mkvrivi grafebisTvis, xolo meore - xalvaTisTvis. mag.: ganvixiloT mkvrivi
grafi —E—=106 da —V—=103, —V—2 20-jer Cqaria |E| log |E|-ze. meore mxriv, xalvaTi grafisTvis,
—E—=106 da —V—=106 algoriTmi |E| log |E| sirTuliT milionis rigiT ajobebs —V—2 sirTulis al-
goriTms.

1.5 savarjiSoebi

1. oTxi adamiani RamiT moZraobs gzaze erTi mimarTulebiT. maT unda gadaiaron xidze da aqvT mxo-
lod 1 farani. xidze erTdroulad SeuZlia gaiaros araumetes 2 adamianma (an erTma, an orma) da
erT-erTs aucileblad unda eWiros farani. ar SeiZleba faranis erTi napiridan meoreze gadagdeba,
SeiZleba misi mxolod xidiT gadatana. TiToeuli adamiani xidis gadasvlas undeba: pirveli-1wT,
meore-2wT, mesame-5wT, meoTxe-10wT. Tu xidze gadadis 2 adamiani, isini moZraoben ufro neli siC-
qariT. ra TanmimdevrobiT unda gadaiaron xidi, rom amisTvis dasWirdeT zustad 17 wuTi.

2. moiyvaneT Semdegi grafebis magaliTebi an aCveneT, rom aseTi grafebi ar arsebobs:

(a) grafi, romelsac aqvs hamiltonis cikli, magram ar aqvs eileris cikli

(b) grafi, romelsac aqvs eileris cikli, magram ar aqvs hamiltonis cikli

(c) grafi, romelsac aqvs rogorc eileris, ise hamiltonis cikli

(d) grafi, romelsac aqvs yvela wveros Semcveli cikli, magram ar aqvs arc hamiltonis, arc ei-
leris cikli

3. daamtkiceT, rom V wveros Semcveli araorientirebuli grafi Seicavs araumetes |V |(|V |−1)/2 wibos.

4. daamtkiceT, rom nebismieri G=(V,E) araorientirebuli bmuli grafisTvis sruldeba |E| ≥ |V | − 1.

5. daamtkiceT, rom nebismieri G=(V,E) acikluri bmuli araorientirebuli grafi Seicavs |V | − 1
wibos.
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1 2

3
45

1 2, 5

2 1, 3, 4, 5

3 2, 4

4 2, 3, 5

5 1, 2, 4

(a) mosazRvre wveroebis sia

1 2 3 4 5

1 0 1 0 0 1

2 1 0 1 1 1

3 0 1 0 1 0

4 0 1 1 0 1

5 1 1 0 1 0

(b) mosazRvreobis matrica

1 2 3

4 5 6

1 2, 4

2 5

3 5, 6

4 2

5 4

6 6

(c) mosazRvre wveroebis sia

1 2 3 4 5 6

1 0 1 0 1 0 0

2 0 0 0 0 1 0

3 0 0 0 0 1 1

4 0 1 0 0 0 0

5 0 0 0 1 0 0

6 0 0 0 0 0 1

(d) mosazRvreobis matrica

nax. 1.8:

6. (a) grafis mosazRvreobis matricis ra Tvisebebi metyvelebs imaze, rom:

i. grafi srulia

ii. grafi Seicavs maryuJs

iii. grafi Seicavs izolirebul wveros

(b) gaeciT pasuxebi (a)-Si dasmul SekiTxvebze grafis mosazRvre wveroTa siiT warmodgenis SemTxve-
visTvis.

7. ipoveT ekvivalentobis klasebi Semdegi grafisaTvis:

a

b

c d

g f
u

8. SeamowmeT, rom mimarTeba "miRwevadia -dan" araorientirebul grafSi aris ekvivalentobis mimar-
Teba grafis wveroTa simravleze.

9. ekvivalentobis mimarTebis 3 Tvisebidan romeli irRveva "miRwevadia -dan" mimarTebisTvis orien-
tirebul grafSi?

10. ramdeni bmuli komponenti aqvs xes?

11. Semdegi grafebisTvis aageT mosazRvreobis matrica da mosazRvre wveroTa sia.
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1 2 3

4 5 6

7

(a)

1 2 3

4 5 6

7

(b)
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Tavi 2

grafis Semovlis algoriTmebi

bevri algoriTmi, romelic muSaobs grafebze, saWiroebs grafis wveroebis da wiboebis garkveul damu-
Savebas. grafebis SemovlisTvis arsebobs ori ZiriTadi algoriTmi - siganeSi Zebna (breadth-first search,
BFS) da siRrmeSi Zebna (depth-first search, DFS). es algoriTmebi gamoiyeneba rogorc araorientirebuli,
ise orientirebuli grafebisTvis. garda maTi ZiriTadi daniSnulebisa (wveroebisa da wiboebis Se-
movla), maTi gamoyeneba sasargebloa grafebis rigi mniSvnelovani Tvisebis dasadgenad (mag, grafis
bmulobis, aciklurobis da a.S.)

2.1 siganeSi Zebnis algoriTmi

siganeSi Zebnis algoriTmi grafis Semovlis erT-erTi martivi algoriTmia, romelic grafebTan mo-
muSave bevri algoriTmis safuZvels warmoadgens. magaliTad, minimaluri damfaravi xis agebis primis
algoriTmi, erTi wverodan umoklesi manZilis povnis deiqstras algoriTmi iyeneben siganeSi Zebnis
algoriTmis msgavs ideebs.
vTqvaT mocemulia G=(V,E) grafi da misi s sawyisi wvero (source vertex). siganeSi Zebnis (breadth-first
search) algoriTmi adgens umokles manZils s-dan yvela miRwevad wveromde (manZilad aq iTvleba umokles
gzaze wiboTa raodenoba, wibos wona erTis tolad iTvleba). algoriTmis muSaobis procesSi miiReba
e.w. Zebnis xe, romelic moicavs fesvidan miRwevad yvela wveros.
meti TvalsaCinoebisaTvis CavTvaloT, rom algoriTmis muSaobis procesSi grafis wveroebi SesaZloa
iyos TeTri, ruxi an Savi feris. Tavdapirvelad yvela wvero TeTri ferisaa, xolo algoriTmis muSao-
bis dros TeTri wvero SeiZleba gadaiqces ruxad, xolo ruxi - Savad (magram ara piriqiT). ruxad iRebeba
is wvero, romelic algoriTmma aRmoaCina, magram jer araa Semowmebuli misgan gamomavali sxva wiboebi,
xolo Savad iRebeba is wvero, romlisganac gamomavali yvela wibo ukve Semowmebulia.
Tavidan Zebnis xe Sedgeba mxolod fesvisagan. roca algoriTmi pirvelad aRmoaCens axal (TeTri feris)
v wveros, romelic ukve napovni u wveros mosazRvrea, v wvero xdeba u wveros Svili (child) da iRebeba
ruxad, xolo (u,v) wibo emateba Zebnis xes. aseT wibos uwodeben xis wibos (tree edge). u wvero xdeba
v wveros mSobeli (parent) da Tuki misi yvela Svili napovnia, iRebeba Savad. Tu wibos mivyavarT ukve
aRmoCenil wverosTan, romelic ar warmoadgens mis uSualo winapars, mas uwodeben jvaredin wibos
(cross edge). yoveli wveros aRmoCena xdeba mxolod erTxel, amitom wveros ar SeiZleba erTze meti
mSobeli hyavdes. "winaprisa" da "STamomavlis" cnebebic am SemTxvevaSi Cveulebrivad ganisazRvreba.
procedura BFS (breadth-first-search - ganivad Zebna) iyenebs grafis warmodgenas mosazRvre wveroTa siiT.
yoveli u wverosaTvis damatebiT inaxeba misi feri color[u] da misi mSobeli π[u]. Tuki mSobeli jer
napovni ar aris an u=s, maSin π[u]=NIL. manZili s-dan u-mde iwereba d[u] velSi. ruxi wveroebis Sesanaxad
gamoiyeneba rigi Q (ganmarteba Tavis bolos).
2-5 striqonebSi yvela wverosaTvis feri xdeba TeTri, mniSvnelobebi - usasruloba, xolo mSoblebi
- NIL. me-6 striqonSi xdeba fesvis (s wveros) damuSaveba. me-7 striqonSi Q cariel rigs emateba misi
pirveli wevri - s wvero. programis ZiriTadi cikli (8-16 striqonebi) sruldeba Q rigis dacariele-
bamde, e.i. sanam arseboben ruxi feris wveroebi, anu wveroebi, romlebic aRmoCenilia, magram romelTa
mosazRvreobis siebi jer ganxiluli ar aris. pirveli iteraciis win, erTaderTi ruxi feris wvero
da erTaderTi wvero aris sawyisi s wvero. me-9 striqoniT ganisazRvreba ruxi wvero u rigis TavSi,
romelic Semdeg amoiSleba Q rigidan. 10-15 striqonebSi for cikli ganixilavs u-s yvela mosazRvre v
wveros mosazRvre wveroTa siaSi. Tuki maT Soris aRmoCndeba TeTri feris wvero, is iRebeba ruxad, mis

17



18 Tavi II grafis Semovlis algoriTmebi

Algorithm 1: Breadth First Search (BFS)

Input: grafi G = (V,E) da sawyisi wvero s
Output: grafis ganivad Zebnisas aRmoCenili wveroebis mimdevroba

1 BFS(G, s) :
2 for ∀u ∈ V \{s} :
3 color[u] = TeTri;

4 d[u] = ∞;

5 π[u] = NIL;

6 color[s] = ruxi; d[s] = 0; π[s] = NIL; Q = ∅;
7 ENQUEUE(Q, s);

8 while Q 6= ∅ :
9 u = DEQUEUE(Q);

10 for ∀v ∈ Adj[u] :
11 if color[v] == TeTri :
12 color[v] = ruxi;

13 d[v] = d[u] + 1;

14 π[v] = u;

15 ENQUEUE(Q, v);

16 color[u] = Savi;

17 return d, π

mSoblad cxaddeba u da manZilad fesvamde - d[u]+1, xolo Tavad es wvero Tavsdeba Q rigis boloSi.
amis Semdeg u wvero iRebeba Savad (16 striqoni).
sur. 2.1-ze mocemulia BFS proceduris muSaoba araorientirebuli grafisaTvis da agebulia siganeSi
Zebnis xe. muqad aRniSnulia xis wiboebi T (tree edges). wiboebi, romlebic ar Sedian siganeSi Zebnis xeSi,
aris jvaredini wiboebi - C (cross edges).
siganeSi Zebnis Sedegi SeiZleba damokidebuli iyos u-s mosazRvre wveroebis Tanmimdevrobaze, me-10
striqonSi. siganeSi Zebnis xeebi SeiZleba gansxvavdebodes, magram manZili d, romelsac iTvlis algo-
riTmi, ar aris damokidebuli wveroTa ganxilvis rigze.
ganvsazRvroT proceduris muSaobis dro. yoveli wvero rigSi Tavsdeba mxolod erTxel da aseve
erTxel xdeba misi amoReba rigidan, amitom rigTan dakavSirebul operaciebze daixarjeba O(V) dro.
mosazRvre wveroTa sia aseve erTxel ganixileba, roca Sesabamisi wvero amoiReba rigidan. mosazRvre
wveroTa siebSi elementTa jamuri sigrZe ki E-s tolia (araorientirebul grafSi 2|E|), amitom am op-
eraciaze daixarjeba O(E) dro. inicializacias sWirdeba O(V) dro. maSasadame, algoriTmis muSaobis
saerTo dro iqneba O(V+E).
siganeSi Zebna poulobs manZilebs fesvidan grafis TiToeul miRwevad wveromde. ganvsazRvroT umok-
lesi gzis sigrZe (shortest-path distance) δ(s,v) - s fesvidan v wveromde, rogorc wiboebis minimaluri rao-
denoba s fesvidan v wveromde raime gzaze. Tu gza s-dan v-mde ar arsebobs, maSin δ(s, v) =∞. δ(s, v) sigrZis
gzas s fesvidan v wveromde ewodeba umoklesi gza (shortest path). aseTi gza SeiZleba ramdenime iyos. qve-
moT ganxiluli iqneba umoklesi gzebis ufro zogadi saxe, roca saqme gvaqvs wonian wiboebTan da gzis
sigrZe wiboebis wonaTa jamis tolia. Cvens SemTxvevaSi ki wiboTa wonebi erTeulis tolad iTvleba da
gzis sigrZe wiboTa raodenobas udris.

lema 2.1. vTqvaT mocemulia G=(V,E) grafi (orientirebuli an araorientirebuli) da misi nebismieri s
wvero. maSin misi nebismieri (u, v) ∈ E wibosTvis samarTliania δ(s, v) ≤ δ(s, u) + 1.

Proof. Tu u wvero miRwevadia s-dan, maSin miRwevadia v-c. am SemTxvevaSi, umoklesi gza s-dan v-de ar
SeiZleba iyos imaze grZeli, vidre umoklesi gza s-dan u-mde, romelsac mosdevs (u,v) wibo. ase, rom
dasamtkicebeli utoloba sruldeba. xolo, Tu u wvero ar aris miRwevadi s-dan, maSin, δ(s, u) = ∞ da
utoloba am SemTxvevaSic sruldeba.

lema 2.2. vTqvaT mocemulia G=(V,E) grafi (orientirebuli an araorientirebuli) da vTqvaT, sruldeba
procedura BFS(G,s), maSin proceduris dasrulebis Semdeg, yoveli v ∈ V wverosTvis, mniSvneloba d[v],
gamoTvlili BFS(G,s) proceduriT, akmayofilebs utolobas d[v] ≥ δ(s, v).

Proof. gamoviyenoT induqcia ENQUEUE operaciis raodenobis mixedviT. induqciis hipoTeza mdgomare-
obs imaSi, rom yoveli v ∈ V wverosTvis, sruldeba piroba d[v] ≥ δ(s, v).
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induqciis bazisi aris mdgomareoba, romelic dgeba s sawyisi wveros rigSi damatebis Semdeg BFS(G,s)
proceduris me-7 striqonSi. am SemTxvevaSi piroba sruldeba: d[s] = 0 = δ(s, s), xolo ∀v ∈ V − {s}-sTvis
d[v] =∞ ≥ δ(s, v).
induqciis yovel bijze ganvixiloT TeTri wvero v, romelic ixsneba Zebnis procesSi u wverodan. in-
duqciis hipoTezis Tanaxmad, d[u] ≥ δ(s, u). me-13 striqonSi miniWebisa da lema 2.1-s gamoyenebiT, miviRebT:

d[v] = d[u] + 1 ≥ δ(s, u) + 1 ≥ δ(s, v)

amis Semdeg, v wvero emateba rigs. radgan igi am dros iRebeba ruxad, xolo 12-15 striqonebi srul-
deba mxolod TeTri wveroebisTvis, v wvero rigs aRar daemateba, amrigad, misi mniSvneloba d[v] aRar
Seicvleba, ase rom induqciis hipoTeza sruldeba.

lema 2.3. vTqvaT, BFS(G,s) proceduris Sesrulebis procesSi, Q rigSi Sedis wveroebi < v1, v2, . . . , vr >,
sadac v1 - Q rigis Tavia, xolo vr - Q rigis bolo. maSin yoveli i=1, 2, . . . , r-1-sTvis samarTliania
d[vr] ≤ d[v1] + 1 da d[vi] ≤ d[vi+1].

Proof. davamtkicoT induqciiT, Q rigTan Catarebuli operaciebis raodenobis mixedviT. induqciis ba-
zisad CavTvaloT mdgomareoba, roca rigSi aris erTi s wvero. am SemTxvevaSi lemis piroba sruldeba.
induqciis yovel bijze unda davamtkicoT, rom lema sruldeba Q rigSi wveros rogorc Camatebis, ise
amoRebis Semdegac.
Tu rigidan viRebT mis Tavs, v1-s, rigis axali Tavi xdeba v2 (Tu rigi carieldeba raime wveros rigidan
amoRebiT, lema sruldeba). induqciis hipoTezis Tanaxmad, d[v1] ≤ d[v2], magram maSin miviRebT d[vr] ≤
d[v1] + 1 ≤ d[v2] + 1, xolo yvela danarCeni utoloba rCeba ucvleli. amrigad, lema sruldeba, roca
rigis axali Tavi xdeba v2.
CavamatoT rigSi wvero (BFS proceduris me-15 striqoni), is gaxdeba vr+1, (radgan Q rigi Seicavs <
v1, v2, . . . , vr > wveroebs), am momentSi, u wvero, romlis mosazRvre wveroTa sia ganixileboda, ukve amoRe-
bulia rigidan da induqciis hipoTezis Tanaxmad, rigis axali v1 TavisTvis, sruldeba utoloba: d[v1] ≤
d[u]. amrigad, d[vr+1] = d[v] = d[u] + 1 ≤ d[v1] + 1, garda amisa, induqciis hipoTezis Tanaxmad, d[vr] ≤ d[u] + 1,
da d[vr] ≤ d[u] + 1 = d[v] = d[vr+1], xolo danarCeni utolobebi rCeba ucvleli. amrigad lema sruldeba
rigSi axali wveros Camatebis Semdegac.

Sedegi 2.1. vTqvaT, procedura BFS(G,s) Sesrulebis procesSi, Q rigs emateba jer vi da Semdeg vj
wveroebi, maSin vj wveros rigSi Camatebis momentSi, sruldeba utoloba: d[vi] ≤ d[vj ].

Teorema 2.1. (siganeSi Zebnis koreqtuloba) vTqvaT, mocemulia G=(V,E) grafi (orientirebuli an araori-
entirebuli) da vTqvaT, sruldeba procedura BFS(G,s) s fesvis mqone G=(V,E) grafisaTvis. maSin muSao-
bis procesSi BFS(G,s) xsnis s-dan miRwevad yvela v ∈ V wveros, da proceduris damTavrebis Semdeg,
yvela v ∈ V wverosTvis, Sesruldeba toloba d[v] = δ(s, v). amis garda, s-dan miRwevadi nebismieri v 6= s
Tvis erT-erTi umoklesi gza s-dan v-mde aris umoklesi gza s-dan π[v]-mde, romelsac mosdevs wibo (π[v], v).

Proof. davuSvaT sawinaaRmdego. vTqvaT, romelime wverosTvis, d mniSvneloba ar udris umoklesi gzis
sigrZes. vTqvaT, v aris minimaluri δ(s, v) sigrZis mqone wvero, im wveroebs Soris, romlisTvisac ar
aris sworad gamoTvlili d mniSvneloba. cxadia, v 6= s. lema 2.2 Tanaxmad, d[v] ≥ δ(s, v), amitom, Cveni
daSvebis gamo, d[v] > δ(s, v). v wvero miRwevadi unda iyos s-dan, radgan winaaRmdeg SemTxvevaSi, δ(s, v) =
∞ ≥ d[v]. vTqvaT, u aris wvero, romelic uSualod win uZRvis v wveros s-dan v-mde umokles gzaze, ase,
rom Sesruldeba δ(s, v) = δ(s, u) + 1. radganac δ(s, u) = δ(s, v), xolo v aris minimaluri δ(s, v) sigrZis
mqone wvero, romlisTvisac ar aris sworad gamoTvlili d mniSvneloba, amitom d[u] = δ(s, u). sabolood,
miviRebT:

d[v] > δ(s, v) = δ(s, u) + 1 = d[u] + 1 (2.1)

axla, ganvixiloT momenti, roca procedura BFS(G,s) iRebs u wveros Q rigidan me-9 striqonSi. am mo-
mentSi v wvero SeiZleba iyos TeTri, ruxi an Savi. vaCvenoT, rom samive SemTxvevisTvis miviRebT winaaR-
mdegobas (2.1)-Tan.
Tu v wvero TeTria, maSin me-13 striqonSi sruldeba miniWeba d[v] = d[u] + 1, romelic ewinaaRmdegeba
(2.1)-s. Tu v wvero Savia, maSin is ukve amoRebulia rigidan da Sedegi 2.1-s Tanaxmad, d[v] ≤ d[u], rac,
agreTve, ewinaaRmdegeba (2.1)-s. Tu v wvero ruxia, mas es feri SeeZlo mieRo rigidan ω wveros amoSlis
dros. ω wvero amoSlilia u wveros amoSlamde da misTvis sruldeba toloba d[v] = d[ω] + 1. Sedegi
2.1-dan ki gamomdinareobs, rom d[ω] ≤ d[u], amitom d[v] ≤ d[u] + 1, romelic aseve ewinaaRmdegeba (2.1)-s.
amrigad, yoveli v ∈ V wverosTvis, sruldeba toloba d[v] = δ(s, v). damtkicebis dasasruleblad SevniS-
noT, rom Tu π[v]=u, maSin d[v]=d[u]+1. amitom, umoklesi gza s-dan v-mde SegviZlia miviRoT, Tu vipoviT
umokles gzas s-dan π[v]-mde da Semdeg gavivliT (π[v], v) wiboze.
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s fesvis mqone G=(V,E) grafisaTvis, ganvixiloT Gπ winamorbedobis qvegrafi (predecessor subgraph), ro-
gorc Gπ = (Vπ, Eπ), sadac:

Vπ = {v ∈ V : π[v] 6= NIL} ∪ {s}

Eπ = {(π[v], v) : v ∈ Vπ − {s}}

Gπ qvegrafi warmoadgens siganeSi Zebnis xes (breadth-first tree), Tu Vπ Sedgeba s-dan miRwevadi wveroe-
bisgan da yoveli v ∈ Vπ wverosaTvis Gπ-Si arsebobs erTaderTi martivi gza s-dan v-Si, romelic erT-
droulad aris umoklesi gza s-dan v-Si G grafSi. siganeSi Zebnis xe warmoadgens xes, radgan is bmulia
da |Eπ| = |Vπ| − 1.
Semdegi lema aCvenebs, rom s fesvis mqone G=(V,E) grafisaTvis BFS(G,s) proceduris Sesrulebis Semdeg,
winamorbedobis qvegrafi warmoadgens siganeSi Zebnis xes.

lema 2.4. G=(V,E) grafisaTvis BFS(G,s) proceduris Sesrulebis Semdeg, procedura π-s agebs ise, rom
winamorbedobis qvegrafi Gπ = (Vπ, Eπ) warmoadgens siganeSi Zebnis xes.

Proof. me-14 striqonSi π[v]=u miniWeba xorcieldeba maSin da mxolod maSin, roca (u, v) ∈ E da δ(s, v) <
∞, anu roca v miRwevadia s-dan. amitom, Vπ Sedgeba V-s im wveroebisgan, romlebic miRwevadia s-dan.
radgan Gπ warmoadgens xes, Teorema 1.1-s mixedviT, is Seicavs erTaderT gzas s-dan Vπ simravlis yovel
wveromde. Teorema 2.1-s gamoyenebiT, ki davaskvniT, rom yoveli aseTi gza umoklesia.

Semdegi procedura beWdavs s-dan v-mde yvela wveros, mas Semdeg, rac BFS(G,s) proceduriT ukve agebu-
lia siganeSi Zebnis xe.

Algorithm 2: PRINT PATH

Input: grafi G = (V,E), wveroebi s da v, mSoblebis masivi π
Output: gza s-dan v-Si

1 PRINT-PATH(v) :

2 if v == s :
3 print(s);

4 elif π[v] == NIL :
5 print(’ gza ar arsebobs’);
6 else:
7 PRINT-PATH(π[v]);
8 print(v);

funqciis muSaobis dro dasabeWdi gzis sigrZis proporciulia, radgan yoveli rekursiuli gamoZaxeba
erTi erTeuliT amcirebs gzas fesvamde.

2.2 siRrmeSi Zebnis algoriTmi

siRrmeSi Zebnis algoriTmi (depth-first search) iwyebs grafis wveroebis Semovlas nebismieri wverodan,
yovel iteraciaze algoriTmi gadadis mimdinare wveros mosazRvre wveroze da es procesi grZeldeba
manam, sanam ar miaRwevs Cixs, anu iseT mdgomareobas, roca wveros ar hyavs gauvleli mosazRvre wvero. am
SemTxvevaSi, algoriTmi brundeba erTi wiboTi ukan, wveroSi, romlidanac is moxvda CixSi da agrZelebs
process im adgilidan. algoriTmi asrulebs muSaobas, roca brundeba sawyis wveroSi, romelic am
momentisTvis ukve Cixia. Tu grafSi darCenilia gauvleli wveroebi, algoriTmi irCevs erT-erT maTgans
da procesi meordeba.
siRrmeSi Zebnis strategia SeiZleba asec CamovayaliboT: viaroT grafSi win (siRrmeSi), sanam arsebobs
gauvleli wibo. Tu gauvleli wibo aRar arsebobs, davbrundeT ukan da veZeboT sxva gza. ase gava-
grZeloT manam, sanam ar amoiwureba yvela wvero, romelic miRwevadia sawyisidan. Tuki gauvleli wvero
mainc darCa, aviRoT erT-erTi da gavimeoroT procesi, sanam ar iqneba Semovlili grafis yvela wvero.
ganivad Zebnis msgavsad, roca pirvelad gamovlindeba mosazRvre v wvero, u-s mniSvneloba Tavsdeba π[v]-
Si. miiReba xe (an xeebi - Tuki Zebna ganmeordeba ramdenime wverodan). siRrmeSi Zebnis procesSi miiReba
winamorbedobis qvegrafi, romelic ase ganisazRvreba:

Gπ = (V,Eπ) , sadac Eπ = {(π[v], v) : v ∈ V da π[v] 6= NIL}
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winamorbedobis qvegrafi warmoadgens siRrmeSi Zebnis tyes, romelic SeiZleba Sedgebodes siRrmeSi
Zebnis xeebisagan. Eπ simravleSi Semaval wiboebs uwodeben xis wiboebs.
siRrmeSi Zebnis algoriTmic iyenebs wveroebis Sefervas. Tavidan yvela wvero TeTria. wveros aRmoCenis
Semdeg igi xdeba ruxi. roca wvero mTlianad damuSavebulia, anu Tu misi mosazRvre wveroebis sia
bolomde ganxilulia, igi xdeba Savi. yoveli wvero xvdeba siRrmeSi Zebnis mxolod erT xeSi (amitom
es xeebi ar gadaikveTebian).
garda amisa siRrmeSi Zebna TiToeul wveros miuwers drois Wdeebs (timestamp). yovel wveros aqvs ori
Wde: d[u]-Si Caiwereba, Tu rodis iqna aRmoCenili wvero (da gaxda ruxi), xolo f [u]-Si - rodis dasrulda
wveros damuSaveba (da gaxda Savi).
SeiZleba drois Wdeebis aseTi interpretaciac: movaTavsoT wvero stekSi, misi aRmoCenis momentSi, da
amoviRoT stekidan maSin roca is xdeba Cixi.
qvemoT moyvanil DFS proceduraSi d[u] da f [u] warmoadgenen mTel ricxvebs 1-dan 2|V |-mde. nebismieri
wverosaTvis sruldeba utoloba d[u] < f [u]. u wvero iqneba TeTri d[u] momentamde, d[u]-sa da f [u]-s Soris
iqneba ruxi, xolo f [u]-is Semdeg Savi.
mimdinare drois time cvladi globaluria da gamoiyeneba drois WdeebisaTvis.

Algorithm 3: Depth First Search (DFS)

Input: grafi G = (V,E)
Output: grafis siRrmeSi Zebnisas aRmoCenili wveroebis mimdevroba

1 DFS(G) :
2 for ∀u ∈ V :
3 color[u] = TeTri;

4 π[u] = NIL;

5 time = 0;

6 for ∀u ∈ V :
7 if color[u] == TeTri :
8 DFS-VISIT(u)

9 return d, f, π

10 DFS-VISIT(u) :
11 color[u] = ruxi;

12 time++; d[u] = time;

13 for ∀v ∈ Adj[u] :
14 if color[v] == TeTri :
15 π[v] = u;

16 DFS-VISIT(v);

17 color[u] = Savi;

18 time++; f[u] = time;

2-4 striqonebSi yvela wvero xdeba TeTri, xolo π-s mieniWeba mniSvneloba NIL. me-5-e striqonSi gani-
sazRvreba sawyisi (nulovani) dro. 6-8 striqonebSi xdeba procedura DFS-VISIT-s gamoZaxeba im wveroe-
bisaTvis, romlebic TeTria gamoZaxebis momentisaTvis (proceduris wina gamoZaxebam isini SeiZleba
Savi gaxados). es wveroebi warmoadgenen siRrmeSi Zebnis xeTa fesvebs.
DFS-VISIT(u) proceduris gamoZaxebisas u wvero TeTria. me-11 striqonSi is ruxi xdeba. me-12-e striqonSi
misi aRmoCenis dro Seitaneba d[u]-Si (winaswar drois mTvleli 1-iT izrdeba). 13-16 striqonebSi ganix-
ileba u-s mosazRvre wveroebi da xdeba DFS-VISIT proceduris gamoZaxeba u-s mosazRvre im wveroe-
bisaTvis, romlebic TeTri feris arian gamoZaxebis momentSi. u-s yvela mosazRvre wveros ganxilvis
Semdeg, igi xdeba Savi da f [u]-Si iwereba am movlenis amsaxveli dro (str. 17, 18).
sur. 2.2-ze mocemulia DFS proceduris Sesrulebis procesi da siRrmeSi Zebnis tye orientirebuli
grafisaTvis. muqad aRniSnulia xis wiboebi (tree edges). wiboebi, romlebic ar Sedian siRrmeSi Zebnis
tyeSi, aRniSnulni arian Semdegnairad: ukuwiboebi - B (back edges), jvaredini wiboebi - C (cross edges),
pirdapiri wiboebi - F (forward edges).
SevniSnoT, rom siRrmeSi Zebnis Sedegi SeiZleba damokidebuli iyos wveroebis ganxilvis Tanmimde-
vrobaze, (DFS proceduris me-6 str.), agreTve, mosazRvre wveroebis ganxilvis Tanmimdevrobaze, (DFS-
VISIT proceduris me-13 str.). praqtikaSi aRniSnuli garemoeba ar qmnis problemas, radgan siRrmeSi
Zebnis algoriTmis nebismieri Sedegi SeiZleba efeqturad iqnas gamoyenebuli da faqtobrivad erTnair
Sedegebs iZleva siRrmeSi Zebnaze dafuZnebuli algoriTmebisTvis.
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daviTvaloT DFS proceduris muSaobis dro: ciklebi 2-4 da 6-8 striqonebSi moiTxoven Θ(V ) dros. pro-
cedura DFS-VISIT-s gamoZaxeba xdeba mxolod erTxel yoveli wverosTvis. DFS-VISIT(u) proceduris
gamoZaxebisas cikli 13-16 striqonebSi sruldeba |Adj[v]|-jer. da radgan∑

v∈V
|Adj[v]| = Θ(E)

amitom DFS-VISIT proceduris 13-16 striqonebis Sesrulebis dro iqneba Θ(E). DFS proceduris muSao-
bis dro ki - Θ(V + E).
SevniSnoT, rom siRrmeSi Zebnis xeebisagan Sedgenili winamorbedobis qvegrafi zustad Seesabameba DFS-
VISIT proceduris rekursiuli gamoZaxebebis struqturas. saxeldobr, u = π[v] maSin da mxolod maSin,
roca moxda DFS-VISIT(v) gamoZaxeba wveros mosazRvre wveroebis ganxilvis dros.
siRrmeSi Zebnis meore mniSvnelovani Tviseba imaSi mdgomareobs, rom wveroTa aRmoCenisa da damuSa-
vebis damTavrebis droebi qmnian wesier frCxilur struqturas. aRvniSnoT u wveros povna marcxena
frCxiliTa da wveros saxeliT - "(u", xolo misi damuSavebis damTavreba wveros saxeliTa da marjvena
frCxiliT - "u)". movlenaTa CamonaTvali iqneba frCxilebisagan wesierad agebuli gamosaxuleba. maga-
liTad sur. 2.3-ze gamosaxuli grafisaTvis:
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nax. 2.3:

adgili aqvs mtkicebulebebs:

Teorema 2.2. (frCxiluri struqturis Sesaxeb) siRrmeSi Zebnis dros orientirebul an araorientire-
bulG = (V,E) grafSi nebismieri ori u da v wverosaTvis sruldeba mxolod erT-erTi debuleba Semdegi
samidan:

• [d[u], f [u]] da [d[v], f [v]] monakveTebi ar gadaikveTeba

• [d[u], f [u]] monakveTi mTlianad Sedis [d[v], f [v]] SigniT da u wvero v-s STamomavalia siRrmeSi Zebnis
xeSi

• [d[v], f [v]] monakveTi mTlianad Sedis [d[u], f [u]] SigniT da v wvero u-s STamomavalia siRrmeSi Zebnis
xeSi

Sedegi 2.2. v wvero u-s STamomavalia siRrmeSi Zebnis tyeSi orientirebul an araorientirebul G =
(V,E) grafSi maSin da mxolod maSin, roca d[u] < d[v] < f [v] < f [u].

Teorema 2.3. (TeTri gzis Sesaxeb). v wvero u-s STamomavalia siRrmeSi Zebnis tyeSi (orientirebul
an araorientirebul) G = (V,E) grafSi maSin da mxolod maSin, roca d[u] drois momentSi (u wveros
aRmoCenis), arsebobs gza u-dan v-Si, romelic Sedgeba mxolod TeTri wveroebisagan.

Proof. davuSvaT, v wvero u-s STamomavalia. vTqvaT, w nebismieri wveroa u-dan v-Si mimaval gzaze siRrmeSi
Zebnis tyeSi, ase rom w warmoadgens u-s STamomavals. Sedegi 2.2-s Tanaxmad, d[u] < d[w], amitom d[u]
momentSi, w wvero TeTria.
axla, davuSvaT, rom d[u] momentSi, arsebobs gza u-dan v-Si, romelic Sedgeba mxolod TeTri wveroebis-
agan, magram v wvero ar xdeba u-s STamomavali siRrmeSi Zebnis xeSi. zogadobis SeuzRudavad Segvi-
Zlia vigulisxmoT, rom u-dan v-mde gzis yvela danarCeni wvero xdeba u-s STamomavali (winaaRmdeg
SemTxvevaSi, v-s rolSi aviRebT aRniSnul gzaze u-sTan uaxloes wveros, romelic ar xdeba u-s STa-
momavali). vTqvaT, w aris v wveros winamorbedi am gzaze, e.i. is u-s STamomavalia. (u da w SeiZleba
sinamdvileSi erTi wvero iyos). Sedegi 2.2-is Tanaxmad, f [w] ≤ f [u]. SevniSnoT, rom v wveros aRmoCena
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xdeba mas Semdeg, rac aRmoCenilia u, magram w wveros damuSavebis damTavrebamde. amrigad, d[u] < d[v] <
f [w] < f [u]. Teorema 2.2-is Tanaxmad, [d[v], f [v]] monakveTi mTlianad ekuTvnis [d[u], f [u]] monakveTs. Sedegi
2.2-is Tanaxmad ki, v wvero gaxdeba u-s STamomavali.

grafis Semovlis algoriTmebis gamoyeneba

bmuli komponentebi

rogorc viciT, araa aucilebeli, rom grafSi yvela nawili bmuli iyos, anu SeiZleba arsebobdes ori
wvero, romelTa Soris SemaerTebeli gza ar moiZebneba. aseTi calkeuli komponentebis povna funda-
menturi amocanaa grafTa TeoriaSi: rodesac raime amocana dayofil grafebze unda amoixsnas, umetes
SemTxvevaSi unda davadginoT damoukidebeli nawilebi da isini cal-calke davamuSaoT.
magaliTad, Tu mocemulia raime simravle, masze mocemuli eqvivalentobis mimarTeba, rogorc viciT,
am simravles eqvivalenturobis klasebad yofs da Tu am mimarTebas grafis saxiT gamovxatavT, TiTo
klasi am grafis bmulobis komponenti iqneba.

rogorc siRrmeSi, aseve siganeSi Zebnis algoriTmebis gamoyenebiT advilad SeiZleba grafis bmulobis
komponentebis gamoyofa: avirCevT nebismier wveros da am romelime algoriTmiT SemovivliT danarCen
SesaZlo wveroebs, romlebsac erTi da igive niSans davadebT (magaliTad, mTvlelis ricxvi). Tu grafSi
sxva wveroebic darCa, mTvlels erTiT gavzrdiT da igive proceduras gavimeorebT manam, sanam grafis
yvela wveros raime niSani ar daedeba.

savarjiSo 2.1: dawereT bmulobis komponentebis gamoyofis algoriTmi, daamtkiceT misi siswore da
gamoiTvaleT bijebis zeda zRvari.

xeebisa da ciklebis povna

xeebi - acikluri (uciklo) grafebi - saintereso grafTa yvelaze martiv klass qmnian. siRrmeSi Zebnis
meTodi pirdapir gvaZlevs imis pasuxs, aris Tu ara mocemuli grafi xe: Tu Zebnis procesSi ganvlil
wibos aRvniSnavT rogorc Yxis wibosA, xolo iseT wibos, romelsac ar gadavivliT (magaliTad iseTs,
romelsac erTi wverodan ukve Seswavlil wveroSi mivyavarT) aRvniSnavT, rogorc YdamatebiTsA, mo-
cemuli grafi iqneba xe maSin da mxolod maSin, Tu siRrmeSi Zebnis Semdeg damatebiTi wiboebi ar aqvs.
radgan nebismieri xisaTvis |E| = |V | − 1, am algoriTmis drois zeda zRvari iqneba O(|V |).
Tu grafi Seicavs cikls, misi aRmoCena SeiZleba pirvelive damatebiTi wibos povniT: Tu aRmoCnda da-
matebiTi wibo (u, v), maSin ukve Seqmnil xeSi unda arsebobdes gza u wverodan v wveroSi da igi (u, v)
wibosTan erTad mogvcems cikls.

savarjiSo 2.2: daamtkiceT, rom nebismieri damatebiTi (u, v) wibos wvereobs Soris arsebobs SemaerTe-
beli gza.

savarjiSo 2.3: siRrmeSi Zebnis gamoyenebiT dawereT algoriTmi, romelic mocemuli grafisaTvis daad-
gens, aris Tu ara igi xe da Tu ara, ciklebsac ipovnis.

savarjiSo 2.4: ganixileT wina amocanaSi dawerili algoriTmi. SeiZleba Tu ara misi saSualebiT yvela
ciklis aRmoCena?

savarjiSo 2.5: SeiZleba Tu ara igive amocanis siganeSi Zebnis meTodiT gadaWra?

orad SeRebili grafebi

grafis SeRebvis zogad amocanaSi grafis wveroebi ise unda SeiRebos, rom wiboTi SeRebil or wveros
sxvadasxva feri qondes. cxadia, Tu yvela wveros sxvadasxva frad SevRebavT, es amocana gadaiWreba,
magram sainteresoa grafis rac SeiZleba cota frad SeRebvis amocana - mokled: grafis SeRebvis amocana
- romelic farTod gamoiyeneba algoriTmebis Teoriasa Tu praqtikaSi:
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• efeqturi cxrilebis SedgenaSi - magaliTad, mravalbirTvian procesorebSi amocanis nawilebis
paralelurad damuSavebis mizniT - ra nawili ris Semdeg unda damuSavdes;

• radiotalRebis sixSireebis efeqtur dadgenaSi - magaliTad, Tu ori momxmarebeli radiogadam-
cems xmarobs, axlos mdgomebs sxvadasxva sixSireebi unda qondeT, Sors mdgomebs SeiZleba erTi
da igive;

• registrebis efeqturad danawilebis amocana - procesoris registrebis gamoyenebiT monacemebis
damuSaveba gacilebiT ufro swrafad SeiZleba, vidre RAM mexsierebidan. magram radgan xSirad
cvladTa raodenoba registrebis raodenobas aWarbebs, saWiroa imis dadgena, ra dros romeli
cvladi Caiweros registrebSi;

• saxeTa amocnobaSi - magaliTad, mocemuli suraTiT katalogSi adamianis moZebna;

• arqeologiuri an biologiuri masalis analizi - rogorc biologiaSi, aseve arqeologiaSi monace-
mebi xis saxiT SegviZlia SevinaxoT: erTi saxeoba an kultura meoredan momdinareobs, erTi saxeoba
an kultura sxva ramodenimes warmoSobs.

zogadad, grafis minimalurad SeRebvis amocana (an misi qromatuli ricxvis dadgenis amocana, rogorc
mas uwodeben xolme), Zneli gadasaWrelia. misi erT-erTi mniSvnelovani qveamocanaa, SeiZleba Tu ara
mocemuli grafis or frad SeRebva, an, sxva sityvebiT rom vTqvaT, iseT or nawilad dayofa, romelSic
wveroebi erTmaneTisgan izolirebulni arian. aseTi grafis magaliTia moyvanili naxazSi 2.4.

nax. 2.4: orad SeRebili grafis magaliTi

orad SeRebil grafs zogjer orad dayofilsac uwodeben. imis dasadgenad, SeiZleba Tu ara mocemuli
grafis orad dayofa, Semdegi strategiiT SeiZleba moqmedeba:
virCevT erT-erT wveros, romelsac vRebavT romelime frad (davuSvaT, TeTrad). siRrmeSi an siganeSi
ZebniT axlad aRmoCenil wveros vRebavT misi mSoblis (im wverosi, romelTanac aris dakavSirebuli)
gansxvavebuli feriT (TeTri an Savi). Semdeg yoveli aRmouCeneli wverosaTvis vamowmebT, aris Tu ara
igi mierTebuli or erTsa da imave frad SeRebil wverosTan da Tu asea, es imas unda niSnavdes, rom
grafi ar SeiRebeba (ar daiyofa) orad. Tu algoriTmi am saxis konfliqtis gareSe dasruldeba, es imas
unda niSnavdes, rom grafi orad SeiReba.

savarjiSo 2.6: daamtkiceT am meTodis siswore. damokidebulia Tu ara es meTodi imaze, Tu romel sawyis
wveros aviRebT?

savarjiSo 2.7: am meTodze dayrdnobiT dawereT algoriTmi, romelic daadgens, SeiZleba Tu ara grafis
orad SeRebva.

topologiuri dalageba

ganvixiloT nax. 2.5-Si moyvanili sami grafis magaliTi.
pirveli grafi araa mimarTuli da Seicavs cikls; meore mimarTulia da cikls Seicavs, xolo mesame ki
mimarTulia, magram cikls ar Seicavs (acikluria), radgan ver movZebniT iseT daSvebul gzas, romelic
gayveba isrebs da romelime wverodan isev igive wveroSi dagvabrunebda.
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(a) (b) (g) (d)

nax. 2.5: aramimarTuli cikluri, mimarTuli cikluri da mimarTuli acikluri grafebi

aseT struqturas acikluri mimarTuli grafi ewodeba da maTi daxazva SeiZleba ise, rom yvela wibo
marcxnidan marjvniv iyos mimarTuli (magaliTad, nax. 2.5(d)), rasac am grafis topologiur dalagebas
uwodeben.

aRsaniSnavia, rom mxolod aciklur mimarTul grafebs SeiZleba movuZebnoT topologiuri dalageba,
radgan nebismieri cikli romelime kvanZidan ukan (anu marjvnidan marcxniv) dagvabrunebda, Tanac acik-
lur mimarTul grafebs yovelTvis movuZebniT erT topologiur dalagebas mainc.

topologiur dalagebas didi mniSvneloba aqvs mTel rig praqtikul amocanebSi, magaliTad zemoT
naxseneb cxrilis SedgenaSi.

SiRrmeSi Zebnis algoriTmiT advilad SegviZlia mimarTuli grafis aciklurobis dadgena (rac da-
mokidebulia imaze, Segvxvdeba Tu ara muSaobis procesSi zemoT naxsenebi YdamatebiTi wiboebiA). Tu
grafi acikluria, maSin algoriTmis msvlelobisas Seqmnili R mimdevroba topologiuri dalagebis
Tanmimdevrobas gvaZlevs.

savarjiSo 2.8: daamtkiceT, rom siRrmeSi Zebnis procesSi Seqmnili R mimdevroba topologiuri dalage-
bis Tanmimdevrobas gvaZlevs.

saartikulacio kvanZebi

xSirad saWiroa imis dadgena, Tu minimum ramdeni kvanzis amogdebaa saWiro bmuli grafidan imisaTvis,
rom igi nawilebad daiSalos. qvemoT moyvanil naxazSi naCvenebia sami grafi, romelTa daSla minimum
erTi (a), ori (b) da sami (g) kvanZis amogdebiT SeiZleba. am SemTxvevaSi ityvian, rom grafia erTad bmuli,
an orad bmuli, samad bmuli da, zogadad, n-ad bmuli.

ityvian aseve, rom grafis bmulobis koeficientia n.

(a) (b) (g)

nax. 2.6: erTad, orad da samad bmuli grafi

Tu grafis bmulobis koeficientia 1, maSin ityvian, rom mas aqvs e.w. saartikulacio kvanZi.

saartikulacio kvanZebis Zebna Zalian mniSvnelovania magaliTad sakomunikacio qselebis stabiluro-
bis dadgenaSi. zogadad, rac ufro maRalia qselis Sesabamisi grafis bmulobis koeficienti, miT ufro
stabiluria igi.

advili SesamCnevia, rom saartikulacio kvanZebis Zebna grafidan rig-rigobiT wveroebis amogdebiTa da
darCenili struqturis bmulobaze SemowmebiT SeiZleba.

savarjiSo 2.9: dawereT algoriTmi, romliTac grafis saartikulacio kvanZebis arsebobas davadgenT.
daamtkiceT misi siswore da daiTvaleT bijebis zeda zRvari.
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2.3 wiboTa klasifikacia

grafis wiboebi iyofa ramdenime kategoriad imis mixedviT, Tu ra rols TamaSoben isini siRrmeSi Zebnis
dros. es klasifikacia sasargebloa sxvadasxva amocanebis ganxilvisas. magaliTad, orientirebul
grafs ar gaaCnia ciklebi maSin da mxolod maSin, roca siRrmeSi Zebnis algoriTmi ver poulobs masSi
"ukuwiboebs".
G grafisTvis Gπ siRrmeSi Zebnis tyis gamoyenebiT SeiZleba ganvsazRvroT wiboebis oTxi tipi:

1. xis wiboebi (tree edges) - esaa Gπ grafis wiboebi. (u, v) wibo iqneba xis wibo, Tu v wvero aRmoCenilia
am wibos damuSavebis dros.

2. ukuwiboebi (back edges) - esaa (u, v) wiboebi, romlebic aerTeben u wveros mis v winaparTan siRrmeSi
Zebnis xeze. orientirebuli grafebisaTvis damaxasiaTebeli maryuJebi ukuwiboebad iTvlebian.

3. pirdapiri wiboebi (forward edges) - esaa (u, v) wiboebi, romlebic aerTeben wveros mis STamomavalTan,
magram ar Sedian siRrmeSi Zebnis xeSi.

4. jvaredini wiboebi (cross edges) - grafis yvela sxva wibo. maT SeuZliaT SeaerTon siRrmeSi Zebnis xis
ori iseTi wvero, romelTa Soris arc erTi araa meoris winapari an wveroebi, romlebic sxvadasxva
xeebs ekuTvnian.

2. (b) naxazze grafi mocemulia imdagvarad, rom xis wiboebi da pirdapiri wiboebi miemarTebian qvemoT,
xolo ukuwiboebi - zemoT.
DFS algoriTmiT SesaZlebelia wiboTa klasifikacia. (u, v) wibos tipi SeiZleba ganisazRvros v wveros
feriT, pirveli damuSavebis dros (ar xerxdeba mxolod pirdapir da jvaredin wiboebs Soris gansxvave-
bis povna):

1. TeTri feri - xis wibo

2. ruxi feri - ukuwibo

3. Savi - pirdapiri an jvaredini wibo

pirveli SemTxveva uSualod algoriTmis muSaobidan gamomdinareobs. meore SemTxvevisTvis SevniSnoT,
rom ruxi wveroebi yovelTvis qmnian STamomavlebis mimdevrobas, romlebic Seesabamebian DFS-VISIT
proceduris gamoZaxebebs. ruxi wveroebis raodenoba erTiT metia siRrmeSi Zebnis xeze ukanasknelad
gaxsnili wveros siRrmeze. wveroebis aRmoCena xdeba am mimdevrobis pirveli, "yvelaze Rrma", ruxi
wverodan, ase rom wibo, romelic aRwevs sxva rux wveros, aRwevs sawyisi wveros winapars. mesame SemTxve-
visTvis, pirdapiri da jvaredini wiboebis gansasxvaveblad SegviZlia gamoviyenoT d-s mniSvneloba: Tu
d[u] < d[v], maSin (u, v) wibo pirdapiria, xolo Tu d[u] > d[v] - jvaredini.
araorientirebuli grafi saWiroebs gansakuTrebul ganxilvas, radgan erTi da igive wibo (u, v) = (v, u)
orjer unda damuSavdes (TiTojer orive bolodan) da SesaZloa sxvadasxva kategoriaSi moxvdes. am
SemTxvevaSi is unda mivakuTvnoT im kategorias, romelic Cvens CamonaTvalSi ufro win dgas. imave
Sedegs miviRebT, Tuki CavTvliT, rom wibos tipi ganisazRvreba misi pirveli damuSavebisas da ar icvleba
meore damuSavebiT. irkveva, rom aseTi SeTanxmebisas pirdapiri da jvaredini wiboebi araorientirebul
grafSi ar iqneba da adgili aqvs Teoremas.

Teorema 2.4. siRrmeSi Zebnisas araorientirebul G grafSi nebismieri wibo an xis wiboa, an ukuwibo.

2.4 topologiuri sortireba

vTqvaT, mocemulia orientirebuli acikluri grafi (directed acyclic graph). am grafis topologiuri sor-
tireba (topological sort) gulisxmobs wveroebis ganlagebas iseTi wrfivi TanmimdevrobiT, rom nebismieri
wibo mimarTuli iyos am TanmimdevrobaSi naklebi nomris mqone wverodan meti nomris mqone wverosaken.
cxadia, rom Tuki grafi Seicavs cikls, aseTi Tanmimdevroba ar iarsebebs. amocana SegviZlia sxvagvara-
dac davsvaT: ganvalagoT grafis wveroebi horizontalur wrfeze ise, rom yvela wibo mimarTuli iyos
marcxnidan marjvniv.
magaliTisaTvis ganvixiloT aseTi SemTxveva: dabneuli profesorisaTvis dilemadaa qceuli dilaobiT
Cacma. man zogierTi ramis Cacmisas aucileblad unda daicvas moqmedebebis Tanmimdevroba (mag.: jer
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windebi, Semdeg fexsacmeli), zog SemTxvevaSi ki Tanmimdevrobas mniSvneloba ara aqvs (mag.: windebi
da Sarvali). sur. 2.7a-ze es damokidebulebani mocemulia orientirebuli grafis saxiT. (u, v) wibo
aRniSnavs, rom u unda iqnas Cacmuli v-ze adre. am grafis topologiuri sortirebis erT-erTi varianti
mocemulia sur. 2.7b-ze.

trusi11/16

Sarvali12/15

qamari6/7 perangi 1/8

halstuxi 2/5

pijaki 3/4

f exsacmeli 13/14

windebi17/18

saaTi 9/10

(a)

windebi

17/18

trusi

11/16

Sarvali

12/15
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13/14

saaTi
9/10

perangi

1/8

qamari

6/7

halstuxi

2/5

pijaki

3/4

(b)

nax. 2.7:

wveroebis gverdiT miTiTebulia maTi damuSavebis dawyebisa da damTavrebis droebi. sur. 2.7b-Si grafi
topologiurad sortirebulia. wveroebi dalagebulia damuSavebis damTavrebis droTa mixedviT. yvela
wibo mimarTulia marcxnidan marjvniv.
Semdegi algoriTmi topologiurad alagebs orientirebul aciklur grafs.

Algorithm 4: Topological Sort

Input: (DAG) orientirebuli acikluri grafi G = (V,E)
Output: topologiurad sortirebuli wveroebis mimdevroba

1 TICA-SRT() :
2 L = []; // carieli sia
3 DFS(G); // wveros damuSavebis damTavrebisas
4 //(DFS-VISIT, str.18)
5 // davamatoT wvero siis dasawyisSi
6 return L

topologiuri sortireba sruldeba Θ(V +E) droSi, radgan amdeni dro sWirdeba siRrmeSi Zebnas, xolo
siaSi wveros Caweras sWirdeba O(E) dro. algoriTmis siswore mtkicdeba Semdegi lemis daxmarebiT:

lema 2.5. orientirebuli grafi ar Seicavs ciklebs maSin da mxolod maSin, roca siRrmeSi Zebnis
algoriTmi ver poulobs masSi ukuwiboebs.

Proof. vTqvaT, arsebobs (u, v) ukuwibo, maSin v aris u-s winapari siRrmeSi Zebnis xeze, amrigad, grafSi
arsebobs gza v-dan u-Si da (u, v) wibo asrulebs cikls.
vTqvaT, grafSi gvaqvs cikli c. davamtkicoT, rom am SemTxvevaSi siRrmeSi Zebna aucileblad ipovis
ukuwibos. ciklis wveroebidan amovirCioT wvero v, romelic pirvelad iqna aRmoCenili, da vTqvaT,
(u, v) c-Si Semavali wiboa. d[v] momentSi v-dan u-Si mivyavarT TeTri wveroebisagan Semdgar gzas. Teorema
2.3 (TeTri gzis Sesaxeb)-is Tanaxmad, u gaxdeba siRrmeSi Zebnis tyeSi, amitom (u, v) iqneba ukuwibo.
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Teorema 2.5. TOPOLOGICAL-SORT (G) procedura sworad asrulebs topologiur sortirebas acik-
luri orientirebuli G grafisTvis.

Proof. vTqvaT, G = (V,E) acikluri orientirebuli grafisTvis Sesrulda DFS procedura, romelic
gamoiTvlis misi wveroebisTvis damTavrebis dros. sakmarisia vaCvenoT, rom Tu nebismieri ori gansx-
vavebuli u da v wverosTvis arsebobs (u, v) wibo, maSin f [v] < f [u]. (u, v) wibos damuSavebis momentSi, wvero
v ar SeiZleba iyos ruxi (am SemTxvevaSi, is iqneboda u-s winapari, xolo (u, v) wibo iqneboda ukuwibo, rac
ewinaaRmdegeba lema 2.5-s, amitom, (u, v) wibos damuSavebis momentSi, wvero v unda iyos an TeTri, an Savi.
Tu v TeTria, is gaxdeba u-s STamomavali da f [v] < f [u]. Tu is ukve Savia, maSin, f [v]-s mniSvneloba ukve
dadgenilia, xolo u jer damuSavebis procesSia, amitom f [v] < f [u]. amrigad, acikluri orientirebuli
grafis nebismieri (u, v) wibosTvis sruldeba f [v] < f [u].

2.5 Zlierad bmuli komponentebi

siRrmeSi Zebnis algoriTmis gamoyenebis klasikuri magaliTia grafis Zlierad bmul komponentebad
daSla. orientirebul grafebze momuSave mravali algoriTmi iwyeba grafSi Zlierad bmuli kompo-
nentebis moZebniT. amis Semdeg amocana ixsneba calkeuli komponentebisaTvis, xolo Semdeg xdeba kom-
binireba am komponentTa kavSirebis Sesabamisad.
gavixsenoT, rom G = (V,E) orientirebuli grafis Zlierad bmuli komponenti ewodeba U ⊂ V wveroTa
maqsimalur simravles, sadac nebismieri ori u da v wvero (u, v ∈ U) erTmaneTisagan miRwevadia. G = (V,E)
grafis Zlierad bmuli komponentebis Zebnis algoriTmi iyenebs "transponirebul" GT = (V,ET ) grafs,
romelic miiReba sawyisi grafidan wiboTa mimarTulebebis SebrunebiT. aseTi grafi SeiZleba aigos
O(V + E) droSi (vgulisxmobT, rom orive grafi moicema mosazRvre wveroTa siiT). cxadia, rom G da
GT grafebs erTi da igive Zlierad bmuli komponentebi aqvT. Semdegi algoriTmi poulobs Zlierad
bmul komponentebs G = (V,E) orientirebul grafSi siRrmeSi Zebnis orjer gamoyenebiT - G da GT

grafebisaTvis. algoriTmis muSaobis droa O(V + E).

Algorithm 5: Strongly Connected Components

Input: orientirebuli grafi G = (V,E)
Output: Zlierad bmuli komponentebis wveroebis sia

1 STRONGLY-CONNECTED-COMPONENTS(G) :

2 DFS(G); // vipovoT f masivi
3 // wveroebis damuSavebis damTavrebis droebi

4 avagoT GT ; // avagoT grafis transponirebuli grafi

5 DFS(GT ); // gare ciklSi DFS str.6
6 // wveroebi f klebadobis mixedviT CaviaroT
7 // agebuli Zebnis xeebi iqneba
8 // G grafis Zlierad bmuli komponentebi
9 return Zlierad bmuli komponentebis sia

sur. 2.8a-ze ruxi foniT aRniSnulia G grafis Zlierad bmuli komponentebi, naCvenebia agreTve siR-
rmeSi Zebnis tye da drois Wdeebi GT grafisaTvis. sur. 2.8b-ze mocemulia G grafis siRrmeSi Zebnis
xe, romelic proceduris me-5 striqonSi gamoiTvleba. b, c, g, h wveroebi warmoadgenen siRrmeSi Zebnis
xeTa fesvebs GT grafisaTvis da Seferili arian Savad sur. 2.8c-ze mocemulia acikluri orientire-
buli grafi, romelic miiReba G grafis Zlierad bmuli komponentebis wertilebamde SekumSviT. mas
komponentebis grafs uwodeben.
am algoriTmis idea eyrdnoba komponentebis grafis GSCC = (V SCC , ESCC) Tvisebas, romelic SemdegSi
mdgomareobs: vTqvaT, G grafs aqvs Zlierad bmuli komponentebi C1, . . . , Ck . wveroTa V SCC = {v1, . . . , vk}
simravle Sedgeba vi wveroebisgan grafis yoveli Zlierad bmuli Ci komponentisTvis. Tu G-Si arsebobs
wibo (x, y) raime ori wverosTvis x ∈ Ci, y ∈ Cj , maSin komponentebis grafSi arsebobs wibo (vi, vj) ∈ ESCC
. sxva sityvebiT rom vTqvaT, Tu G grafis yovel Zlierad bmul komponentSi SevkumSavT mosazRvre
wveroebis damakavSirebel wiboebs, miviRebT GSCC grafs, romlis wveroebs warmoadgenen G grafis
Zlierad bmuli komponentebi. ix. sur. 2.8c.
komponentebis grafis ZiriTadi Tviseba mdgomareobs imaSi, rom es grafi warmoadgens aciklur orien-
tirebul grafs, rac gamomdinareobs Semdegi lemidan:
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nax. 2.8:

lema 2.6. vTqvaT, C da C ′ orientirebuli G grafis gansxvavebuli Zlierad bmuli komponentebia, da
vTqvaT, u, v ∈ C da u′, v′ ∈ C ′, garda amisa, vTqvaT, G grafSi arsebobs gza u-dan u′-Si. maSin G grafSi ar
SeiZleba arsebobdes gza v′-dan v-Si.

Proof. TuG grafSi arsebobs gza v′-dan v-Si, maSinG-Si arsebobs gzebi u-dan v′-Si da v′-dan u-Si. e.i. u da v′

erTmaneTisTvis miRwevadi wveroebia, rac ewinaaRmdegeba pirobas, rom C da C ′ G grafis gansxvavebuli
Zlierad bmuli komponentebia.

radgan, procedura STRONGLY-CONNECTED-COMPONENTS orjer asrulebs siRrmeSi Zebnas, am TavSi
CavTvaloT, rom d[u] da f [u] aRniSnaven aRmoCenis da damTavrebis droebs DFS proceduris pirveli
gamoZaxebis Sesrulebis dros (str. 2).
SemoviRoT Semdegi aRniSvnebi: vTqvaT, U ⊆ V , d(U) = minu∈U{d[U ]}, f(U) = maxu∈U{f [u]}. e.i. d(U) warmoad-
gens wveros aRmoCenis yvelaze adrindel dros U -s wveroebs Soris, xolo f(U) - damTavrebis yvelaze
gvian dros U -s wveroebs Soris.

lema 2.7. vTqvaT, C da C ′ orientirebuliG = (V,E) grafis gansxvavebuli Zlierad bmuli komponentebia,
da vTqvaT, arsebobs wibo (u, v) ∈ E, sadac u ∈ C da v ∈ C ′, maSin f(C) > f(C ′).

Proof. imis mixedviT, siRrmeSi Zebnis procesSi Zlierad bmul romel komponentSi, C-Si Tu C ′-Sia pirve-
lad aRmoCenili wvero, gvaqvs ori SemTxveva:

• Tu d(C) < d(C ′), aRvniSnoT C-Si aRmoCenili pirveli wvero x-iT. d[x] momentSi yvela wvero C-Si
da C ′-Si TeTria. G-Si arsebobs gza x-dan C-s yvela wveromde, romelic Sedgeba mxolod TeTri
wveroebisgan. radgan, (u, v) ∈ E, d[x] momentSi, nebismieri ω ∈ C ′ wverosTvis, G-Si arsebobs agreTve
gza x-dan ω-Si, romelic Sedgeba mxolod TeTri wveroebisgan. TeTri gzis Sesaxeb Teoremis Tanax-
mad, yvela wvero C-Si da C ′-Si, xdeba x-s STamomavali siRrmeSi Zebnis xeze. Sedegi 2.2-is Tanaxmad,
f [x] = f(C) > f(C ′).

• Tu d(C) > d(C ′), aRvniSnoT C ′-Si aRmoCenili pirveli wvero y-iT. d[y] momentSi yvela wvero C ′-Si
TeTria. G-Si arsebobs gza y-dan C ′-s yvela wveromde, romelic Sedgeba mxolod TeTri wveroe-
bisgan. TeTri gzis Sesaxeb Teoremis Tanaxmad, yvela wvero C ′-Si xdeba y-s STamomavali siRrmeSi
Zebnis xeze. Sedegi 2.2-is Tanaxmad, f [y] = f(C ′). d[y] momentSi yvela wvero C-Si TeTria. radgan
arsebobs wibo (u, v) C-dan C ′-Si, lema 2.6-is Tanaxmad, ar arsebobs gza C ′-dan C-Si. e.i. C-Si ar aris
y-dan miRwevadi wveroebi. amgvarad, f [y] momentSi yvela wvero C-Si rCeba TeTri, rac niSnavs, rom
nebismieri ω ∈ C wverosTvis, gvaqvs f [ω] > f [y], saidanac gamomdinareobs, rom f [x] = f(C) > f(C ′).

Sedegi 2.3. vTqvaT, C da C ′ orientirebuli G = (V,E) grafis gansxvavebuli Zlierad bmuli komponen-
tebia, da vTqvaT, arsebobs wibo (u, v) ∈ ET , sadac u ∈ C da v ∈ C ′ maSin f(C) < f(C ′).
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Proof. radgan (u, v) ∈ ET (v, u) ∈ E, G-s da GT -s aqvs erTi da igive Zlierad bmuli komponentebi, lema
2.7-dan gamomdinareobs, rom f(C) < f(C ′).
Sedegi 2.3-s saSualebiT, ganvixiloTrogor muSaobs procedura STRONGLY-CONNECTED-COMPONENTS.
rodesac vaxorcielebT siRrmeSi Zebnas GT grafze, viwyebT im x wverodan, romlisTvisac f [x] maqsi-
maluria. es wvero ekuTvnis raime Zlierad bmul C komponents. amasTan, moxdeba C-s yvela wveros
ganxilva. Sedegi 2.3-is Tanaxmad, GT grafSi ar aris wibo, romelic akavSirebs C-s sxva Zlierad bmul
komponentTan (radgan maSin f(C) < f(C ′), rac ewinaaRmdegeba imas, rom f [x] maqsimaluria.) amitom x-
dan siRrmeSi Zebnis dros ar xdeba sxva komponentebis wveroebis ganxilva. amrigad xe, romlis fesvi
aris x, Seicavs mxolod C-s wveroebs. mas Semdeg, rac ganxiluli iqneba C-s yvela wvero, proceduris
me-5 striqonSi xdeba wveros arCeva im sxva Zlierad bmul C ′ komponentidan, romlisTvisac f(C ′) maqsi-
maluria yvela sxva komponentTan SedarebiT. Sedegi 2.3-s Tanaxmad, GT grafSi erTaderTi wibo, rome-
lic daakavSirebda C ′-s sxva komponentebTan SeiZleba iyos mimarTuli C-Si, magram C-s damuSaveba ukve
dasrulebulia. amrigad, yoveli siRrmeSi Zebna axorcielebs mxolod erTi Zlierad bmuli komponen-
tis damuSavebas.

Teorema 2.6. procedura STRONGLY-CONNECTED-COMPONENTS(G) koreqtulad axorcielebs Zlierad
bmul komponentebis Zebnas G grafSi.

Proof. visargebloT induqciiT siRrmeSi Zebnis dros GT grafSi xeebis raodenobis mixedviT da davamt-
kicoT, rom yoveli xis fesvi qmnis Zlierad bmul komponents. k = 0-Tvis es mtkiceba samarTliania.
davuSvaT, siRrmeSi Zebnis pirveli k xe (str. 5) warmoadgens Zlierad bmul komponents da ganvixiloT
k + 1-e xe. vTqvaT, am xis fesvia u da vTqvaT, u ekuTvnis C Zlierad bmul komponents. radgan GT grafSi
siRrmeSi Zebna xorcieldeba wveroebis f [u] sididis klebadobis mixedviT, amitom nebismieri C ′ Zlierad
bmuli komponentisTvis, romlis wveroebi jer ganxiluli ar aris da romelic gansxvavebulia C-gan,
samarTliania: f [u] = f(C) > f(C ′). induqciis daSvebis Tanaxmad, u wveros aRmoCenis momentSi, C-s yvela
wvero TeTria, TeTri gzis Sesaxeb Teoremis Tanaxmad, C-s yvela wvero u-s garda, warmoadgens u-s STamo-
mavals siRrmeSi Zebnis xeze. garda amisa, GT -s yvela wibo, romelic gamodis C-dan, mimarTuli SeiZleba
iyos ukve ganxiluli Zlierad bmuli komponentebis wveroebisken. amitom, arc erT C-gan gansxvavebul
Zlierad bmul komponentSi ar aris wvero, romelic iqneboda u-s STamomavali siRrmeSi Zebnis xeze. am-
rigad, GT -s u fesvis mqone siRrmeSi Zebnis xis wveroebi, qmnian zustad erT Zlierad bmul komponents,
rac amtkicebs Teoremas.

rigi (Queue) aris dinamikuri simravle, romelSic elementebis Camateba da waSla nebismier poziciaSi ki
ar xdeba, aramed ganisazRvreba simravlis struqturiT. rigidan SeiZleba mxolod im elementis waSla,
romelic masSi pirveli iqna Camatebuli, anu rigSi yvelaze didxans imyofeba, xolo elementis Camateba
xdeba rigis bolos: rigi organizebulia principiT: pirveli movida - bolo wavida anu FIFO (first-in, first-
out).
Q rigSi v elementis damatebis operacia aRiniSneba rogorc ENQUEUE(Q,v), xolo pirveli elementis
amoSla - DEQUEUE(Q), amasTan es operacia abrunebs pirveli elementis mniSvnelobas. ganisazRvreba
rigis Tavi (head) da bolo (tail). yoveli axaldamatebuli elementi aRmoCndeba rigis boloSi, xolo
wasaSleli TavSi. head(Q) aris rigis dasawyisis indeqsi, xolo tail(Q) Tavisufali ujris indeqsi, ro-
melic gankuTvnilia axali elementis Casamateblad. rigi Sedgeba masivis elementebisgan, romlebic
dganan Sesabamisad head(Q), head(Q) + 1, . . . , tail(Q)− 1 adgilebze.
steki (stack) aris dinamikuri simravle, romelSic SeiZleba mxolod bolo elementis amoSla, xolo
elementis Camateba SeiZleba mxolod mis bolos. organizebulia principiT: bolo movida - pirveli
wavida anu LIFO (last-in, first-out).

2.6 savarjiSoebi

1. sur. 2.9 grafebisTvis ganaxorcieleT siganeSi Zebna, aageT siganeSi Zebnis xe.

2. sur. 2.9 grafebisTvis ganaxorcieleT siRrmeSi Zebna. aageT siRrmeSi Zebnis tye.

3. vTqvaT, mocemuli gvaqvs G = (V,E) araorientirebuli grafi. samarTliania Tu ara Semdegi mtkice-
bulebebi:

(a) siRrmeSi Zebnis yvela tye (dawyebuli sxvadasxva sawyisi wverodan) Seicavs xeebis erTi da
igive raodenobas.
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(b) siRrmeSi Zebnis yvela tye Seicavs xis wiboebis erTi da igive raodenobas.

4. vTqvaT, mocemuli gvaqvs G = (V,E) orientirebuli grafi. aCveneT, rom (u, v) wibo aris xis wibo an
pirdapiri wibo maSin da mxolod maSin, roca d[u] < d[v] < f [v] < f [u].

5. sur. 2.10a grafSi daalageT wveroebi topologiuri sortirebis algoriTmiT.
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nax. 2.10:

6. G = (V,E) grafSi, sadac V = {v, s, w, q, t, x, y, z}
E = {(v, w), (w, s), (s, v), (q, w), (q, s), (q, t), (t, y), (y, q), (t, x), (x, z), (z, x)} ganaxorcieleT siRrmeSi Zebna da
moaxdineT wiboTa klasifikacia.

7. ipoveT Zlierad bmuli komponentebi sur. 2.10b grafSi.
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Tavi 3

minimaluri damfaravi xeebi

vTqvaT, mocemulia bmuli araorientirebuli G = (V,E) grafi. grafis yoveli (u, v) ∈ E wibosaTvis
mocemulia w(u, v) arauaryofiTi wona. vipovoT iseTi bmuli, acikluri qvesimravle T ⊆ E, romelic
moicavs yvela wveros da romlisTvisac jamuri wona

w(T ) =
∑

(u,v)∈T

w(u, v)

minimaluria. radgan T simravle acikluria da aerTebs G grafis yvela wveros, is qmnis xes, romelsac
uwodeben am grafis damfarav xes (spanning tree). aseTi T simravlis povnis amocanas ki uwodeben amo-
canas minimaluri damfaravi xis (minimum-spanning-tree problem) Sesaxeb. aq sityva "minimaluri" aRniSnavs
"minimalur SesaZlo wonas". SevniSnoT, rom Tuki ganvixilavT mxolod xeebs, maSin wonaTa arauaryofi-
Tobis piroba SegviZlia ugulebelvyoT, radgan yvela damfarav xeSi wiboTa erTnairi raodenobaa da
SegviZlia erTi da igive sididiT gavzardoT yvela wibos wona, rac maT dadebiTad aqcevs.
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nax. 3.1:

sur. 3.1-ze mocemulia bmuli grafisa da misi minimaluri damfaravi xis magaliTi, romlis wiboebic
gamoyofilia. minimaluri damfaravi xis jamuri wonaa 37 da aseTi xe erTaderTi araa. Tuki (b, c) wibos
SevcvliT (a, h) wiboTi, miviRebT sxva damfarav xes imave jamuri woniT.
Cven ganvixilavT minimaluri damfaravi xis povnis or xerxs: primisa da kraskalis algoriTmebs. orive
algoriTmi iyenebs "xarb" strategias - eZebs "lokalurad saukeTeso" variants muSaobis yovel bijze.
Cveni algoriTmebis zogadi sqema aseTia: saZebni damfaravi xe aigeba A simravles yovel bijze Tan-
daTanobiT - Tavdapirvelad cariel emateba TiTo wibo da SenarCunebulia Tviseba (am Tvisebas uwo-
deben algoriTmis ciklis invariants) - "ciklis nebismieri iteraciis win A simravle warmoadgens
romeliRac minimaluri damfaravi xis qvesimravles". morig bijze damatebuli (u, v) wibo imgvarad
amoirCeva, rom ar dairRves es Tviseba, e.i. A ∪ {(u, v)} aseve unda iyos minimaluri damfaravi xis qvesim-
ravle. aseT wibos uwodeben usafrTxo wibos (safe edge) A-saTvis.
cxadia, rom mTavari problema me-3 striqonSi usafrTxo wibos moZebnaa, magram manamde SevniSnoT, rom
aseTi wibo garantirebulad arsebobs, radgan me-4 striqonis Sesrulebis dros, ciklis invariantis
Tanaxmad, unda arsebobdes minimaluri damfaravi xe T , rom A ⊆ T . amitom unda arsebobdes wibo (u, v) ∈ T ,
iseTi, rom (u, v) /∈ A da (u, v) usafrTxo wiboa A xisTvis.
vidre usafrTxo wibos moZebnis algoriTmebs ganvixilavdeT, ganvsazRvroT ramdenime termini.
G = (V,E) araorientirebuli grafis (S, V \S) Wrili (cut) ewodeba misi wveroTa simravlis gayofas or
qvesimravled.

35
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Algorithm 6: Generic MST

Input: bmuli araorientirebuli grafi G = (V,E) da wonis funqcia w : E → R
Output: grafis damfaravi xe

1 GENERIC-MST(G, w) :

2 A = ∅;
3 while ( A ar aris damfaravi xe ) :
4 movZebnoT (u, v) usafrTxo wibo A xisTvis;
5 A = A ∪ {(u, v)};
6 return A

ityvian, rom (u, v) ∈ E wibo kveTs (crosses) (S, V \S) Wrils, Tu misi erTi bolo ekuTvnis S-s, xolo meore
bolo - (V \S)-s. Wrili SeTanxmebulia wiboTa A simravlesTan (respects the set A), Tu A-dan arc erTi
wibo ar kveTs am Wrils. Wrilis mier gadakveTil wiboTa simravleSi gamoyofen umciresi wonis wibos,
romelsac msubuqs (light edges) uwodeben.

Teorema 3.1. vTqvaT G = (V,E) bmuli araorientirebuli grafia da mis wiboTa simravleze gansazRvru-
lia namdvili woniTi w funqcia. vTqvaT A wiboTa simravlea, romelic warmoadgens G grafis romelime
minimaluri damfaravi xis qvesimravles. vTqvaT (S, V \S) warmoadgens G grafis iseT Wrils, romelic Se-
Tanxmebulia A-sTan, xolo (u, v) wibo am Wrilis msubuqi wiboa. maSin (u, v) wibo warmoadgens usafrTxo
wibos A-saTvis.

Proof. vTqvaT, T minimaluri damfaravi xea, romelic Seicavs A-s. davuSvaT, T ar Seicavs (u, v) wibos,
radgan winaaRmdeg SemTxvevaSi, dasamtkicebeli debuleba cxadia. vaCvenoT, rom arsebobs sxva mini-
maluri damfaravi xe T ′, romelic Seicavs A ∪ {(u, v)}. amiT damtkicdeba, rom (u, v) wibo usafrTxoa
A-sTvis.
T bmulia, amitom is Seicavs raime p gzas (erTaderTs) u-dan v-Si. (u, v) wibo qmnis cikls am gzasTan
erTad. radgan u da v wveroebi ekuTvnian (S, V \S) Wrilis sxvadasxva qvesimravles, p gzaze arsebobs
minimum erTi wibo, romelic kveTs Wrils. vTqvaT, es wiboa (x, y). igi ar ekuTvnis A-s, radgan Wrili
SeTanxmebulia A-sTan. davumatoT T xes (u, v) wibo da miRebuli ciklidan amoviRoT (x, y) wibo, miviTebT
axal damfarav xes T ′ = T\{(x, y)} ∪ {(u, v)}.
axla, vaCvenoT, rom T ′ minimaluri damfaravi xea. radgan (u, v) msubuqi wiboa, romelic kveTs (S, V \S)
Wrils, T -dan amoWril (x, y) wibos, aqvs aranaklebi wona, vidre mis nacvlad damatebul (u, v)-s. (w(u, v) ≤
w(x, y)). amitom T ′-s wona SeiZleba mxolod Semcirebuliyo,

w(T ′) = w(T )− w(x, y) + w(u, v) ≤ w(T )

magram T minimaluri damfaravi xea, e.i. T ′-c unda iyos igive wonis sxva minimaluri damfaravi xe. amitom
T ′-Si Semavali (u, v) wibo usafrTxoa.

Teorema 3.1-is daxmarebiT ganvixiloT rogor muSaobs procedura GENERIC-MST. algoriTmis muSaobis
procesSi, A simravle yovelTvis acikluria (is minimaluri damfaravi xis qvesimravlea). algoriTmis
muSaobis yovel momentSi grafi GA = (V,A) warmoadgens tyes da misi nebismieri bmuli komponenti aris
xe. (zogierTi xe SeiZleba Sedgebodes mxolod erTi wverosgan, mag.: roca algoriTmi iwyebs muSaobas,
A simravle carielia, xolo tye Seicavs |V | raodenoba erTi wveros Semcvel xes). garda amisa, A-s
nebismieri usafrTxo (u, v) wibo akavSirebs GA-s sxvadasxva komponents, radgan simravle A ∪ {(u, v)}
unda iyos acikluri.
procedura GENERIC-MST-Si, cikli 3-5 striqonebSi sruldeba |V | − 1-jer, radgan napovni unda iqnas
minimaluri damfaravi xis yvela |V | − 1 wibo. Tavidan, roca A = ∅, GA-Si aris xeebis |V | raodenoba da
yoveli iteracia amcirebs am raodenobas erTiT. roca GA-Si rCeba erTi xe, algoriTmi sruldeba.

Sedegi 3.1. vTqvaT G = (V,E) bmuli araorientirebuli grafia da wiboTa E simravleze gansazRvrulia
namdvili woniTi w funqcia. vTqvaT A wiboTa simravlea, romelic warmoadgens G grafis romelime
minimaluri damfaravi xis qvesimravles. ganvixiloT tye GA = (V,A) da vTqvaT C = (VC , EC) - misi
erT-erTi bmuli komponentia (xea). Tu (u, v) msubuqi wiboa, romelic akavSirebs C-s GA-s raime sxva
komponentTan, maSin es wibo usafrTxoa A-sTvis.

Proof. Wrili (VC , V \VC) SeTanxmebulia A-sTan da (u, v) msubuqi wiboa am WrilisTvis, amitom is us-
afrTxoa A-sTvis.
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ganvixiloT minimaluri damfaravi xis povnis ori algoriTmi. TiToeuli maTgani iyenebs usafrTxo wi-
bos amorCevis sakuTar wess (procedura GENERIC-MST, str. 4). kraskalis algoriTmSi A simravle war-
moadgens tyes, A-s emateba usafrTxo wiboebi, romlebic arian ori sxvadasxva komponentis damakavSire-
beli minimaluri wonis mqone wiboebi. primis algoriTmSi A simravle warmoadgens erTian xes, A-s
emateba usafrTxo wiboebi, romelTac aqvT minimaluri wona da romlebic aerTianeben fesvis mqone xes
am xis gareT mqone wveroebTan.

3.1 kraskalis algoriTmi

kraskalis algoriTmis muSaobis nebismier momentSi amorCeul wiboTa A simravle (damfaravi xis naw-
ili) ar Seicavs ciklebs. algoriTmi eZebs usafrTxo wibos tyeSi dasamateblad, (u, v) minimaluri wo-
nis mqone wibos povniT yvela im wibos Soris, romelic akavSirebs sxvadasxva xes tyeSi. aRvniSnoT ori
xe, romelic ukavSirdeba erTmaneTs (u, v) wiboTi C1-iT da C2-iT. radgan (u, v) wibo msubuqia (C1, V \C1)
WrilisTvis, Sedegi 3.2-dan gamomdinareobs, rom (u, v) wibo usafrTxoa. sur. 3.2-ze naCvenebia Tu rogor
muSaobs algoriTmi.
algoriTmi MST-KRUSKAL(G,w) iyenebs sam operacias, romelic muSaobs TanaukveT simravleebze.
TanaukveT simravleebze gansazRvruli monacemTa struqtura ganisazRvreba TanaukveTi dinamikuri sim-
ravleebis S = (S1, S2, . . . , Sk) nakrebiT. yoveli simravlis identificireba xdeba warmomadgenliT (rep-
resentative) romelic aris am simravlis raime elementi. simravlis yoveli elementi warmoadgens raime
obieqts. aRvniSnoT es obieqti x-iT. ganvixiloT Semdegi sami operacia:

MAKE-SET(x) ("SevqmnaT simravle") - qmnis axal simravles, romlis erTaderTi elementia x (amitom x
iqneba warmomadgenelic). radgan simravleebi ar unda TanaikveTon, x obieqti ar unda Sediodes
arc erT sxva simravleSi.

FIND-SET(x) ("movZebnoT simravle") - procedura abrunebs mimTiTebels im simravlis warmomadgenelze,
romelic Seicavs x elements.

UNION(x,y) - aerTianebs x-is da y-is Semcvel dinamikur simravleebs (aRvniSnoT isini Sx-iT da Sy-iT)
axal simravleSi. igulisxmeba, rom operaciis Sesrulebamde aRniSnuli simaravleebi ar Tanaikve-
Tebodnen. miRebuli warmomadgeneli aris Sx ∪Sy simravlis elementi. xolo Zveli simravleebi Sx
da Sy waiSleba.

zemoT Tqmulidan gamomdinare, grafis ori u da v wvero ekuTvnis erT simravles (anu komponents), roca
FIND-SET(u) = FIND-SET(v).

Algorithm 7: Minimum Spanning Tree - Kruskal

Input: bmuli araorientirebuli grafi G = (V,E) da wonis funqcia w : E → R
Output: g rafis minimaluri wonis damfaravi xe

1 MST-KRUSKAL(G, w) :

2 A = ∅;
3 for ∀v ∈ V :
4 MAKE-SET(v);

5 sort(E); // davalagoT wiboebis wonebis zrdis mixedviT
6 for ∀(u, v) ∈ E :
7 if FIND-SET(u) 6= FIND-SET(v) :
8 A = A ∪ {(u, v)};
9 UNION(u,v);

10 return A

algoriTmis 2-4 striqonebSi xdeba A simravlis inicializacia carieli simravliT da iqmneba |V | xe,
romelic Seicavs TiTo wveros. me-5 striqonSi wiboebi lagdeba wonaTa araklebadobis mixedviT. 6-9
striqonebSi cikli for amowmebs, ekuTvnian Tu ara wibos wveroebi erTsa da imave xes. Tu ekuTvnian,
maSin am wibos damateba tyisaTvis ar SeiZleba (radgan Seiqmneba cikli) da xdeba wibos ukugdeba, xolo
Tu wibos wveroebi ekuTvnian sxvadasxva xes, maSin wibo emateba A-s (me-8 striqoni) da am wiboTi dakav-
Sirebuli ori xe erTiandeba (me-9 striqoni).
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nax. 3.2:
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kraskalis algoriTmis muSaobis dro damokidebulia TanaukveT simravleebze monacemTa struqturis
realizaciaze. ganvixiloT TanaukveTi simravleebis warmodgenebi bmuli siebis da fesvis mqone xeebis
saxiT.
TanaukveTi simravleebi SeiZleba warmodgenili iqnan bmuli siebis saxiT. yovel bmul siaSi pirveli
obieqti warmoadgens mis warmomadgenels. am bmuli siis yoveli obieqti Seicavs simravlis elements,
mimTiTebels simravlis Semdegi elementis Semcvel obieqtze da mimTiTebels warmomadgenelze. yovel
bmul siaSi aris mimTiTebeli mis warmomadgenelze (head) da mimTiTebeli mis bolo elementze (tail).
TanaukveTi simravleebis aseTi warmodgenis SemTxvevaSi, MAKE-SET(x) da FIND-SET(x) procedurebs
sWirdeba O(1) dro. MAKE-SET(x) qmnis axal bmul sias erTaderTi x obieqtiT, xolo FIND-SET(x)
abrunebs mimTiTebels x elementis Semcveli simravlis warmomadgenelze. UNION(x,y) procedura srul-
deba Semdegnairad: sia, romelic Seicavs x elements, emateba sias, romelic Seicavs y elements. y ele-
mentis Semcveli siis tail mimTiTebeli gamoiyeneba imisTvis, rom swrafad ganvsazRvroT sad davamatoT
x-is Semcveli sia. axali simravlis mimTiTebeli xdeba y-is Semcveli siis mimTiTebeli. amasTan unda
ganaxldes mimTiTeblebi x-is Semcveli siis yoveli obieqtisTvis, razec daxarjuli dro wrfivadaa
damokidebuli x-is Semcveli siis sigrZeze.
vTqvaT, gvaqvs x1, . . . , xn obieqti. sruldeba MAKE-SET(x)-is n operacia da, Semdeg, UNION(x,y)-is n − 1
operacia. MAKE-SET(x)-is n operacias sWirdeba Θ(n) dro, xolo, radgan UNION(x,y)-is i-uri operacia
aaxlebs i obieqts, UNION(x,y)-is n− 1 operaciiT ganaxlebuli obieqtebis raodenobaa:

n−1∑
i=1

i = Θ(n2)

operaciebis mimdevroba bmuli sis SemTxvevaSi
operacia ganaxlebuli obieqtebis raodenoba
MAKE-SET(x1) 1
MAKE-SET(x2) 1
...

...
MAKE-SET(xn) 1
UNION(x1, x2) 1
UNION(x2, x3) 2
UNION(x3, x4) 3
...

...
UNION(xn−1, xn) n− 1

operaciebis saerTo raodenobaaa 2n− 1, ase rom saSualod TiToeul operacias sWirdeba Θ(n) dro.
UNION proceduras, warmodgenili realizaciiT, uares SemTxvevaSi, erTi gamoZaxebisTvis, saSualod,
sWirdeba Θ(n) dro, radganac SeiZleba aRmoCndes, rom grZel sias vaerTebT mokle siasTan da, amitom
unda ganaxldes am grZeli siis yvela wevris mimTiTebeli warmomadgenelze. davuSvaT, axla, rom yoveli
sia Seicavs misi sigrZis aRmniSvnel vels da yovelTvis vaerTebT mokle sias grZelTan, maSin mtkicdeba,
rom MAKE-SET, FIND-SET, UNION m operaciebis mimdevrobis SesrulebisTvis (romelTaganac n mimdev-
roba MAKE-SET operaciaa) saWiro dro xdeba O(m+ n log n).
Tu TanaukveT simravleebs warmovadgenT fesvis mqone xeebis saxiT, sadac yoveli kvanZi simravlis erT
elements Seesabameba, xolo yoveli xe warmoadgens erT simravles, maSin SesaZlebelia MAKE-SET,
FIND-SET, UNION procedurebis ufro swrafi ganxorcieleba.
TanaukveT simravleTa tyeSi (disjoint-set forest) yoveli elementi miuTiTebs mxolod mSobelze. yoveli
xis fesvi aris warmomadgeneli da aris Tavisi Tavis mSobelic.
TanaukveT simravleebze operaciebis asimtoturad swrafad Sesrulebis saSualebas iZleva ori evris-
tika: " gaerTianeba rangiT" da " gzis SekumSva".
operaciebi Semdegnairad sruldeba:

MAKE-SET(x) - qmnis xes erTi kvanZiT Θ(1) droSi, n raodenoba erT elementiani simravlis Seqmnas
dasWirdeba Θ(n) dro.

FIND-SET(x) - abrunebs x kvanZis Semcveli xis x kvanZidan xis fesvamde gadaadgilebiT (romelic aris
warmomadgeneli) mSoblebis mimTiTeblis gavliT. TiToeul aseT operacias sWirdeba O(n) dro.
gavlili kvanZebi am gzaze qmnian Zebnis gzas (find path).

UNION(x,y) - xorcieldeba y xis fesvis mierTebiT x xis fesvTan da y xis amoRebiT tyidan. am operacias
sWirdeba Θ(1) dro.
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gavecnoT or evristikas, romelTa gamoyenebiTac SesaZlebelia droiTi sazRvris Semcireba:

I evristika: gaerTianeba rangiT (union by rank) dafuZnebulia ideaze, rom yovelTvis, UNION operaciis
Sesrulebis dros, naklebi raodenobis kvanZis Semcveli xis fesvi uerTdebodes meti raodeno-
bis kvanZis Semcveli xis fesvs. amisTvis gamoiyeneba fesvis rangis (rank) cneba. rank[x] aris x
kvanZis simaRle (x-dan mis STamomaval foTlamde wiboebis raodenoba yvelaze grZel gzaze). am
evristikis gansaxorcieleblad, yoveli kvanZisTvis Senaxuli unda gvqondes rank[x] (MAKE-SET
proceduris mier erTelementiani simravlis Seqmnis dros, rank[x]=0). FIND-SET ar cvlis rangebs.
advili dasamtkicebelia, rom radgan nebismieri kvanZis rangi ar aRemateba blog nc-s, Zebnis yoveli
operacia xorcieldeba O(log n) droSi, amrigad, ara umetes n − 1 raodenoba UNION operaciisa da
m raodenoba FIND-SET operaciis Sesrulebas dasWirdeba O(n+m log n) dro.

II evristika: gzis SekumSva (path compression) gamoiyeneba FIND-SET operaciis Sesrulebis procesSi da
yvela kvanZs uSualod uTiTebs fesvze. es evristika ar cvlis kvanZebis rangebs.

ori xis gaerTianebis UNION proceduris gamoyenebis dros gvaqvs ori SemTxveva:

1. Tu or xes aqvs erTnairi rangi, maSin virCevT erT-erTi xis fesvs mSoblad da vzrdiT mis rangs
erTiT.

2. Tu erTi xis rangi metia meore xis rangze, maSin didi rangis mqone xis fesvi xdeba mSobeli
kvanZi naklebi rangis mqone xis fesvisTvis, xolo rangebis mniSvnelobebi rCeba igive.

Semdeg fsevdokodebSi p[x] aRniSnavs x-s mSobels.

Algorithm 8: Disjoint Set Data Structure Operations

1 MAKE-SET(x) :

2 p[x] = x;

3 rank[x] = 0;

4 FIND-SET(x) :

5 if x 6= p[x] :
6 p[x] = FIND-SET(p[x]);

7 return p[x];

8 LINK(x,y) :

9 if rank[x] > rank[y] :
10 p[y] = x;

11 else:
12 p[x] = y;

13 if rank[x] == rank[y] :
14 rank[y] += 1;

15 UNION(x,y) :

16 LINK(FIND-SET(x), FIND-SET(y));

daviTvaloT kraskalis algoriTmis muSaobis dro. inicializacias sWirdeba dro O(V ) (str. 2-4). E
wiboebis dalagebas wonebis mixedviT - O(E logE) (str. 5). 6-9 striqonebSi sruldeba O(E) raodenoba
FIND-SET da UNION operacia TanaukveT simravleTa tyeze. V raodenoba MAKE-SET operaciasTan er-
Tad, amas sWirdeba O((V +E)α(V )) dro, sadac α Zalian nela zrdadi funqciaa. radgan G bmuli grafia,
samarTliania |E| ≥ |V |−1 ase, rom, operaciebi TanaukveT simravleebze saWiroebenO(Eα(V )) dros, garda
amisa, radgan α(|V |) = O(log V ) = O(logE), kraskalis algoriTmis muSaobis droa O(E logE). SevniSnoT,
rom |E| < |V |2 , amitom log |E| = O(log V ) da kraskalis algoriTmis muSaobis dro SeiZleba CavweroT
rogorc O(E log V ).

3.2 primis algoriTmi

primis algoriTmi gamoirCeva imiT, rom A simravlis wiboebi yovelTvis qmnian erTian xes. primis al-
goriTmiT minimaluri damfaravi xis formireba iwyeba nebismieri sawyisi r wverodan. yovel bijze xes
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emateba umciresi wonis wibo im wiboebs Soris, romlebic wveros aerTeben xis arawevr wveroebTan. ze-
moxsenebuli Sedegis mixedviT aseTi wibo usafrTxoa A-saTvis, e.i. miiReba minimaluri damfaravi xe.
procedurisaTvis Semavali monacemebia: bmuli G grafi, wiboTa w wonebi da r sawyisi wvero. real-
izaciisas mniSvnelovania swrafad avarCioT msubuqi wibo. algoriTmis muSaobisas yvela wvero, rome-
lic jer ar gamxdara xis wevri, inaxeba Q prioritetebian rigSi. v wveros prioriteti ganisazRvreba
key[v] mniSvnelobiT, romelic udris im wiboebis minimalur wonas, romelic aerTebs v-s A xesTan. Tu
aseTi wibo ar arsebobs - key[v] =∞. π[v] veli xis wveroebisTvis miuTiTebs mSobels, xolo sxva wveroe-
bisaTvis xis wveros, romliskenac mivyavarT key[v] wonis wibos (Tu aseTi wibo ramdenimea, maSin mi-
eTiTeba erT-erTi).
algoriTmis muSaobis procesSi, A simravle procedura GENERIC-MST-Si aris Semdegi:

A = {(v, π[v]) : v ∈ V \{r}\Q}

roca algoriTmi asrulebs muSaobas, Q prioritetebiani rigi carielia, xolo minimaluri damfaravi
xe G-Tvis aris xe:

A = {(v, π[v]) : v ∈ V \{r}}

Algorithm 9: Minimum Spanning Tree - Prim

Input: bmuli araorientirebuli grafi G = (V,E), wonis funqcia w : E → R da sawyisi wvero r
Output: grafis minimaluri wonis damfaravi xe

1 MST-PRIM(G, w, r) :

2 for ∀u ∈ V :
3 key[u] = ∞;

4 π[u] = NIL;

5 key[r] = 0;

6 Q = V; // prioritetuli rigi, key gvaZlevs prioritets
7 while Q 6= ∅ :
8 u = EXTRACT-MIN(Q);

9 for ∀v ∈ adj[u] :
10 if v ∈ Q and w(u,v) < key[v] :
11 π[v] = u;

12 key[v] = w(u,v);

13 return π; // xe ganisazRvreba (v, π[v]) wiboebiT

2-6 striqonebSi yvela wveros gasaRebi xdeba ∞-s toli, garda r fesvisa, romlis gasaRebi 0-s tolia
da is aRmoCndeba pirveli dasamuSavebeli wvero. yvela wverosTvis mSoblebis velSi Caiwereba mniSvne-
loba NIL da yvela wvero Caiwereba Q prioritetebian rigSi. while ciklis yoveli iteraciis win, 7-12
striqonebSi:

• A = {(v, π[v]) : v ∈ V \{r}\Q}

• minimalur damfarav xeSi ukve Sesuli wveroebi ekuTvnis V \Q simravles

• yvela v ∈ Q wverosTvis, samarTliania: Tu π[v] 6= NIL, maSin key[v] <∞ da key[v] aris im (v, π[v]) msub-
uqi wibos wona, romelic akavSirebs v-s raime wverosTan, romelic ukve moTavsebulia minimalur
damfarav xeSi.

me-8 striqonSi ganisazRvreba u wvero, romelic ekuTvnis (V \Q,Q) Wrilis gadamkveT msubuq wibos (pir-
veli iteraciis garda). xdeba u-s amoReba Q-dan, da misi damateba xis wveroebis V \Q simravleSi. mo-
cemuli ciklis pirveli gavlisas xe Sedgeba erTaderTi wverosagan. yvela danarCeni wvero imyofeba
rigSi. key[v]-s mniSvneloba maTTvis r-dan v-Si wibos sigrZis an usasrulobis (Tuki wibo ar arsebobs)
tolia. algoriTmis muSaoba mocemulia sur. 3.3-ze. EXTRACT-MIN(Q) Slis minimalur elements Q
rigidan da abrunebs mas.
algoriTmis muSaobis dro damokidebuliaQ prioritetebiani rigis realizaciaze. Tuki gamoyenebulia
orobiTi grova, maSin muSaobis dro kraskalis algoriTmis analogiuria - O(E log V ). (2-6 striqonebSi
inicializacia SeiZleba SevasruloT O(V ) droSi. while cikli sruldeba |V |-jer da yoveli operacia
EXTRACT-MIN sruldeba O(log V ) droSi. EXTRACT-MIN-is Sesrulebis saerTo dro gaxdeba O(V log V ).
cikli 9-12 striqonebSi sruldebaO(E)-jer. me-9 striqonSi Semowmeba -O(1) droSi. xolo me-12 striqoni
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nax. 3.3:

Sesruldeba O(log V ) droSi. sabolood, primis algoriTmis muSaobis saerTo dro iqneba O(V log V +
E log V ) = O(E log V ). fibonaCis grovis gamoyenebis SemTxvevaSi Sefaseba SeiZleba Semcirdes O(E +
V log V )-mde.

3.3 savarjiSoebi

1. ipoveT minimaluri damfaravi xe sur. 3.4 grafebisTvis:

(a) kraskalis algoriTmiT

(b) primis algoriTmiT (c sawyisi wverodan)
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nax. 3.4:

2. aCveneT, rom grafs aqvs erTaderTi minimaluri damfaravi xe, Tu grafis yoveli WrilisTvis ar-
sebobs erTaderTi msubuqi wibo, romelic kveTs am Wrils. moiyvaneT kontrmagaliTi, romelic
aCvenebs, rom sawinaaRmdego debuleba ar sruldeba.

3. vTqvaT, (u, v) minimaluri wonis mqone wiboaG grafSi, aCveneT, rom (u, v) ekuTvnisG grafis romelime
minimalur damfarav xes.

4. G(V,E) bmuli, araorientirebuli grafisTvis, ganvixiloT wiboebis E simravle, romlis yoveli
elementi warmoadgens msubuq wibos grafis raime SesaZlo WrilisTvis. moiyvaneT magaliTi, roca
es simravle ar qmnis minimalur damfarav xes.
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α(n) Zalian nela zrdadi funqciaa. realur amocanebSi, romelSic gamoiyeneba TanaukveTi simravleebi,
α(n) ≤ 4.
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Tavi 4

umoklesi gzebi erTi wverodan

Tu mocemulia Sewonili grafi, xSirad saWiroa xolme mis or wveros Soris umoklesi gzis dadgena
(or wveros SemaerTebel yvela SesaZlo gzas Soris iseTis arCeva, romlis wiboTa wonebis jami mini-
maluria).

am amocanis gadaWraze Zalian bevri sxva amocanaa damokidebuli, maT Soris:

• satransporto qselebSi or punqts Soris umoklesi gzis povna: Tu grafs ganvixilavT rogorc
qalaqebs (wveroebi) da maT SemaerTebel gzebs (wiboebi), an qalaqSi quCebs (wiboebi) da maT gada-
kveTebs (wveroebi), erTi punqtidan meoreSi gadasvlisaTvis umciresi gzis gamoTvla am amocanis
gadaWriT SeiZleba;

• nalaparakevi teqstis amocnobis erT-erTi umTavresi amocana erTnairi JReradobis sityvebis (omo-
fonebis) gansxvavebaa. aseT sityvebzea agebuli akaki wereTelis cnobili leqsi YaRmarT-aRmarTA:

aRmarT-aRmarT mivdiodi me nela,
serzed Sevdeq, Wmunvis ali menela;
mzeman sxivi momafina maSina,
sicocxle vgrZen, sikvdilma ver maSina.

Tu enis sityvebs aRvniSnavT, rogorc grafis wveroebs da YmsgavsA sityvebs wiboebiT SevaerTebT
(Tanac msgavsebis koeficients wibos wonad mivuwerT - rac ufro msgavsia ori sityva, ufro na-
klebs), wveroebs Soris umoklesi gzis povna winadadebis azris dadgenaSi dagvexmareba.

• grafTa ganlagebaSi: xSirad saWiroa xolme grafis YcentrisA dadgena da ise ganlageba, rom igi
mis SuagulSi moeqces. aseTi SeiZleba iyos wvero, romlis maqsimaluri daSoreba yvela sxva
wverosTan yvelaze dabalia. cxadia, rom amis dasadgenad saWiroa nebismier or wveros Soris
manZilis codna.

aRsaniSnavia, rom umciresi damfaravi xe yovelTvis umcires manZils ar mogvcems, rogorc es Semdgom
naxazSia naCvenebi.
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nax. 4.1: minimaluri damfaravi xe (a) da Semoxazuli wverodan umoklesi manZilis xe (b)

savarjiSo 4.1: moiyvaneT sxva xeebis magaliTi, romlebSic umciresi damfaravi xe ar mogvcems umokles
manZilebs.

45
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4.1 umoklesi gzis povnis amocana

vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi namdvili woniTi w : E → R funqciiT.
p =< v0, v1, . . . , vk > gzis wonas (weight) uwodeben am gzaSi Semavali yvela wibos wonebis jams:

w(p) =

k∑
i=1

w(vi−1, vi)

u-dan v-Si umoklesi gzis wona (shortest-paths weight), gansazRvrebis Tanaxmad, tolia:

δ(u, v) =

{
min{w(p)} Tu arsebobs gza u-dan v-Si

∞ winaaRmdeg SemTxvevaSi

umoklesi gza (shortest-path) u-dan v-Si - esaa nebismieri p gza u-dan v-Si, romlisTvisac w(p) = δ(u, v).
wonebSi SeiZleba vigulisxmoT ara marto manZilebi, aramed dro, Rirebuleba, jarima, zarali da a.S.
siganeSi Zebnis algoriTmi SegviZlia ganvixiloT, rogorc umoklesi gzebis Sesaxeb amocanis amoxsnis
kerZo SemTxveva, roca TiToeuli wibos wona 1-is tolia.

ganixilaven umoklesi gzebis amocanis sxvadasxva variants. am TavSi Cven ganvixilavT amocanas umok-
lesi gzebis Sesaxeb erTi wverodan (single-source shortest-path problem): mocemuli gvaqvs orientirebuli
wonadi G = (V,E) grafi da sawyisi wvero s (source vertex). saWiroa vipovoT umoklesi gzebi s-dan yvela
v ∈ V wveromde. am amocanis amoxsnis algoriTmi gamoiyeneba sxva amocanebis amosaxsneladac, kerZod:

umoklesi gza erTi wverosaken: mocemulia saboloo t wvero (destination vertex). saWiroa movZebnoT umok-
lesi gzebi t wveromde yoveli v ∈ V wverodan. Tuki SevabrunebT mimarTulebas yvela wiboze, es amocana
daiyvaneba amocanaze umoklesi gzebis Sesaxeb erTi wverodan.

umoklesi gza wveroTa mocemuli wyvilisaTvis: mocemulia u da v wveroebi, movZebnoT umoklesi gza
u-dan v-Si. ra Tqma unda, Tuki Cven movZebniT yvela umokles gzas u-dan, amocana amoixsneba. unda aRiniS-
nos, rom ufro swrafi meTodi (romelic gamoiyenebda im faqts, rom umoklesi gza mxolod or wveros
Sorisaa mosaZebni) jerjerobiT napovni ar aris.

umoklesi gzebi wveroTa yvela wyvilisaTvis: wveroTa yoveli u da v wyvilisaTvis movZebnoT umok-
lesi gza u-dan v-Si. am amocanis amoxsna SeiZleba, Tuki rig-rigobiT vipoviT umokles gzas wveroTa
yvela wyvilisaTvis. Tumca es araa optimaluri meTodi da ufro efeqtur midgomas momdevno TavebSi
ganvixilavT.

4.1.1 umoklesi gzebis amocanis optimaluri struqtura

umoklesi gzebis povnis algoriTmebi, Cveulebriv, eyrdnobian im Tvisebas, rom umoklesi gzis yoveli
nawili TviTon aris umoklesi gza. e.i. umoklesi gzebis amocanas aqvs optimalurobis Tviseba qveamo-
canebisaTvis, rac imas niSnavs, rom amocanis amosaxsnelad SesaZloa gamoyenebul iqnas dinamikuri
programirebis meTodi an xarbi algoriTmi. marTlac, deiqstras algoriTmi xarb algoriTms warmoad-
gens, xolo floid-vorSelis algoriTmi, romelic wveroTa yvela wyvilisTvis eZebs umokles gzebs,
dinamikuri programirebis meTods iyenebs.

lema 4.1. (umoklesi gzis monakveTebi umoklesia). vTqvaT, mocemuli gvaqvs orientirebuli wonadi G =
(V,E) grafi woniTi w : E → R funqciiT. Tu p =< v1, v2, . . . , vk > umoklesi gzaa v1-dan vk-mde da 1 ≤ i ≤
j ≤ k, maSin pij =< vi, vi+1, . . . , vj > warmoadgens umokles gzas vi-dan vj-mde.

Proof. Tu p gzas davSliT Semadgenel nawilebad, v1
p1i∼ vi

pij∼ vj
pjk∼ vk, Sesruldeba Semdegi: w(p) = w(p1i) +

w(pij)+w(pjk). axla davuSvaT, rom arsebobs gza p′ij vi-dan vj-mde, romlis wonac akmayofilebs utolobas:

w(p′ij) < w(pij). maSin v1
p1i∼ vi

p′ij∼ vj
pjk∼ vk aris gza v1-dan vk-mde, romlis wona w(p) = w(p1i) + w(p′ij) + w(pjk)

naklebia w(p)-ze, rac ewinaaRmdegeba pirobas, rom p umoklesi gzaa vi-dan vj-mde.

(CavTvaloT, rom nebismieri namdvili a 6= −∞ ricxvisTvis sruldeba: a+∞ = ∞+ a = ∞ da nebismieri
namdvili a 6=∞ ricxvisTvis sruldeba: a+ (−∞) = (−∞) + a = −∞)
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4.1.2 uaryofiTi wonis mqone wiboebi

zogierT SemTxvevaSi, wiboTa wonebi SesaZloa uaryofiTi iyos. am dros didi mniSvneloba aqvs ar-
sebobs Tu ara uaryofiTwoniani cikli. Tu grafi ar Seicavs s wverodan miRwevad uaryofiTwonian
cikls, maSin yoveli v ∈ V wverosTvis δ(s, v) aris sasruli sidide. xolo Tu s wverodan SesaZlebelia
uaryofiTwonian ciklTan misvla, maSin arc erTi gza s wverodan ciklis wveromde ar iqneba umoklesi,
radgan SegviZlia wonis ganuwyvetliv Semcireba. amrigad, aseT SemTxvevaSi umoklesi gza ar arsebobs
da Tvlian, rom δ(s, v) = −∞.
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nax. 4.2:

sur. 4.2-ze naCvenebia ra gavlenas axdens uaryofiTwoniani wiboebi da ciklebi umoklesi gzebis wonebze:
radgan, s wverodan a da b wveroebamde erTaderTi gza arsebobs, amitom:

δ(s, a) = w(s, a) = 3 δ(s, b) = w(s, a) + w(a, b) = −1

s wverodan c wveromde uamravi gza arsebobs: < s, c >,< s, c, d, c >,< s, c, d, c, d, c > da a.S., magram, radgan
< c, d, c > ciklis wona dadebiTia, umoklesi gza s wverodan c wveromde aris < s, c > da misi wonaa
δ(s, c) = 5, analogiurad, δ(s, d) = 11.
s wverodan e wveromdec uamravi gza arsebobs: < s, e >,< s, e, f, e >,< s, e, f, e, f, e > da a.S., magram, radgan
< e, f, e > ciklis wona uaryofiTia, ar arsebobs umoklesi gza s wverodan e wveromde da δ(s, e) = −∞,
analogiurad, δ(s, f) = −∞. radgan g wvero miRwevadia f -dan, SeiZleba moiZebnos usasrulod didi
uaryofiTi wonis mqone gzebi s wverodan g wveromde, amitom δ(s, g) = −∞.
h, i, j wveroebic qmnian uaryofiTwonian cikls, magram isini ar arian miRwevadi s wverodan da amitom
δ(s, h) = δ(s, i) = δ(s, j) =∞.

4.1.3 ciklebi

SeiZleba Tu ara umoklesi gza Seicavdes cikls? davrwmundiT, rom umoklesi gza ar SeiZleba Seicavdes
uaryofiTwonian cikls. is ar SeiZleba Seicavdes dadebiTwonian ciklsac, radgan am ciklis amoRebiT
umoklesi gzidan, miviRebT gzas sawyisi wverodan imave wveromde, romelsac aqvs naklebi wona. Tu cik-
lis wona nulia, maSin misi amoRebiT umoklesi gzidan, miviRebT gzas sawyisi wverodan imave wveromde,
romelsac aqvs igive wona da romelic ar Seicavs cikls. amitom, zogadobis SeuzRudavad SeiZleba CavT-
valoT, rom Tu veZebT umokles gzebs, isini ar Seicaven ciklebs. radgan G = (V,E) grafis nebismier
aciklur gzaSi SeiZleba Sediodes araumetes |V | raodenoba wveroebisa da |V | − 1 raodenoba wiboe-
bisa, SeiZleba SemovifargloT umoklesi gzebis povniT, romelic Seicavs wiboebis araumetes |V | − 1
raodenobas.

4.1.4 umoklesi gzebis warmodgena

zogjer saWiro xdeba ara marto umoklesi gzis wonis gamoTvla, aramed Tavad am gzis dadgenac. aseT
SemTxvevaSi iyeneben imave meTods, romliTac poulobdnen gzas siganeSi Zebnis xeebSi. mocemul G =
(V,E) grafSi, yoveli v ∈ V wverosTvis gamoiTvleba π[v] atributis, mSoblis, winamorbedis (prede-
cessor) mniSvneloba, romlis rolSi gamodis an sxva wvero, an mniSvneloba NIL. am TavSi ganxiluli
algoriTmebiT π[v] atributebi ise gamoiTvleba, rom v wveroSi dawyebuli winamorbedebis jaWvi, gva-
Zlevs saSualebas avagoT s wverodan v wveroSi gamavali umoklesi gzis Sebrunebuli gza. Gπ = (Vπ, Eπ)
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qvegrafs uwodeben winamorbedobis qvegrafs (predecessor subgraph), sadac

Vπ = {v ∈ V : π[v] 6= NIL} ∪ {s} Eπ = {(π[v], v) ∈ E : v ∈ Vπ\{s}}

umoklesi gzis povnis algoriTmebis dasrulebis Semdeg, Gπ warmoadgens "umoklesi gzebis xes".
vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT. vTqvaT,
grafi ar Seicavs s ∈ V sawyisi wverodan miRwevad uaryofiTwonian ciklebs. s fesvis mqone umoklesi
gzebis xe (shortest-paths tree) aris G′ = (V ′, E′) orientirebuli qvegrafi, sadac V ′ ⊆ V , E′ ⊆ E ganisa-
zRvreba Semdegi pirobebiT:

1. V ′ - aris wveroTa simravle, romelic miRwevadia s ∈ V sawyisi wverodan G grafSi.

2. G′ grafi warmoadgens xes s wveros mqone fesviT.

3. yoveli v ∈ V ′ wverosTvis calsaxad gansazRvruli martivi gza s wverodan v wveroSi G′ grafSi,
emTxveva umokles gzas s wverodan v wveroSi G grafSi.

4.1.5 relaqsacia

relaqsaciis meqanizmi aseTia: TiToeuli v ∈ V -saTvis vinaxavT raRac d[v] ricxvs, atributs, romelic
warmoadgens s-dan v-Si umoklesi gzis wonis zeda Sefasebas, anu, ubralod umoklesi gzis Sefasebas
(shortest-path estimate). d da π masivebs sawyisi mniSvnelobebi eniWebaT Semdegi proceduriT, romlis
muSaobis droa Θ(V ):

Algorithm 10: Initialize Single Source

Input: orientirebuli grafi G = (V,E) da sawyisi wvero s
Output: mianiWebs sawyiss mniSvnelobebs d da π masivebs

1 INITIALIZE-SINGLE-SOURCE(G, s) :

2 for ∀v ∈ V :
3 d[v] = ∞;

4 π[v] = NIL;

5 d[s] = 0;

(u, v) ∈ E wibos relaqsacia SemdegSi mdgomareobs: mowmdeba SeiZleba Tu ara v wveromde aqamde arse-
buli umoklesi gzis gaumjobeseba misi u wveroze gatarebiT? dadebiTi pasuxis SemTxvevaSi xdeba d[v]
da π[v] atributebis ganaxleba. relaqsacia amcirebs d[v]-s d[u]+w(u, v)-mde. amavdroulad icvleba π[v]-c.

Algorithm 11: Relaxation

Input: orientirebuli grafi G = (V,E), woniTi funqcia w : E → R, grafis wveroebi u da v
Output: iTvlis Semowmebis momentSi ukeTesia Tu ara, rom v wveroSi movxvdeT u wverodan (u, v)

wibos gamoyenebiT

1 RELAX(u, v, w) :

2 if d[v] > d[u] + w(u,v) :
3 d[v] = d[u] + w(u,v);

4 π[v] = u;

am TavSi aRwerili algoriTmebSi jer xdeba inicializacia da Semdeg relaqsacia. relaqsacia er-
TaderTi proceduraa, romelic cvlis d[v] da π[v] atributebs. Tumca algoriTmebi gansxvavdebian imiT,
Tu ramdenjer tardeba relaqsacia da wiboTa ra TanmimdevrobisTvis. mag.: deiqstras algoriTmi acik-
luri grafebisaTvis mxolod erTxel axdens wiboTa relaqsacias, xolo belman-fordis algoriTmi -
ramdenjerme.
ganvixiloT umoklesi gzebis da relaqsacias Tvisebebi, romlebic mocemulia Semdeg debulebebSi:

lema 4.2. (samkuTxedis utoloba (triangle property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi G =
(V,E) grafi woniTi w : E → R funqciiT da s ∈ V sawyisi wveroTi. maSin nebismieri (u, v) ∈ E-saTvis,
gvaqvs:

δ(s, v) ≤ δ(s, u) + w(u, v)
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Proof. vTqvaT, arsebobs umoklesi p gza s-dan v wveroSi, maSin am gzis wona ar aRemateba nebismieri sxva
gzis wonas s-dan v-Si, kerZod, is ar aRemateba gzis wonas, romelic Sedgeba gzisgan s-dan u wveroSi da
(u, v) wibosgan.
Tu umoklesi gza s-dan v wveroSi ar arsebobs, maSin δ(s, v) = ∞ an δ(s, v) = −∞. δ(s, v) = ∞ niSnavs, rom
wvero ar aris miRwevadi s-dan, magram maSin u wveroc ar iqneba miRwevadi δ(s, u) =∞ da dasamtkicebeli
utoloba sruldeba. Tu δ(s, v) = −∞, es niSnavs, rom v wvero aris uaryofiTwoniani ciklis wvero da
dasamtkicebeli utoloba sruldeba.

lema 4.3. (zeda sazRvris Tviseba (upper-bound property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi woniTi w : E → R funqciiT. vTqvaT, s ∈ V - sawyisi wveroa. maSin INITIALIZE-SINGLE-
SOURCE(G,s) proceduris Sesrulebisa da wiboTa nebismieri TanmimdevrobiT relaqsaciis Semdeg, nebis-
mieri v ∈ V wverosaTvis sruldeba utoloba d[v] ≥ δ(s, v). Tuki romelime wverosaTvis es utoloba
gadaiqceva tolobad, d[v] = δ(s, v) maSin igi aRar Seicvleba.

Proof. davamtkicoT d[v] ≥ δ(s, v), yoveli v ∈ V wverosTvis induqciis meTodis gamoyenebiT, relaqsaciis
bijebis raodenobis mimarT. d[v] ≥ δ(s, v) utoloba samarTliania uSualod inicializaciis Semdeg,
radgan sawyisi wverosTvis, d[s] = 0 ≥ δ(s, s) (SevniSnoT, rom δ(s, s) = −∞, Tu s wvero uaryofiTwoni-
ani ciklis wveroa; winaaRmdeg SemTxvevaSi, δ(s, s) = 0), xolo v ∈ V \{s} wveroebisTvis, inicializaciis
Semdeg, d[v] =∞ da amitom d[v] ≥ δ(s, v).
induqciis bijad CavTvaloT (u, v) wibos relaqsacia. induqciis daSvebis Tanaxmad, yvela x ∈ V wve-
rosTvis, relaqsaciis win sruldeba utoloba d[x] ≥ δ(s, x). davamtkicoT, rom utoloba sruldeba
relaqsaciis Semdegac. relaqsaciis Semdeg SeiZleba Seicvalos mxolod d[v], Tu is Seicvala gveqneba:

d[v] = d[u] + w(u, v) ≥ δ(s, u) + w(u, v) ≥ δ(s, v)

sadac pirveli utoloba induqciis daSvebidan gamomdinareobs, xolo meore - samkuTxedis utolobidan.
amrigad, damtkicda, rom nebismieri wverosaTvis sruldeba utoloba d[v] ≥ δ(s, v).
davamtkicoT, rom d[v]-s mniSvneloba ar Seicvleba mas Semdeg, rac Sesruldeba d[v] = δ(s, v). radgan d[v] ≥
δ(s, v) samarTliania, d[v] ver miiRebs δ(s, v)-ze nakleb mniSvnelobas. d[v]-s mniSvneloba verc gaizrdeba,
radgan relaqsaciis Sedegad is SeiZleba mxolod Semcirdes an darCes igive.

lema 4.4. (ararsebuli gzis Tviseba (no-path property)): vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, v ∈ V wvero miuRwevadia
s-dan. maSin INITIALIZE-SINGLE-SOURCE(G,s) proceduris Sesrulebis Semdeg gvaqvs d[v] = δ(s, v) =∞ da
es toloba ar Seicvleba G grafSi wiboTa nebismieri TanmimdevrobiT relaqsaciis Semdegac.

Proof. zeda sazRvris Tvisebis Tanaxmad, sruldeba ∞ = δ(s, v) ≤ d[v], amitom d[v] =∞ = δ(s, v).

lema 4.5. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da vTqvaT (u, v) ∈ E. maSin uSualod am wibos relaqsaciis Semdeg sruldeba utoloba d[v] ≤ d[u]+w(u, v).

Proof. Tu uSualod (u, v) wibos relaqsaciamde sruldeba d[v] > d[u] + w(u, v), maSin am operaciis Semdeg,
utoloba gadaiqceva tolobad: d[v] = d[u] + w(u, v), xolo Tu (u, v) wibos relaqsaciamde sruldeba
d[v] ≤ d[u] + w(u, v) , maSin relaqsaciis procesSi, arc d[u], arc d[v] ar Seicvleba. ase, rom (u, v) wibos
relaqsaciis Semdeg, d[v] ≤ d[u] + w(u, v).

lema 4.6. (krebadobis Tviseba (convergence property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, u, v ∈ V wveroebisTvis
arsebobs umoklesi gza s ∼ u→ v. vTqvaT, Sesrulda INITIALIZE-SINGLE-SOURCE(G,s) procedura, xolo
Semdeg wiboTa garkveuli TanmimdevrobiT relaqsacia, maT Soris RELAX(u,v,w). Tu raRac momentSi (u, v)
wibos relaqsaciamde Sesrulda d[u] = δ(s, u) toloba, maSin (u, v) wibos relaqsaciis Semdeg, nebismier
momentSi, Sesruldeba toloba d[v] = δ(s, v).

Proof. zeda sazRvris Tvisebis Tanaxmad, Tu raRac momentSi (u, v) wibos relaqsaciamde Sesrulda d[u] =
δ(s, u) toloba, is Semdgomac ar Seicvleba. kerZod, (u, v) wibos relaqsaciis Semdeg. miviRebT:

d[v] ≤ d[u] + w(u, v) = δ(s, u) + w(u, v) = δ(s, v)

sadac utoloba gamomdinareobs lema 4.5-dan, xolo bolo toloba lema 4.1-dan. zeda sazRvris Tvise-
bis Tanaxmad, d[v] ≥ δ(s, v). amitom, SeiZleba davaskvnaT, rom d[v] = δ(s, v) da is aRar Seicvleba.
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lema 4.7. (gzis relaqsaciis Tviseba (path-relaxation property)) vTqvaT, mocemuli gvaqvs orientirebuli
wonadi G = (V,E) grafi woniTi w : E → R funqciiT da s sawyisi wveroTi. ganvixiloT nebismieri
umoklesi gza p =< v0, v1, . . . , vk > s = v0 wverodan vk wveromde. vTqvaT, Sesrulda INITIALIZE-SINGLE-
SOURCE(G,s) procedura, xolo Semdeg, wiboebis Semdegi TanmimdevrobiT relaqsacia:
(v0, v1), (v1, v2), . . . , (vk−1, vk), maSin am relaqsaciebis Semdeg da, Semdgomac, nebismier momentSi, sruldeba
toloba d[vk]δ(s, vk). es Tviseba samarTliania, miuxedavad imisa, xdeba Tu ara relaqsacia sxva wiboebze,
maT Soris relaqsacia im wiboebze, romlebic enacvleba p gzis wiboebs.

Proof. induqciiT davamtkicoT, rom p gzis i-uri wibos relaqsaciis Semdeg, sruldeba: d[vi] = δ(s, vi). ba-
zisad aviRoT i = 0. manam, sanam p gzaSi Semavali erTi mainc wibos relaqsacia moxdeba, inicializaciis
Semdeg, d[v0] = d[s] = 0 = δ(s, s). zeda sazRvris Tvisebis Tanaxmad, d[s]-s mniSvneloba aRar Seicvleba.
vTqvaT, (i − 1)-uri wibos relaqsaciis Semdeg sruldeba: d[vi−1] = δ(s, vi−1). ganvixiloT i-uri, (vi−1, vi)
wibos relaqsacia. krebadobis Tvisebis Tanaxmad, am wibos relaqsaciis Sedegad, d[vi] = δ(s, vi) da es
toloba aRar Seicvleba.

lema 4.8. (winamorbedobis qvegrafis Tviseba (predecessor subgraph property)) vTqvaT, mocemuli gvaqvs ori-
entirebuli wonadi G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, G
grafi ar Seicavs s wverodan miRwevad uaryofiTwonian ciklebs. vTqvaT, Sesrulda INITIALIZE-SINGLE-
SOURCE(G,s) procedura, xolo Semdeg, raime TanmimdevrobiT G grafis wiboebis relaqsacia, romlis
Sedegadac yoveli v ∈ V wverosTvis sruldeba toloba d[v] = δ(s, v), maSin winamorbedobis qvegrafi Gπ
warmoadgens s fesvis mqone umoklesi gzebis xes.

4.2 belman-fordis algoriTmi

belman-fordis algoriTmi (Bellman-Ford algorithm) xsnis sawyisi wverodan umoklesi gzebis povnis amo-
canas zogad SemTxvevaSi, roca nebismier wibos SesaZloa hqondes uaryofiTi wona. am algoriTmis
Rirsebad SeiZleba CaiTvalos isic, rom is gansazRvravs arsebobs Tu ara grafSi sawyisi wverodan miRw-
evadi uaryofiTwoniani cikli. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi
w : E → R funqciiT da s sawyisi wveroTi. belman-fordis algoriTmi iZleva TRUE mniSvnelobas, Tu
grafSi sawyisi wverodan araa miRwevadi uaryofiTwoniani cikli da iZleva mniSvnelobas FALSE, Tuki
aseTi cikli sawyisi wverodan miRwevadia. pirvel SemTxvevaSi algoriTmi poulobs umokles gzebs da
maT wonebs, xolo meore SemTxvevaSi - umoklesi gza ar arsebobs.

Algorithm 12: Bellman-Ford (Single Source Shortest Paths)

Input: orientirebuli grafi G = (V,E), woniTi funqcia w : E → R da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes,

algoriTmi daabrunebs TRUE-s Tu grafSi ar arsebobs uaryofiTi wonis cikli, winaaRmdeg
SemTxvevaSi FALSE-s

1 BELLMAN-FORD(G, w, s) :

2 INITIALIZE-SINGLE-SOURCE(G, s);

3 for i=1; i<|V|; i++ :
4 for ∀(u, v) ∈ E :
5 RELAX(u, v, w);

6 for ∀(u, v) ∈ E :
7 if d[v] > d[u] + w(u,v) :
8 return FALSE;

9 return TRUE;

vnaxoT, rogor muSaobs algoriTmi. str. 2-Si xdeba inicializacia. Semdeg algoriTmi (|V | − 1)-jer ime-
orebs erTsa da imave moqmedebas: axdens grafis TiToeuli wibos relaqsacias (3-5 striqonebi). Semdeg,
algoriTmi amowmebs, arsebobs Tu ara sawyisi wverodan miRwevadi uaryofiTwoniani cikli (6-8 striqo-
nebi) da abrunebs Sesabamis mniSvnelobas.
sur. 4.3-ze mocemulia belman-fordis algoriTmis muSaobis procesi. sawyisi wveroa z. wveroebSi
naCvenebia umoklesi gzebis Sefasebebi (atributi d), xolo gamoyofili wiboebi miuTiTeben mSoblebis
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mniSvnelobebs: Tu gamoyofilia (u, v) wibo, π(v) = u. amasTan, wveroebis damuSaveba xdeba leqsikografi-
ulad dalagebuli Semdegi TanmimdevrobiT:

(u, v)(u, x)(u, y)(v, u)(x, v)(x, y)(y, v)(y, z)(z, u)(z, x)

a)-ze naCvenebia inicializaciis proceduris Semdeg, uSualod wiboebis relaqsaciis win arsebuli
situacia, b)-c)-d)-ze naCvenebia wiboebis relaqsaciis Sedegad miRebuli mdgomareoba, xolo e)-ze - sa-
boloo mdgomareoba.

z
0

u
∞

v
∞

x
∞

y
∞

6

7

5

8

-4

-2

-3

9

2

7

(a)

z
0

u
6

v
∞

x
7

y
∞

6

7

5

8

-4

-2

-3

9

2

7

(b)

z
0

u
6

v
4

x
7

y
2

6

7

5

8

-4

-2

-3

9

2

7

(c)

z
0

u
2

v
4

x
7

y
2

6

7

5

8

-4

-2

-3

9

2

7

(d)

z
0

u
2

v
4

x
7

y
-2

6

7

5

8

-4

-2

-3

9

2

7

(e)

nax. 4.3:

belman-fordis algoriTmis muSaobis droaO(V E). inicializacias sWirdeba Θ(V ) dro; 3-5 striqonebSi,
TiToeul jerze wiboebis relaqsacias - Θ(E) dro (sul (|V |−1)-jer); 6-8 striqonebSi ciklis Sesrule-
bas ki - O(E).
qvemoT moyvanili Teorema da misi Sedegi, amtkicebs belman-fordis algoriTmis koreqtulobas.

lema 4.9. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da s sawyisi wveroTi, romelic ar Seicavs s wverodan miRwevad uaryofiTwonian cikls, maSin belman-
fordis algoriTmis 3-5 striqonebSi, for ciklis (|V | − 1) iteraciis dasrulebis Semdeg, yoveli v ∈ V
s-dan miRwevadi wverosTvis sruldeba d[v] = δ(s, v).

Proof. ganvixiloT raime s-dan miRwevadi wvero v ∈ V . vTqvaT, p =< v0, v1, . . . , vk >, v0 = s vk = v umoklesi
acikluri gzaa s-dan v-Si. p gza Seicavs araumetes (|V |−1) wibos, rac niSnavs, rom k ≤ |V |−1. for ciklis (3-
5 str.) yoveli (|V |−1) iteraciis dros, xdeba yvela |E| wibos relaqsacia, i-uri (i = 1, 2, . . . , k) iteraciis
dros relaqsirebul wiboebs Soris aris wibo (vi−1, vi). amitom, lema 4.7-s Tanaxmad, sruldeba: d[v] =
d[vk] = δ(s, vk) = δ(s, v).

Sedegi 4.1. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da s sawyisi wveroTi. maSin, yoveli v ∈ V wverosTvis, gza s-dan v-Si arsebobs maSin da mxolod maSin,
roca G grafis belman-fordis algoriTmiT damuSavebis Semdeg, sruldeba: d[v] <∞.

Teorema 4.1. (belman-fordis algoriTmis koreqtuloba) vTqvaT, belman-fordis algoriTmiT xdeba s
sawyisi wveros da w : E → R woniTi funqciis mqone orientirebuli, wonadiG = (V,E) grafis damuSaveba.
Tu G grafi ar Seicavs s wverodan miRwevad uaryofiTwonian ciklebs, maSin algoriTmi abrunebs TRUE
mniSvnelobas, yoveli v ∈ V wverosTvis, sruldeba d[v] = δ(s, v) da winamorbedobis qvegrafi Gπ aris
s fesvis mqone umoklesi gzebis xe. xolo Tu G grafi Seicavs s wverodan miRwevad uaryofiTwonian
cikls, maSin algoriTmi abrunebs FALSE mniSvnelobas.

Proof. davuSvaT, G grafi ar Seicavs s wverodan miRwevad uaryofiTwonian cikls. jer davamtkicoT,
rom algoriTmis muSaobis dasrulebis Semdeg, yoveli v ∈ V wverosTvis, sruldeba d[v] = δ(s, v). Tu
v wvero miRwevadia s-dan, es toloba gamomdinareobs lema 4.9-dan, xolo Tu v ar aris miRwevadi s-
dan - ararsebuli gzis Tvisebidan. am debulebidan da winamorbedobis qvegrafis Tvisebidan ( lema 4.8)
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gamomdinareobs, rom Gπ grafi aris umoklesi gzebis xe. axla, vaCvenoT, rom belman-fordis algoriTmi
abrunebs TRUE mniSvnelobas. algoriTmis dasrulebis Semdeg, yoveli (u, v) ∈ E wibosTvis sruldeba:

d[v] = delta(s, v) ≤ δ(s, u) + w(u, v) = d[u] + w(u, v)

amitom str. 7-Si, arc erTi Sedarebis Sedegad algoriTmi ar daabrunebs FALSE mniSvnelobas.
axla, ganvixiloT SemTxveva, roca G grafi Seicavs s wverodan miRwevad uaryofiTwonian cikls. vTqvaT,
es ciklia c =< v0, v1, . . . , vk >, sadac v0 = vk , maSin:

k∑
i=1

w(vi−1, vi) < 0 (4.1)

davuSvaT sawinaaRmdego, vTqvaT, algoriTmi abrunebs TRUE mniSvnelobas. (rac, agreTve, niSnavs, rom
algoriTmi abrunebs umokles gzebs da maT wonebs) maSin yoveli (i = 1, 2, . . . , k)-sTvis sruldeba: d[vi] ≤
d[vi−1] + w(vi−1, vi). ganvixiloT am utolobis jami ciklis yvela wverosTvis:

k∑
i=1

d[vi] ≤
k∑
i=1

(d[vi−1] + w(vi−1, vi)) =

k∑
i=1

d[vi−1] +

k∑
i=1

w(vi−1, vi)

radganac, v0 = vk, amitom c ciklis yoveli wvero
∑k
i=1 d[vi] da

∑k
i=1 d[vi−1] jamebSi gvxvdeba mxolod

erTxel da
∑k
i=1 d[vi] =

∑k
i=1 d[vi−1]. Sedegi 4.10-is Tanaxmad d[vi] atributi iRebs sasrul mniSvnelobebs,

amrigad samarTliania utoloba
∑k
i=1 w(vi−1, vi) < 0, rac ewinaaRmdegeba (4.1)-s. miviReT winaaRmdegoba.

amrigad, belman-fordis algoriTmi abrunebs TRUE mniSvnelobas, Tu grafi ar Seicavs sawyisi wvero-
dan miRwevad uaryofiTwonian cikls da abrunebs FALSE mniSvnelobas, winaaRmdeg SemTxvevaSi.

4.3 umoklesi gzebi aciklur orientirebul grafSi

aciklur orientirebul G = (V,E) grafSi erTi wverodan umoklesi gzebis mosaZebnad saWiroa Θ(V +E)
dro, Tu wiboebis relaqsacias CavatarebT topologiurad sortirebuli wveroebis mixedviT. SevniS-
noT, rom aciklur orientirebul grafSi umoklesi gzebi yovelTvis gansazRvrulia, radgan ciklebi
(maT Soris, uaryofiTwonianic) saerTod ar gvxvdeba.
topologiuri sortireba imgvarad ganalagebs wveroebs wrfivi mimdevrobiT, rom yvela wibo erTnairi
mimarTulebisaa. amis Semdeg unda ganvixiloT wveroebi am mimdevrobiT (wibos dasawyisi yovelTvis
mis boloze adre iqneba ganxiluli) da yoveli wverosaTvis movaxdinoT misgan gamomavali yvela wibos
relaqsacia.

Algorithm 13: DAG Shortest Paths (Single Source Shortest Paths)

Input: acikluri orientirebuli grafi G = (V,E), woniTi funqcia w : E → R da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes

1 DAG-SHORTEST-PATHS(G, w, s) :

2 L = TOPOLOGICAL-SORT(G);

3 INITIALIZE-SINGLE-SOURCE(G, s);

4 for ∀u ∈ L :
5 for ∀v ∈ Adj[u] :
6 RELAX(u, v, w);

7 return d, π;

algoriTmis muSaobis procesi naCvenebia sur. 4.4-ze. sawyisi wveroa s. topologiur sortirebaze (str.
2) ixarjeba Θ(V + E) dro, xolo inicializaciaze (me-3 str.) - Θ(V ). wverosTvis ciklSi (4-6 str.)
sruldeba erTi operacia, yoveli wverodan gamomavali wiboebi erTxel damuSavdeba, amrigad, Sida
ciklSi sul sruldeba |E| iteracia (5-6 str.) TiToeuli iteraciis Rirebuleba Θ(1)-ia. algoriTmis
muSaobis droa Θ(V + E) da is gamoisaxeba mosazRvre wveroTa siis zomis wrfivi funqciiT.
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nax. 4.4:

aRwerili algoriTmi SesaZlebelia gamoviyenoT e.w. "kritikuli gzebis" sapovnelad. ganvixiloT amo-
cana, sadac orientirebuli, acikluri grafis yoveli wibo warmoadgens raRac saqmianobas, xolo wibos
wona - mis Sesasruleblad saWiro dros. Tuki gvaqvs wiboebi (u, v) da (v, x), maSin (u, v) wibos Sesabamisi
samuSao unda Sesruldes (v, x) wibos Sesabamisi samuSaos dawyebamde. kritikuli gza (critical path) -
esaa ugrZelesi gza grafSi, romlis wona tolia yvela samuSaos Sesasruleblad daxarjuli drosi,
Tuki maqsimaluradaa gamoyenebuli zogierTi samuSaos paralelurad Sesrulebis SesaZlebloba. kri-
tikuli gzis wona aris yvela samuSaos Sesrulebis sruli drois qveda Sefaseba. kritikuli gzis
sapovnelad yvela wonis niSani unda Seicvalos sapirispiroTi da Sesruldes DAG-SHORTEST-PATHS
algoriTmi.

4.4 deiqstras algoriTmi

deiqstras algoriTmi poulobs G = (V,E) orientirebuli grafisaTvis umokles gzebs sawyisi s wvero-
dan yvela danarCen wveromde. aucilebelia, rom yvela wibos wona iyos arauaryofiTi w(u, v) ≥ 0 yoveli
(u, v) ∈ E.

deiqstras algoriTmis muSaobis dros gamoiyeneba S ⊆ V simravle, romelic Sedgeba im v wveroebisagan,
romelTaTvisac δ(s, v) ukve moZebnilia (e.i. d[v] = δ(s, v)). algoriTmi irCevs umciresi d[u]-s mqone u ∈ V \S
wveros, amatebs u-s S simravleSi da axdens u-dan gamomavali yvela wibos relaqsacias, ris Semdegac
cikli meordeba. wveroebi, romlebic S-s ar miekuTvnebian, inaxeba Q prioritetebian rigSi, romlis
gasaRebic ganisazRvreba d funqciis mniSvnelobebiT. igulisxmeba, rom grafi mocemulia mosazRvre
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wveroTa siiT.

Algorithm 14: Dijkstra Shortest Paths

Input: acikluri orientirebuli grafi G = (V,E), woniTi funqcia w : E → R+ da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes

1 DIJKSTRA(G, w, s) :

2 INITIALIZE-SINGLE-SOURCE(G, s);

3 S = ∅;
4 Q = V; // prioritetuli rigi, d gvaZlevs prioritets
5 while Q 6= ∅ :
6 u = EXTRACT-MIN(Q);

7 S = S ∪ {u};
8 for ∀v ∈ adj[u] :
9 RELAX(u, v, w);

10 return d, π;
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nax. 4.5:

deiqstras algoriTmis muSaobis procesi aRwerilia sur. 4.5-ze. sawyisi wertilia s. wveroebSi Cawer-
ilia umoklesi gzebis Sefasebebi mocemuli momentisaTvis. Savi feriT aRniSnulia wveroebi, romlebic
S simravles ekuTvnian. sxva wveroebi dganan Q = V \S prioritetebian rigSi. ruxi feris wveroebi
ciklis momdevno iteraciis dros gamodian u wveros rolSi. d da π TavianT saboloo mniSvnelobebs
Rebuloben sur. 4.5f-ze.
algoriTmis muSaobis str. 2-Si xdeba d-s da π-s, me-3 striqonSi - S-is, xolo me-4 striqonSi - Q-s ini-
cializacia. while ciklis yoveli iteraciis win, 5-9 str-Si Q = V \S. dasawyisSi Q = V . 5-9 striqonebSi
while ciklis yoveli iteraciis dros Q-dan xdeba umciresi d[u]-s mqone u wveros amoReba da is emateba S
simravles (Tavdapirvelad u = s). 8-9 striqonebSi xdeba u-dan gamosuli yoveli (u, v) wibos relaqsacia.
am dros SeiZleba Seicvalos d[v] Sefaseba da π[v] mSobeli. SevniSnoT, rom ciklis muSaobis dros Q
rigSi axali wveroebi ar emateba, xolo Q-dan amoRebuli yoveli wvero emateba S simravles mxolod
erTxel, amitom while ciklis iteraciaTa raodenobaa |V |.
radgan deiqstras algoriTmSi S simravles emateba V \S simravlidan amoRebuli yvelaze "msubuqi"
wvero, amitom amboben, rom algoriTmi muSaobs xarbi strategiiT, romelic yovelTvis ar iZleva op-
timalur Sedegs. qvemomoyvanili Teorema da misi Sedegi, romelic daumtkiceblad mogvyavs, amtkicebs
deiqstras algoriTmis koreqtulobas.

Teorema 4.2. (deiqstras algoriTmis koreqtuloba) s sawyisi wveros da woniTi w : E → R funqciis
mqone orientirebuli, wonadi G = (V,E) grafis, deiqstras algoriTmiT damuSavebis Semdeg, yoveli
u ∈ V -saTvis sruldeba d[u] = δ(s, u).

Sedegi 4.2. s sawyisi wveros da woniTi w : E → R funqciis mqone orientirebuli, wonadi G = (V,E)
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grafis deiqstras algoriTmiT damuSavebis Semdeg, winamorbedobis qvegrafi Gπ warmoadgens umoklesi
gzebis xes, romlis fesvic aris s wvero.

deiqstras algoriTmis muSaobis dro. am algoriTmSi gamoiyeneba prioritetebiani Q rigi da sami op-
eracia (INSERT (str. 4), EXTRACT-MIN (str. 6), DECREASE-KEY (aracxadad monawileobs RELAX-Si)
str. 9) INSERT da EXTRACT-MIN procedurebis gamoZaxeba xdeba yoveli wverosTvis erTxel (wveroebis
raodenobaa |V |). radgan, yoveli wvero S simravleSi emateba erTxel, algoriTmis muSaobis procesSi,
yoveli wibos (romelTa raodenobaa |E|) damuSaveba mosazRvre wveroTa siaSi xdeba erTxel (str. 8-9)
e.i. sruldeba DECREASE-KEY-s ara umetes |E| operaciisa.
Tu prioritetebiani Q rigi realizebulia rogorc masivi, maSin EXTRACT-MIN operacias dasWird-
eba O(V ) dro; algoriTmi asrulebs am operacias |V |-jer, amitom rigidan yvela elementis amoRebas
dasWirdeba O(V 2) dro. yvela danarCen operacias sWirdeba O(E) dro. INSERT da DECREASE-KEY pro-
cedurebs sWirdebaT O(1) dro. algoriTmis muSaobis droa O(V 2 + E2) = O(V 2)
Tu grafi xalvaTia (|E| � |V |2), azri aqvs Q rigis realizebas, orobiTi grovis saSualebiT. orobiTi
grovis agebas dasWirdeba O(V ) dro, EXTRACT-MIN operacias dasWirdeba O(log V ) dro, aseTi opera-
ciebis raodenobaa |V |, DECREASE-KEY operacias dasWirdeba O(log V ) dro, aseTi operaciebis raode-
nobaa ara umetes ||; xolo deiqstras algoriTmis muSaobis sruli dro iqneba O((V +E) log V ) = O(E log V ),
Tu yvela wvero miRwevadia sawyisi wverodan. Tu prioritetebiani Q rigi realizebulia fibonaCis gro-
vis saxiT, algoriTmis muSaobis dro SeiZleba Semcirdes O(V log V + E)-mde.

4.5 ienis algoriTmi

(belman-fordis algoriTmis modifikacia) G grafis wveroebi gadavnomroT nebismierad da grafis wi-
boTaE simravle gavyoT or nawilad: Ef - wiboebi, romlebic mimarTulia naklebi nomris mqone wverodan
meti nomris mqone wverosaken da Eb - wiboebi, romlebic mimarTulia meti nomris mqone wverodan naklebi
nomris mqone wverosaken. vTqvaT, Gf = (V,Ef ) da Gb = (V,Eb), sadac V grafis wveroTa simravlea. cxadia,
rom Gf da Gb grafebi acikluria da orive maTgani dalagebulia topologiurad.
belman-fordis algoriTmis ciklis yovel iteraciaze movaxdinoT wiboTa relaqsacia Semdegnairad:
jer gadavarCioT wveroebi nomrebis zrdadobis mixedviT da yoveli wverosaTvis moxdes misgan gamo-
mavali Ef grafis yvela wibos relaqsacia, Semdeg wveroebi nomrebis klebadobis mixedviT da yoveli
wverosaTvis moxdes misgan gamomavali Eb grafis yvela wibos relaqsacia. ciklis |V |/2 iteraciis
Semdeg grafis yvela wverosaTvis Sesrulebuli iqneba d[v] = δ(s, v).
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4.6 savarjiSoebi

1. belman-fordis algoriTmiT ipoveT umoklesi gzebi a wverodan Semdeg grafSi:
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2. Semdeg grafSi SeasruleT DAG-SHORTEST-PATHS(G,w,a):
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3. deiqstras algoriTmiT ipoveT umoklesi gzebi a wverodan Semdeg grafSi:
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e f g h
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4. moiyvaneT uaryofiTi wonis mqone wibos Semcveli orientirebuli grafis magaliTi, romlisTvisac
deiqstras algoriTmi iZleva araswor Sedegs.



Tavi 5

umoklesi gzebi wveroTa yvela
wyvilisaTvis

ganvixiloT wonadi G = (V,E) orientirebuli grafi woniTi w : E → R funqciiT da vTqvaT, Cveni amo-
canaa wveroTa yoveli u, v ∈ V wyvilisaTvis vipovoT umoklesi gza u-dan v-Si. am amocanis gamomavali
monacemebi, rogorc wesi, warmodgenilia cxrilis saxiT, romelSic u striqonisa da v svetis gadakve-
Taze mocemulia umoklesi gzis wona u-dan v-Si. ra Tqma unda, amocana SeiZleba gadawydes, Tuki V -
jer gamoviyenebT erTi wverodan umoklesi gzebis povnis algoriTms (saTiTaod yvela wverodan, magram
deiqstras algoriTmis ubralo realizaciisas, roca prioritetebiani rigi realizebulia rogorc
masivi, algoriTmis muSaobis dro iqneba O(V 3), orobiTi grovebis gamoyenebiT - O(V E log V ), xolo fi-
bonaCis grovebis SemTxvevaSi - O(V 2 log V + V E). Tuki grafi Seicavs uaryofiTwonian wiboebs, maSin
deiqstras algoriTmis gamoyeneba dauSvebelia, xolo ufro neli belman-fordis algoriTmi daxar-
javs O(V 2E) dros (mkvrivi grafebisaTvis - O(V 4)).

erTi wverodan umoklesi gzebis povnis algoriTmebisgan gansxvavebiT, sadac grafi warmodgenilia
mosazRvre wveroTa siiT, aq ganxiluli algoriTmebi (jonsonis algoriTmis garda) iyeneben grafis
warmodgenas mosazRvreobis matricis saxiT. vTqvaT, G = (V,E) grafis wveroebi gadanomrilia, rogorc
1, 2, . . . , |V |. Semavali monacemi iqneba matrica W = (wij), ganzomilebiT |V | × |V |, sadac:

wij =


0 Tu i = j

(i, j) orientirebuli wibos wona Tu i 6= j da (i, j) ∈ E
∞ Tu i 6= j da (i, j) /∈ E

wveroTa yvela wyvilisaTvis umoklesi gzebis povnis algoriTmebis gamomaval monacemebs aqvs |V | × |V |
ganzomilebis mqone D = (dij) matricis saxe, sadac dij aris umoklesi gzis wona i wverodan j wveromde.
wveroTa yvela wyvilisaTvis umoklesi gzebis povnis amocanis amosaxsnelad, umoklesi gzebis wonebis
povnis garda, aucilebelia avagoT winamorbedobis matrica Π = (πij), sadac πij iRebs NIL mniSvnelobas,
Tu i = j, an gza i wverodan j wveromde ar arsebobs; winaaRmdeg SemTxvevaSi πij aris j wveros mSobeli i
wverodan raime umokles gzaze. yoveli i ∈ V wverosTvis ganvsazRvroT G = (V,E) grafis winamorbedo-
bis qvegrafi (predecessor subgraph), Gπ,i = (Vπ,i, Eπ,i) sadac:

Vπ,i = {j ∈ V : πij 6= NIL} ∪ {i} Eπ,i = {(πij , j) : j ∈ Vπ,i\{i}}

Tu Gπ,i = (Vπ,i, Eπ,i) aris umoklesi gzebis xe, maSin qvemoT moyvanili procedura gvaZlevs umokles gzas
i wverodan j wveromde.

5.1 floid-vorSelis algoriTmi

es algoriTmi iyenebs dinamikuri programirebis meTods. igi muSaobs uaryofiTwonebiani wiboebis Sem-
cveli grafebisTvisac, romlebic ar Seicaven uaryofiTwonian ciklebs.

57
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Algorithm 15: Print All Pairs Shortest Path

Input: winamorbedobis matrica Π, i da j wveroebi
Output: beWdavs gzas i-dan j-mde

1 PRINT-ALL-PAIRS-SHORTEST-PATH(Π, i, j) :

2 if i == j :
3 print(i);

4 elif Π[i][j] == NIL :
5 print(’i− dan j-Si gza ar arsebobs!);
6 else:
7 PRINT-PATH(Π, i, Π[i][j]);

8 print(j);

5.1.1 umoklesi gzis struqtura

floid-vorSelis algoriTmSi ganixileba umoklesi gzis Sualeduri (intermediate) wveroebi. martivi
p =< v1, v2, . . . , vt > gzis Sualeduri wvero ewodeba v2, v3, . . . , vt−1 wveroebidan nebismiers.
CavTvaloT, rom G grafi Sedgeba V = {1, 2, . . . , n}, wveroebisgan. raime k ≤ n-Tvis ganvixiloT wveroTa
qvesimravle {1, 2, . . . , k}. nebismieri i, j ∈ V wveroTa wyvilisaTvis ganvixiloT yvela gza i-dan j-Si, ro-
melTa Sualeduri wveroebi ekuTvnian {1, 2, . . . , k}, simravles. vTqvaT p-minimaluri wonis gzaa yvela aseT
gzas Soris. is iqneba martivi, radgan grafSi araa uaryofiTwoniani cikli. floid-vorSelis algo-
riTmSi gamoiyeneba urTierTkavSiri p gzasa da i wverodan j wveroSi im umokles gzebs Soris, romelTa
Sualeduri wveroebi ekuTvnian {1, 2, . . . , k−1} simravles. es urTierTkavSiri damokidebulia imaze, aris
Tu ara k Sualeduri wvero p gzisTvis.

• Tu k wvero ar warmoadgens Sualedur wveros p gzisaTvis, maSin p gzis yvela Sualeduri wvero
moTavsebulia {1, 2, . . . , k−1} simravleSi. amrigad, umoklesi gza i wverodan j wveroSi yvela Suale-
duri wveroTi {1, 2, . . . , k − 1} simravlidan, warmoadgens, amave dros, umokles gzas i wverodan j
wveroSi yvela Sualeduri wveroTi {1, 2, . . . , k} simravlidan.

• Tu k wvero Sualeduria p gzisaTvis, maSin igi hyofs p-s or p1 da p2 nawilebad. lema 4.1-is Tanaxmad,
p1 aris umoklesi gza i-dan k-mde, yvela Sualeduri wveroTi {1, 2, . . . , k} simravlidan. radgan k ar
aris p1 gzis Sualeduri wvero, amitom p1 aris umoklesi gza i-dan k-mde, yvela Sualeduri wveroTi
{1, 2, . . . , k − 1} simravlidan. analogiurad, p2 aris umoklesi gza k-dan j-mde yvela Sualeduri
wveroTi {1, 2, . . . , k − 1} simravlidan.

5.1.2 wveroTa yvela wyvilisaTvis umoklesi gzebis Sesaxeb amocanis rekursiuli
amoxsna

aRvniSnoT d
(k)
ij -Ti umoklesi gzis wona i wverodan j wveroSi Sualeduri wveroebiT {1, 2, . . . , k}, simravl-

idan. Tu k = 0, maSin Sualeduri wveroebi saerTod ara gvaqvs. aseTi gza Seicavs ara umetes erT wibos,

amitom d
(0)
ij = wij . sazogadod:

d
(k)
ij =

{
wij Tu k = 0

min(d
(k−1)
ij , d

(k−1)
ik + d

(k−1)
kj ) Tu k ≥ 1

radgan, nebismieri gzis yvela Sualeduri wvero ekuTvnis {1, 2, . . . , n} simravles, matrica D(n) = (d
(n)
ij )

Seicavs saZiebel mniSvnelobebs, anu d
(n)
ij = δ(i, j) wveroTa yvela wyvilisTvis.

5.1.3 umoklesi gzebis wonebis gamoTvla

davweroT procedura, romelic gamoTvlis umoklesi gzebis wonebs d
(k)
ij k = 1, . . . , n mniSvnelobebis

Tanmimdevruli povniT. misTvis Semavali monacemi iqneba n×n n = |V | zomisW matrica, (ix. (1)) romelSic
mocemulia grafis wiboTa wonebi, am algorimiTi gamoiTvleba Dk, k = 1, . . . , n matricebi, gamomavali
monacemi ki iqneba umoklesi gzebis wonaTa D(n) matrica.
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Algorithm 16: Floyd Warshall All Pairs Shortest Paths

Input: grafis incidentobis matrica W romlis i striqonisa da j svetis gadakveTaze weria (i, j)
wibos wona

Output: matrica romlis i striqonisa da j svetis gadakveTaze weria i wverodan j wveromde
umoklesi gzis wona

1 FLOYD-WARSHALL(W) :

2 n = |V|;

3 D(0) = W;

4 for k=1; k<=n; k++ :
5 for i=1; i<=n; i++ :
6 for j=1; j<=n; j++ :

7 d
(k)
ij = min(d

(k−1)
ij , d

(k−1)
ik + d

(k−1)
kj );

8 return D(n)

SevniSnoT, rom:

d
(k)
ik = min(d

(k−1)
ik , d

(k−1)
ik + 0) = d

(k−1)
ik

d
(k)
kj = min(d

(k−1)
kj , 0 + d

(k−1)
kj + 0) = d

(k−1)
kj

amitom, D(k) matricis k-uri sveti da k-uri striqoni emTxveva D(k−1) matricis k-ur svets da k-ur stri-
qons.

5.1.4 umoklesi gzis ageba

umoklesi gzebis wonaTa garda, xSirad saWiroa Tavad am gzis povnac. floid-vorSelis algoriTmSi
umoklesi gzebis povnis mravali meTodi arsebobs. erT-erTi maTgania D matricis (romelic Seicavs
umoklesi gzebis wonebs) gamoTvla da misi saSualebiT Π winamorbedobis matricis ageba. magram ufro
mosaxerxebelia, gzebi gamovTvaloT floid-vorSelis algoriTmis paralelurad. unda gamoviTvaloT
matricebi: Π(0),Π(1), . . . ,Π(n), sadac Π = Π(n), xolo πij elementi ganisazRvreba rogorc j wveros mSobeli
umokles gzaze i-dan j-Si Sualeduri wveroebiT {1, 2, . . . , k} simravlidan. Tu k = 0, maSin umoklesi gzebi
i-dan j-Si ar Seicaven Sualedur wveroebs, amrigad:

π
(0)
ij =

{
NIL Tu i = j an wij =∞
i Tu i 6= j da wij <∞

Tu k ≥ 1-Tvis, umoklesi gza i-dan j-Si gadis k wveroze (k 6= j), maSin j wveros mSobeli daemTxveva amave
wveros mSobels umokles gzaze k wverodan, Sualeduri wveroebiT {1, 2, . . . , k−1} simravlidan. xolo Tu
gza ar gadis k-ze, maSin virCevT j wveros imave mSobels, rac iyo umokles gzaze i wverodan Sualeduri
wveroebiT {1, 2, . . . , k − 1}, simravleSi.
maSasadame k ≥ 1-Tvis:

π
(k)
ij =

{
π
(k−1)
ij Tu d

(k−1)
ij ≤ d(k−1)ik + d

(k−1)
kj

π
(k−1)
kj Tu d

(k−1)
ij > d

(k−1)
ik + d

(k−1)
kj

am formulebis damateba FLOYD-WARSHALL procedurisaTvis rTuli araa. sur. 5.1-ze naCvenebia D da
Π matricebis Sevseba floid-vorSelis algoriTmis mixedviT amave suraTze gamosaxuli grafisaTvis.
floid-vorSelis algoriTmis muSaobis dro. muSaobis dro ganisazRvreba samjer Cadgmuli for cikliT
(str. 4-7). radgan str. 7-is Sesrulebas sWirdeba O(1) dro, algoriTmi asrulebs muSaobas Θ(n3) droSi.

5.2 orientirebuli grafis tranzituli Caketva

orientirebuli grafis tranzituli Caketvis amocana mdgomareobs SemdegSi: mocemulia G = (V,E)
grafi 1, 2, . . . , n wveroebiT. saWiroa nebismieri i, j ∈ V wveroebisaTvis gairkves, arsebobs Tu ara grafSi



60 Tavi V umoklesi gzebi wveroTa yvela wyvilisaTvis

1

2

3

45

3

8

-4

1

7

4

2 -5

6

D(0) =


0 3 8 ∞ −4
∞ 0 ∞ 1 7
∞ 4 0 ∞ ∞
2 ∞ −5 0 ∞
∞ ∞ ∞ 6 0

 Π(0) =


NIL 1 1 NIL 1
NIL NIL NIL 2 2
NIL 3 NIL NIL NIL

4 NIL 4 NIL NIL
NIL NIL NIL 5 NIL



D(1) =


0 3 8 ∞ −4
∞ 0 ∞ 1 7
∞ 4 0 ∞ ∞
2 5 −5 0 −2
∞ ∞ ∞ 6 0

 Π(1) =


NIL 1 1 NIL 1
NIL NIL NIL 2 2
NIL 3 NIL NIL NIL

4 1 4 NIL 1
NIL NIL NIL 5 NIL



D(2) =


0 3 8 4 −4
∞ 0 ∞ 1 7
∞ 4 0 5 11
2 5 −5 0 −2
∞ ∞ ∞ 6 0

 Π(2) =


NIL 1 1 2 1
NIL NIL NIL 2 2
NIL 3 NIL 2 2

4 1 4 NIL 1
NIL NIL NIL 5 NIL



D(3) =


0 3 8 4 −4
∞ 0 ∞ 1 7
∞ 4 0 5 11
2 −1 −5 0 −2
∞ ∞ ∞ 6 0

 Π(3) =


NIL 1 1 2 1
NIL NIL NIL 2 2
NIL 3 NIL 2 2

4 3 4 NIL 1
NIL NIL NIL 5 NIL



D(4) =


0 3 −1 4 −4
3 0 −4 1 −1
7 4 0 5 3
2 −1 −5 0 −2
8 5 1 6 0

 Π(4) =


NIL 1 4 2 1

4 NIL 4 2 1
4 3 NIL 2 1
4 3 4 NIL 1
4 3 4 5 NIL



D(5) =


0 1 −3 2 −4
3 0 −4 1 −1
7 4 0 5 3
2 −1 −5 0 −2
8 5 1 6 0

 Π(5) =


NIL 3 4 5 1

4 NIL 4 2 1
4 3 NIL 2 1
4 3 4 NIL 1
4 3 4 5 NIL


nax. 5.1
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gza i wverodan j wveromde. orientirebuli G grafis tranzituli Caketva (transitive closure) ewodeba
G∗ = (V ∗, E∗) grafs, sadac E∗ = {(i, j) : G-Si ∃gza i-dan j-Si}.

grafis tranzituli Caketvis povnis erT-erTi gzaa Θ(n3) droSi, mivaniWoT yvela wibos 1-is toli mni-
Svneloba da SevasruloT floid-vorSelis algoriTmi. Tu arsebobs gza i-dan j-Si, maSin dij iqneba n-ze
naklebi, xolo Tu aseTi gza ar arsebobs, maSin dij =∞.

droisa da manqanuri mexsierebis ekonomiis mizniT, umjobesia floid-vorSelis algoriTmSi ariT-
metikuli operaciebi min da +, SevcvaloT logikuri operaciebiT OR (an) da AND (da). ufro zustad,

t
(k)
ij CavTvaloT 1-is tolad, Tu G grafSi arsebobs gza i-dan j-Si, romlis yvela Sualeduri wvero mo-
Tavsebulia {1, 2, . . . , k} simravleSi da CavTvaloT 0-is tolad, Tuki aseT gza ar arsebobs. (i, j) wibo

ekuTvnis G∗ tranzitul Caketvas, maSin da mxolod maSin, roca t
(k)
ij = 1, e.i.

t
(0)
ij =

{
0 Tu i 6= j da (i, j) /∈ E
1 Tu i = j an (i, j) ∈ E

xolo Tu k ≥ 1

t
(k)
ij = t

(k−1)
ij OR (t

(k−1)
ik AND t

(k−1)
kj )

am Tafardobebze dayrdnobiT algoriTmi TanmimdevrobiT gamoiTvlis T (k) = (t
(k)
ij ) matricas - k = 1, 2, . . . , n-

Tvis:

Algorithm 17: Transitive Closure

Input: orientirebuli grafi G = (V,E)
Output: matrica romlis i striqonisa da j svetis gadakveTaze weria arsebobs Tu ara gza i

wverodan j wveromde

1 TRANSITIVE-CLOSURE(G) :

2 n = |V|;

3 for i=1; i<=n; i++ :
4 for j=1; j<=n; j++ :
5 if i == j or (i, j) ∈ E :

6 t
(0)
ij = 1;

7 else:

8 t
(0)
ij = 0;

9 for k=1; k<=n; k++ :
10 for i=1; i<=n; i++ :
11 for j=1; j<=n; j++ :

12 t
(k)
ij = t

(k−1)
ij or t

(k−1)
ik and t

(k−1)
kj ;

13 return T (n)

sur. 5.2-ze mocemulia grafi da algoriTmis muSaobis procesi am grafisaTvis:
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1 2

4 3

T (0) =


1 0 0 0
0 1 1 1
0 1 1 0
1 0 1 1

 T (1) =


1 0 0 0
0 1 1 1
0 1 1 0
1 0 1 1

 T (2) =


1 0 0 0
0 1 1 1
0 1 1 1
1 0 1 1



T (3) =


1 0 0 0
0 1 1 1
0 1 1 1
1 1 1 1

 T (4) =


1 0 0 0
1 1 1 1
1 1 1 1
1 1 1 1


nax. 5.2

TRANSITIVE-CLOSURE-s muSaobis dro floid-vorSelis algoriTmis msgavsad aris Θ(n3), magram ufro
efeqturia rig SemTxvevebSi, radgan logikuri operaciebi zog kompiuterze ufro swrafad sruldeba,
vidre ariTmetikuli operaciebi mTelricxvebze, xolologikur cvladebs naklebi mexsiereba uWiravT.

5.3 jonsonis algoriTmi xalvaTi grafebisaTvis

jonsonis algoriTmi poulobs umokles gzebs wveroTa yvela wyvilisaTvis O(V 2 log V + V E) droSi da
amitom xalvaTi grafebisaTvis ufro efeqturia, vidre floid-vorSelis algoriTmi. jonsonis algo-
riTmi an iZleva umoklesi gzebis wonaTa matricas an ityobineba, rom grafSi aris uaryofiTwoniani
cikli. es algoriTmi iyenebs deiqstrasa da belman-fordis algoriTmebs.
jonsonis algoriTmi dafuZnebuli wonaTa cvlilebis (reweighting) ideaze. Tu grafis yvela wibos wona
arauaryofiTia, maSin deiqstras algoriTmis gamoyenebiT TiToeuli wverosaTvis SegviZlia vipovoT
umoklesi gzebi wveroTa yvela wyvilisaTvis. Tuki grafSi aris uaryofiTwoniani wiboebi da ar aris
uaryofiTwoniani cikli, SegviZlia aseTi SemTxveva daviyvanoT arauaryofiTwoniani wiboebis SemTxve-
vaze w woniTi funqciis SecvliT axali ŵ funqciiT. amasTan unda Sesruldes Semdegi Tvisebebi:

1. umoklesi gzebi ar icvleba: wveroTa nebismieri u, v ∈ V wyvilisaTvis umoklesi gza u-dan v-Si w
woniTi funqciis mixedviT warmoadgens umokles gzas ŵ woniTi funqciis mixedviTac da piriqiT

2. nebismieri u, v ∈ V wyvilisaTvis axali ŵ(u, v) arauaryofiTia

lema 5.1. (wonaTa cvlileba ar cvlis umokles gzebs). vTqvaT G = (V,E) wonadi orientirebuli grafia
woniTi w : E → R funqciiT. vTqvaT h : V → R grafis wveroebze gansazRvruli funqciaa namdvili
mniSvnelobebiT. yoveli (u, v) ∈ E wibosTvis ganvixiloT axali woniTi funqcia ŵ(u, v) = w(u, v) + h(u)−
h(v), vTqvaT, p =< v0, v1, . . . , vk > raime gzaa v0 wverodan vk wveroSi maSin:

1. p gza warmoadgens umokles gzas, w woniTi funqciis SemTxvevaSi maSin da mxolod maSin, roca is
iqneba umoklesi gza ŵ woniTi funqciisTvis. anu Semdegi ori toloba w(p) = δ(v0, vk), ŵ(p) = δ(v0, vk)
tolfasia.

2. G grafi Seicavs uaryofiTwonian cikls w woniTi funqciis SemTxvevaSi maSin da mxolod maSin,
roca is Seicavs uaryofiTwonian cikls ŵ woniTi funqciisTvis.

axla unda SevarCioT h funqcia ise, rom yoveli (u, v) wibosTvis Secvlili ŵ(u, v) wonebi arauaryofiTi
iyos (Tviseba 2). amisaTvis avagoT axali G′ = (V ′, E′) grafi G = (V,E) grafisTvis erTi wveros da-
matebiT, romlidanac grafis yvela sxva wverosaken mimarTuli iqneba nulovani wonis wiboebi. V ′ =
V ∪ {s} E′ = E ∪ {(s, v) : v ∈ V } w(s, v) = 0.
aRvniSnoT, rom radgan s wveroSi ar Sedis arc erTi wibo, amitom igi Sedis G′ grafis mxolod im umok-
les gzebSi, romlebic am wverodan iRebs saTaves. cxadia, rom axal G′ grafSi uaryofiTwoniani cikli
ar iqneba maSin da mxolod maSin, Tu aseTi cikli ar arsebobda G grafSi.



5.3 jonsonis algoriTmi xalvaTi grafebisaTvis 63

davuSvaT, rom G da G′ grafebi ar Seicaven uaryofiTwonian ciklebs. nebismieri v ∈ V ′-saTvis ganv-
sazRvroT h(v) = δ(s, v). samkuTxedis utolobidan gamomdinare (ix. leqcia 6-7) nebismieri (u, v) ∈ E′ wi-
bosaTvis sruldeba h(v) ≤ h(u)+w(u, v) utoloba, romelic SeiZleba ase gadavweroT: w(u, v)+h(u)−h(v) ≥
0. es ki niSnavs, rom ŵ(u, v) axali woniTi funqcia arauaryofiTia.

1
00

2
-1

3
-5

4
0

5
-4

3

8

-4

1

7

4

2 -5

6

0

0

0

0

0

(a)

1
00

2
-1

3
-5

4
0

5
-4

4

13

0

0

10

0

2 0

2

0

1

5

0

4

(b)

nax. 5.3

sur. 5.3-ze gamosaxulia G grafis Sesabamisi G′ grafi. damxmare s wvero aRniSnulia Savad. yoveli
wveros SigniT Cawerilia mniSvneloba h(v) = δ(s, v). b) naxazze yovel (u, v) wibos miwerili aqvs axali
wona - w(u, v) + h(u)− h(v).

jonsonis algoriTmSi gamoiyeneba belman-fordis da deiqstras algoriTmebi. grafi warmodgenilia
mosazRvre wveroTa siiT. es algoriTmi abrunebs D = dij matricas, dij = δ(i, j), ganzomilebiT |V |× |V |, an
Setyobinebas, rom Semavali grafi Seicavs uaryofiTwonian cikls. wveroebi gadanomrilia 1-dan V -mde.

algoriTmis muSaobis dro damokidebulia deiqstras algoriTmSi prioritetebiani rigis realizaci-
aze. Tu is realizebulia fibonaCis grovis saxiT, jonsonis algoriTmis muSaobis droa O(V 2 log V +
V E), xolo ufro ubralo raelizaciisas -O(V E log V ), rac xalvaTi grafebisTvis, asimptoturad ukeTe-
sia floid-vorSelis algoriTmze.

Algorithm 18: Johnson (All Pairs Shortest Paths)

Input: orientirebuli grafi G = (V,E) da woniTi funqcia w : E → R
Output: umoklesi gzebis wonaTa matrica an FALSE, Tu grafi Seicavs uaryofiTi wonis cikls

1 JOHNSON(G, w) :

2 SevqmnaT G′ = (V ′, E′) grafi; //V ′ = V ∪ {s}
3 //E′ = E ∪ {(s, v) : ∀v ∈ V }
4 //w(s, v) = 0 : ∀v ∈ V }
5 if BELLMAN-FORD(G′, w, s) == FALSE :
6 print(’ grafi Seicavs uaryofiTwonian cikls!’);
7 return FALSE;

8 else:
9 for ∀v ∈ V ′ :

10 h[v] = δ(s, v); // gamoiTvleba BELLMAN-FORD- iT
11 for ∀(u, v) ∈ E′ :
12 ŵ(u, v) = w(u, v) + h[u]− h[v];
13 for ∀u ∈ V :

14 DIJKSTRA(G, ŵ, u); // gamovTvaloT δ̂(u, v) : ∀v ∈ V
15 for ∀v ∈ V :

16 d[u][v] = δ̂(u, v) + h[v]− h[u];

17 return D;
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5.4 savarjiSoebi

1. floid-vorSelis algoriTmiT ipoveT da aageT umoklesi gzebi Semdeg grafSi:

1 2 3

4 5

2

4

3

7
-4-5

-3

6

2. amoxseniT tranzituli Caketvis amocana Semdegi grafisTvis:

1 2

3 4

3. ra iqneba im orientirebuli V - wveroiani grafis tranzituli Caketva, romelic mxolod ciklis-
gan Sedgeba?

4. ramden wibos Seicavs orientirebuli V - wveroiani grafis tranzituli Caketva, romelic Sedgeba
mxolod martivi orientirebuli gzisgan?



Tavi 6

amocanaTa grafebze gadatanis
magaliTebi

amocanaTa scorad Camoyalibeba da grafebze gadatana (modelireba) umniSvnelovanes rols TamaSobs
maT gadawyvetaSi - sworad dasmuli amocana naxevari amoxsnis tolfasia. aqamde grafebTan dakavSire-
bul ZiriTad amocanebsa da gansazRvrebebs ganvixilavdiT, axla ki gadavideT amocanaTa modelire-
bis magaliTebze da moviyvanoT is umniSvnelovanesi amocanebi, romelTa gadaWrac xSir SemTxvevaSi
mravali sxva praqtikuli amocanis daZlevaSi mogvexmareba.
qvemoT moyvanili magaliTebiT naTlad unda Candes, Tu rogor SeiZleba ama Tu im amocanis grafebis
meSveobiT gadaWra. xSir SemTxvevaSi gamoviyenebT im faqts, rom amocanis monacemTa elementebis sim-
ravleze mimarTebebis ganmarteba SeiZleba (imis gaTvaliswinebiT, Tu ra damokidebulebaa am ele-
mentebs Soris), xolo mimarTebebis gamosaxva grafTa meSveobiT advilad SeiZleba.

SeniSvna: amocanis pirobis wakiTxvis Semdeg, sanam kiTxvas gaagrZelebT, Tqven TviTon dafiqrdiT sa-
kiTxze, Tu rogor SeiZleba misi gadatana grafebze.

6.1 moZraoba video TamaSebSi.

warmoidgineT, rom gvinda vamoZraoT video TamaSis gmiri oTaxSi, romelSic sagnebia ganTavsebuli.
rogor SeiZleba optimaluri gzis gamoangariSeba?
am amocanis amoxsnisas bunebrivad grafebSi umoklesi gzis povnis asociacia Cndeba. magram rogori
unda iyos grafi? pirveli, rac TavSi SeiZleba mogvivides, Semdegi ideaa: oTaxis suraTs davadoT
bade, Semdeg amovyaroT is wertilebi (maTTan mierTebul wiboebTan erTad), romlebic sagnebis naxatebs
emTxveva. miviRebT grafs, romlis wiboebs Soris manZili erTis tolad SeiZleba miviCnioT (anu grafi
ar iqneba Sewonili).

nax. 6.1: moZraobis bade

65
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ra Tqma unda, SegveZlo sxva grafis Seqmnac, romelic ufro efeqturad gadaWrida am amocanas (maga-
liTad, araa aucilebeli sul marTi kuTxe gvqondes - zogjer SeiZleba zemoT moyvanili badis diag-
onalebze gasvla, an iseT adgilebSi, sadac badis ori paraleluri xazi gadis erTis aReba da a.S. am
SemTxvevebSi grafebi ukve Sewonili unda iyos). amas garda, arsebobs geometruili algoriTmebi, rom-
lebic analogiuri amocanebisaTvis ufro efeqturad gadaWrida umoklesi gzis sakiTxs, magram am saxis
algoriTmis implementacia gacilebiT ufro martivia da Sedegic ar iqneba sagrZnoblad uaresi.

6.2 geneturi kodis ageba.

am amocanaSi mocemuli gvaqvs dnm kodis nawilebi Φ = (φ1, φ2, ..., φn), romlebic eqsperimentebis Sedegad
iqna miRebuli. yoveli f ∈ Φ fragmentisaTvis vipovniT iseT elementebs, romlebic unda ganTavsd-
nen f fragmentis marjvniv (an, Sesabamisad, marcxniv). rogorc wesi, iarsebebs agreTve iseTi (erTi an
ramodenime) elementi, romlis ganTavsebac orive mxares SeiZleba. aRsaniSnavia, rom ganlagebis wesi
tranzitulia: Tu f1 fragmenti f2 fragmentis marcxniv da es ki Tavis Tavad f3 fragmentis marcxniv unda
ganTavsdes, maSin f1 unda aRmoCndes f3 nawilis marcxniv.
geneturi kodis agebis amocana imaSi mdgomareobs, rom vipovnoT Φ mimdevrobis yvela elementisagan
Semdgari iseTi mimdevroba, romelic zeda pirobebs akmayofilebs. sxva sityvebiT rom vTqvaT, unda
vipovnoT Φ mimdevrobis iseTi permutacia (φi1 , ..., φin), rom Tu k < l, maSin zemoT moyvanili wesebis
Tanaxmad φik fragmenti unda idges φil fragmentis marcxniv (Sesabamisad, φil fragmenti unda idges φik
fragmentis marjvniv).

am amocanis gadaWra Semdegnairad SeiZleba: SevadginoT mimarTeba

R = {(φi, φj)|φi fragmenti unda ganTavsdes φj fragmentis marcxniv}.

cxadia, rom es mimarTeba Seqmnis (erT an ramodenime) mimarTul aciklur grafs, romlis topologiuri
dalageba saZiebo mimdevrobas mogvcems.

savarjiSo 6.1: daamtkiceT, rom zemoT moyvanili wesiT mimarTul aciklur grafs miviRebT.

savarjiSo 6.2: daamtkiceT, rom am acikluri grafebis topologiuri dalageba marTlac geneturi kodis

dasaSveb mimdevrobas mogvcems (Φ mimdevrobis iseT permutacias (φi1 , ..., φin), rom Tu k < l, maSin φik
fragmenti SeiZleba idges φil fragmentis marcxniv).

6.3 obieqtebis dajgufeba.

grafikul amocanebSi xSirad saWiroa xolme grafikuli obieqtebis (mag. marTkuTxedebis) iseTi da-
jgufeba, rom erT jgufSi myofi obieqtebi erTmaneTs ar kveTdnen (sxvadasxva jgufSi moxvedrili
obieqtebi erTmaneTs SeiZleba kveTdnen).
am amocanis gadasaWrelad yovel obieqts grafis wvero SevusabamoT. Tu ori obieqti erTmaneTs kveTs,
maSin Sesabamisi wveroebi wiboTi SevaerToT. cxadia, grafikul obieqtTa yoveli gaerTianeba ase Seqm-
nili grafis damoukidebel wveroTa simravlea.
grafis wveroebis SeRebvis amocana, romelic zemoT gvqonda aRwerili, swored aseT izolirebul wer-
tilTa simravles (da, Sesabamisad, aragadamkveT obieqtTa gaerTianebas) mogvcems. grafis SeRebvaSi
gamoyenebuli ferebis raodenobis minimizacia ki minimaluri raodenobis gaerTianebebs mogvcems.

zemoT moyvanili naxazis magaliTSi obieqtebi sam klasad SeiZleba davajgufoT:

K1 = {M1,M3,M5,M6,M7,M8,M10}, K2 = {M2,M4,M11,M12}, K3 = {M9}.
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M1

M2

M3 M4

M5

M6

M7

M8

M9M10

M11

M12

M3
M6

M7

M1

M2

M10 M8 M9

M12
M11

M4

M5

nax. 6.2: geometriuli obieqtebi da maTi Sesabamisi (samad SeRebili) grafi

6.4 sityvaTa Semokleba

zogjer saWiroa xolme did monacemTa bazaSi monacemTa saxelebis sigrZis Semcireba. magaliTad, Tu
gvaqvs grZel sityvaTa simravle (davuSvaT, ramodenime aseuli 32 simbolosagan Semdgari), maTi sigrZis
Semcireba SeiZleba (magaliTad 8 simboloianze) ise, rom sxvadasxva sityva iseve sxvadasxva darCes. am
SemTxvevaSi pirveli 8 asos aReba ar gamodgeba, radgan YmagaliTi1A da YmagaliTi2A gansxvavebuli aRar
iqneba. ra wesiT unda SevamokloT sityvebi ise, rom Sedegebi erTmaneTs ar daemTxvas?

yovel Sesamoklebel sityvas wi SevusabamoT grafis erTi wvero vi. Semdeg yoveli wi sityvisaTvis
SevqmnaT SesaZlo Semoklebuli sityvebi w′i,j da SevusabamoT wveroebi v′i,j . Semdeg gavavloT wiboebi
vi, v

′
i,j yvela SesaZlo i da j parametrebisaTvis (yovel sityvasa da mis SesaZlebel Semoklebas Soris).

magaliTi1 magaliTi2 magaliTi3 magaliTi4

maai magl mglT gaTimaTi glTi liTi

nax. 6.3: Semoklebis grafi

cxadia, rom Tu am grafSi aviRebT iseT wiboebs, romlebic erTmaneTTan ar iqneba dakavSirebuli (izo-
lirebul wiboebs), calsaxa Semoklebebis siis Sedgenas SevZlebT. ase, nax. 6.3-Si moyvanil magaliTSi
SeiZleba aviRoT wiboebi {(magaliTi1, magl), (magaliTi2, maai), (magaliTi3, gaTi), (magaliTi4, liTi)},
rac erT-erT SesaZlebel Semoklebis sias mogvcems.

6.5 gayalbebis aRmoCena.

am amocanaSi saWiroa gamyalbebelTa dokumentebis dadgena. xSirad ise xdeba xolme, rom gamyalbeblebi
maT mier Seqmnil sabuTebs gzavnian (bankebSi, sagadasaxado sistemebSi gadasaxadebis asanazRaureblad,
benzogasamarT sadgurebSi an sxva dawesebulebebSi gayalbebuli vauCerebiT saqonlis misaRebad da
a.S.), romlebic identuri araa, magram garkveuli TvalsazrisiT erTmaneTis msgavsia. rogor SeiZleba
maTi aRmoCena?

pirvel rigSi dasadgenia, rogori sabuTebi iTvleba msgavsad (sxvadasxva amocanisaTvis es sxvadasxva
SeiZleba iyos, rogorc mag. msgavsi nomrebi, formebi, misamarTebi, saxelebi, gvarebi da a.S.).

yovel sabuTs grafis erTi wvero SevusabamoT da or wveros Soris wibo gavavloT, Tu Sesabamisi
sabuTebi msgavsia. cxadia, rom Tu aseT grafSi vipovniT wveroTa simravles, romelic bevri wiboTi
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iqneba SeerTebuli (magaliTad yvela yvelasTan - sruli qvegrafi), Sesabamisi sabuTebis ufro de-
taluri Seswavla SeiZleba Rirdes. am amocanis gadasawyvetad grafSi maqsimaluri sruli qvegrafis
amorCevis algoriTmebi SeiZleba gamogvadges.

6.6 ekonomikuri amocanebi

ekonomikuri amocanebis grafebze gadatanis erT-erT magaliTad SeiZleba valutis gadacvlis proce-
dura ganvixiloT.
nebismieri ori qveynis fulad erTeuls Soris gacvliTi kursia dadgenili, romlis magaliTic Semdgom
cxrilSia warmodgenili.

USD EUR JPY GBP CHF CAD AUD HKD

1. USD − 1.2329 0.0093 1.3881 1.0547 0.7776 0.7866 0.127
2. EUR 0.8111 − 0.0076 1.1259 0.8555 0.6307 0.6380 0.1035
3. JPY 107.1400 132.0929 − 148.7210 113.0050 83.3126 84.2763 13.6653
4. GBP 0.7204 0.8882 0.0067 − 0.7598 0.5602 0.5667 0.0919
5. CHF 0.9481 1.1689 0.0088 1.3161 − 0.7372 0.7458 0.1209
6. CAD 1.2860 1.5855 0.0120 1.7851 1.3564 − 1.0116 0.1640
7. AUD 1.2713 1.5674 0.0119 1.7647 1.3409 0.9886 − 0.162
8. HKD 7.8403 9.6663 0.0732 10.8831 8.2695 6.0967 6.1672 −

formalurad es cxrili A = (ai,j)
8
i,j=1 matricis saxiT SegviZlia CavweroT: Tu yovel valutas mis

cxrilSi mocemul nomers SevusabamebT, ai,j aRniSnavs j valutis i valutaze gadacvlis koeficients
(Cvens magaliTSi a3,4 = 148.7210 iaponuri ienis britanul funtze gadacvlis kurss aRniSnavs).

1

2

5

6

3

4

7

8
nax. 6.4: valutis gadacvlis grafi

am grafis yoveli gza valutebis gacvlis mimdevrobas aRniSnavs. magaliTad, 137452 amerikuli dolaris
iaponur ienze, Semdeg avstraliur dolarze, mere britanul funtze, Sveicarul franksa da bolos
evroze gadacvlis process aRniSnavs. Tu daviwyebT erTi amerikuli dolariT, vamTavrebT dolariT,
davamTavrebT a3,1 · a7,3 · a4,7 · a5,4 · a2,5 = 107.14 · 0.0119 · 0.5667 · 1.3161 · 0, 8555 = 0.8135
Tu Semdeg evroebs isev dolarSi gadavaxurdavebT, miviRebT cikls da SevZlebT imis Sefasebas, momge-
biani iyo Tu ara Catarebuli transaqciebi (nax. 6.4 wiTlad naCvenebi wiboebi). Cvens SemTxvevaSi miviRebT
0.8135 ·1.2329 = 1.0029, rac imas niSnavs, rom am operaciebis Catarebis Semdeg mogebulebi davrCebiT (mar-
Talia patara procentiT, magram mainc).
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aqedan gamomdinare, SeiZleba daisvas Semdegi amocana: mocemul mimarTul Sewonil grafSi aRmoaCine
iseTi cikli, rom gavlili wiboebis wonebis wonebis namravli erTze met ricxvs gvaZlevdes.
aqamde ganxilul algoriTmebSi veZebdiT ganvlili wiboebis wonebis jamis minimums (an, zog SemTxvevaSi
maqsimums).
rogor SeiZleba wonebis jamidan namravlze gadasvla? am SekiTxvaze pasuxis gacema logariTmebis
gamoyenebiT SeiZleba:

x1 · x2 · · ·xn = 2log(x1·x2···xn) = 2log x1+log x2+···+log xn

aqedan gamomdinare, Tu grafis wiboebis wonad aviRebT aqamde arsebuli wonis (gadacvlis kursis) lo-
gariTms, momgebianad gadacvlis kombinaciis povnis amocanas daviyvanT am grafSi maqsimalurad grZeli
gzis povnis amocanaze (an, alternatiulad, iseTi ciklis povnis amocanaze, romlis wonac erTze metia).
aRniSnul amocanas erTi Zalian didi nakli aqvs: igi e.w. NP sruli amocanebis klass ganekuTvneba,
romelTaTvisac polinomiuri algoriTmi cnobili ar aris (da arc isaa cnobili, amoxsnadia Tu ara
am klasis romelime amocana polinomiur droSi). magram Tu wonebad aviRebT ara gadacvlis kursis,
aramed misi Sebrunebuli ricxvis logariTms (anu − log ai,j), maSin momgebiani cikli uaryofiTi iqneba.
amrigad, valutis momgebianad gadacvlis jaWvis povnis amocana daiyvaneba grafSi uaryofiTi ciklebis
povnis amocanaze.
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Tavi 7

ariTmetikuli algoriTmebi da maTi
gamoyeneba

radgan Cven orobiT sistemaSi moqmedebas vapirebT, aucilebelia Sesabamisi operaciebis gansazRvrac.
Tu Cven aTobiT ariTmetikaSi (Sesabamisad algebraSi) mimatebis, gamravlebis, gayofis operaciebi gvaqvs
SemoRebuli, analogiuri operaciebi unda SemoviRoT orobiT algebraSic, anu bulis algebraSi, ro-
gorc amas misi fuZemdeblis, ingliseli maTematikosis jorj bulis (George Boole) pativsacemad uwode-
ben.

7.1 bulis algebris elementebi

bulis logika da, aqedan gamomdinare, bulis algebra B = {0, 1} orobiT anbanzea gansazRvruli. zo-
gadad rom vTqvaT, es klasikuri logikis maTematikur enaze gadatanis erT-erTi (yvelaze gavrcele-
buli) magaliTia. logikaSi gvaqvs WeSmariti da mcdari gamonaTqvamebi: yoveli gamonaTqvami (magali-
Tad, Y3 + 4 = 7A, Y12− 3 = 1A, Yxval mze amovaA, YguSin wvimdaA da a.S.) an WeSmaritia, an mcdari - sxva ram
SeuZlebelia.
bulis ZiriTadi idea gamonaTqvamebis maTematikur cvladebze gadatana iyo: yoveli gamonaTqvami X an
WeSmaritia (maSin X = 1), an mcdari (X = 0). aseve SesaZlebelia gamonaTqvamebis kombinirebac, magali-
Tad: YguSin mze amovida da amavdroulad wvimdaA, an Y2 + 3 = 5 da amavdroulad 2− 7 = 1A.
am magaliTebSi, Tu X =YguSin mze amovidaA, Y =YwvimdaA, maSin sruli gamonaTqvami Z =YguSin mze
amovida da amavdroulad wvimdaA maTematikurad Semdegnairad Caiwereba: Z = X&Y . saboloo jamSi,
Tu guSin marTla amovida mze (X = 1) da am dros marTlac wvimda (Y = 1), maSin Z = X&Y = 1 WeSmariti
iqneba.
meores mxriv, Tu X ′ =Y2 + 3 = 5A (WeSmaritia) da Y ′ =Y2 − 7 = 1A (mcdaria), cxadia, rom X ′ = 1 da Y ′ = 0.
aqedan gamomdinare, X ′&Y ′ = 0 da gamonaTqvami Z =Y2 + 3 = 5 da amavdroulad 2− 7 = 1A mcdaria.
analogiurad SeiZleba Semdegi gamonaTqvamebis Sedgena: Yxval iwvimebs an xval qari iqnebaA; Y3+7 = 11
an 2 − 5 = −3A. cxadia, rom aseTi gamonaTqvamebi WeSmaritia, Tu erTi mainc WeSmaritia. maTematikurad
es Semdegnairad SeiZleba Camoyalibdes: X =Yxval iwvimebsA, Y =Yxval qari iqnebaA, Z = X ∨ Y =Yxval
iwvimebs an xval qari iqnebaA; X ′ =Y3 + 7 = 11A, Y ′ =Y2 − 5 = −3A, Z ′ = X ′ ∨ Y ′ = 1: aq an erTi unda
Sesrulebuliyo, an meore.
mesame mniSvnelovani operacia uaryofaa: gamonaTqvamis Sebrunebulis aReba.
magaliTad, Yxval iwvimebsA−→Yxval ar iwvimebs; Y3 + 7 = 13 −→ 3 + 7 6= 13A da a.S. X gamonaTqvamis
uaryofa maTematikurad Semdegnairad Caiwereba: ¬X .
bulis algebris es sami operacia qarTul enaze Semdegnairad SeiZleba CamovayaliboT: gamonaTqvami
Z = X&Y WeSmaritia, Tu X da Y gamonaTqvami orive WeSmaritia; Z = X ∨ Y WeSmaritia, Tu X an Y
WeSmaritia; Z = ¬X WeSmaritia, Tu X mcdaria.
es yvelaferi maTematiker enaze Semdegnairad Camoyalibdeba: ori X , Y gamonaTqvamis koniunqcia X&Y
or cvladian funqcias f : B2 → B ewodeba, romlis mniSvnelobaa 1, Tu orive cvladis mniSvnelobaa
1; ori X ′, Y ′ gamonaTqvamis diziunqcia X ∨ Y or cvladian funqcias g : B2 → B ewodeba, romlis
mniSvnelobaa 1, Tu erT-erTi cvladis mniSvnelobaa 1; Z gamonaTqvamis uaryofa ¬Z erT cvladian
funqcias h : B→ B ewodeba, romlis mniSvnelobaa 1, Tu Z cvladis mniSvnelobaa 0.

71
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yovelive es cxrilis saxiTac SeiZleba gamovsaxoT:

X Y X&Y X ∨ Y ¬X
0 0 0 0 1
0 1 0 1 1
1 0 0 1 0
1 1 1 1 0

am cxrilSi mocemulia aRsaweri funqciebis mniSvnelobebi cvladebis (am SemTxvevaSi X da Y ) yvela
SesaZlo kombinaciisaTvis.
SeniSvna: koniunqcia da uaryofa sxvadasxvanairad aRiwereba xolme. simartivisTvis SegviZlia davwe-
roT: X&Y = X · Y = X Y , ¬X = X .

bulis algebraSi usasrulod bevri funqciis moyvana SeiZleba, magram mTavari isaa, rom yvela es fun-
qcia zemoT moyvanili diziunqciis, koniunqciisa da uaryofis saSualebiT gamoisaxeba.
funqciebis magaliTad SegviZlia moviyvanoT:

f(x1, x2, x3) = x1x2 ∨ x3,
g(x1, x2, x3, x4) = (x1 ∨ x2x3 ∨ x4, x1x2),
h(x1, x2) = (x1x2, x1 ∨ x2, x1x2 ∨ x1x2)

am magaliTSi f funqcia sam cvladiania (TiToeuli cvladi B simravlidan) da erT elements gvaZlevs
pasuxad (igive B simravlidan). am SemTxvevaSi ityvian, rom es funqcia B3 simravles asaxavs B simravleSi:
f : B3 → B.
g funqcia 4 cvlads asaxavs or parametrian pasuxSi, ese igi g : B4 → B2, xolo hB2 → B3.
zogadad, Tu ramie funqcia φ n cvladiania, xolo es cvladebi mniSvnelobas raime A simravlidan Sei-
Zleba iRebdnen da misi pasixi m parametriania da am pasuxis elementebi C simravlidan SeiZleba iyos,
ityvian, rom es funqcia An simravles (anu A simravlis elementebisagan Semdgar n sigrZis sityvas -
veqtors) asaxavs Cm simravleSi (anu C simravlis elementebisagan Semdgar m sigrZis sityvaSi - veq-
torSi).
maTematikurad es Semdegnairad Caiwereba: φ : An → Cm.
am TavSi Cven f : Bn → Bm funqciebs ganvixilavT. aseT funqciebs diskretulsac, anu yvelgan wyvetils
uwodeben. analogiurad, aseT funqciebze Sedgenil maTematikas diskretuli maTematika ewodeba.

ganvixiloTdiskretuli funqcia f(x1, x2, x3, x4) = x1x2x3∨x4∨x2x3∨x1x2x3x4. am funqciis gamosaTvlelad
saWiroa Semdegi bijebi:

1. z1 = x2x3;

2. z2 = x1z1 = x1x2x3;

3. z3 = z2x4 = x1x2x3x4;

4. z4 = z1 = x2x3;

5. z5 = x2;

6. z6 = x1z5 = x1x2;

7. z7 = z6x3 = x1x2x3;

8. z8 = z7 ∨ x4 = x1x2x3 ∨ x4;

9. z9 = z8 ∨ z4 = x1x2x3 ∨ x4 ∨ x2x3;

10. z10 = z9 ∨ z3 = x1x2x3 ∨ x4 ∨ x2x3 ∨ x1x2x3x4.

logikurad ismis ori SekiTxva: ramdeni operaciis Catareba gvixdeba am gamosaxulebis gamosaTvle-
lad? ramdeni bijia (droa) saWiro am gamosaxulebis gamosaTvlelad? am SekiTxvebze pasuxis gacema
Semdegnairad SeiZleba:
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operaciaTa raodenobis dasaTvlelad sakmarisia logikuri operaciebis (koniunqcia, diziunqcia, uary-
ofa) daTvla: C(f(x1, x2, x3, x4)) = 10.
rac Seexeba dros (bijebis raodenobas) T (f(x1, x2, x3, x4)), zemoT moyvanil gamoTvlis meTodSi es opera-
ciaTa raodenobas daemTxva, radgan Cven yvela operacias rig-rigobiT vatarebdiT.
am magaliTSi gasaTvaliswinebelia is faqti, rom ramodenime operacia erTdroulad SeiZleba Catardes:
magaliTad, SesaZlebelia (x1x3), x2 da (x2x3) gamosaxulebebis gamoTvla, radgan isini erTmaneTze da-
mokidebuli araa, gansxvavebiT, magaliTad, y1 = x1x2 da y2 = x1x2x3 gamosaxulebelisagan, romelTa
gamoTvla erTdroulad ar SeiZleba: erTi meorezea damokidebuli.

aqedan gamomdinare, SegviZlia Semdegi YparaleluriA algoriTmis SemoTavazeba:

1. z1 = x2x3 da amavdroulad z2 = x1x4 da amavdroulad z5 = x2 da amavdroulad z6 = x1x3;

2. z3 = z1z2 = x1x2x3x4 da amavdroulad z4 = z1 = x2x3 da amavdroulad z7 = z5z6 = x1x2x3;

3. z8 = z7 ∨ x4 = x1x2x3 ∨ x4 da amavdroulad z9 = z4 ∨ z3 = x2x3 ∨ x1x2x3x4;

4. z10 = z8 ∨ z9 = x1x2x3 ∨ x4 ∨ x2x3 ∨ x1x2x3x4.

aq mniSvnelovania is faqti, rom garkveuli operaciebi erTdroulad sruldeba, ris xarjzec funqciis
siRrme (anu gamoTvlis bijebis raodenoba) mcirdeba.

aqedan gamomdinare viRebT Semdeg gansazRvrebas:

ganmarteba 7.1: f : Bn → Bm bulis funqciis operaciaTa raodenoba C(f(x1, ..., xn) masSi Semavali ko-

niunqiis, diziunqciisa da uaryofebis raodenobaTa jamis tolia; igive funqciis siRrme (rac igive
gamoTvlis droa) T (f(x1, ..., xn)) misi realizaciisaTvis paralelurad Catarebul operaciaTa bijebis
raodenobis tolia.

aRsaniSnavia, rom Tu funqcia mravalganzomilebiania (anu mravalcvladiania), rogorc, magaliTad,
f(x1, x2) = (x1 ∨ x2, x2), misi elementebis raodenobis gamosaTvlelad unda daviTvaloT yvela pasu-
xisTvis (am SemTxvevaSi C(x1 ∨ x2) = 3, C(x2) = 0 da daviTvaloT maTi jami: C(f(x1, x2)) = 3 + 0 = 3,
xolo siRrmis dasaTvlelad unda gamoviangariSoT TiToeulis siRrme da aviRoT maTi maqsimumi (fun-
qiis yoveli mniSvnelobis gamoTvla SeiZleba erTdroulad): T (x1 ∨ x2) = 2, T (x2) = 0, T (x1 ∨ x2, x2) =
max{T (x1 ∨ x2), T (x2)} = max{2, 0} = 2.

savarjiSo 7.1: ganixileT funqciebi f(x1, x2, x3) = x1x2 ∨ x3, g(x1, x2, x3, x4) = (x1 ∨ x2x3 ∨ x4, x1x2) da

h(x1, x2) = (x1x2, x1 ∨ x2, x1x2 ∨ x1x2). daiTvaleT maTi operaciaTa raodenoba da siRrme.

im amocanebSi, romelTa ganxilvas Cven vapirebT, mniSvnelovan rols oris moduliT mimateba asrulebs.
es ganpirobebulia imiT, rom kompiuteruli sistemebi orobiT anbanzea agebuli.
orobiTi mimateba (rogorc mas sxvanairad uwodeben) gansazRvrulia Semdegnairad:
funqcia f(x, y) = x ⊕ y = 1 maSin da mxolod maSin, Tu misi cvladebidan zustad erTi tolia erTis:
0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1, 1⊕ 1 = 0.
rogor SeiZleba am funqciis koniunqiis, diziunqciisa da uaryofis meSveobiT Cawera? pirvel rigSi
qarTul enaze CamovayaliboT, Tu cvladebis ra mniSvnelobebisaTvis xdeba funqcia 1:
f(x, y) = x ⊕ y funqcia erTis toli xdeba maSin da mxolod maSin, Tu x = 1 da y = 0 an x = 0 da y = 1.
logikurad, Tu cvladi aris 1, misi uaryofa unda iyos 0. amitomac viRebT Semdeg gamonaTqvams:f(x, y) =
x⊕ y funqcia erTis toli xdeba maSin da mxolod maSin, Tu x = 1 da ¬y = 1 an ¬x = 1 da y = 1. es Semdeg
funqcias ganapirobebs: f(x, y) = x ⊕ y = ¬x · y ∨ ¬x · y. aq Yx = 0A (analogiurad Yy = 0A) gamonaTqvamebis
Y¬x = 1A (Y¬y = 1A) gamonaTqvamebad Secvla imitom dagvWirda, rom x · y gamosaxuleba gamosuliyo 1, Tu
zustad erTi cvladia 1.

zogadad, Tu raime ucnobi funqcia mocemulia cxrilis saxiT, misi formulebiT Cawera Semdegnairad
SeiZleba:
mocemulia funqcia f(x1, x2, ..., xn);
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• gamoyaviT cvladebis is kombinaciebi, romlisTvisac funqcia xdeba 1 (zeda SemTxvevaSi esaa x =
0, y = 1 da x = 1, y = 0);

• TiToeuli aseTi kombinaciisaTvis SeadgineT koniunqciebisagan Semdgari gamosaxuleba. Tu ci = 0,
aiReT ¬ci, winaaRmdeg SemTxvevaSi TviTon ci (zeda SemTxvevaSi esaa ¬x · y da x · ¬y);

• es gamosaxulebebi SeaerTeT diziunqciebiT (zeda SemTxvevaSi viRebT ¬x · y ∨ x · ¬y).

aseTi saxiT Caweril funqciebs, sadac koniunqciebiT Sekruli cvladebiT (an maTi uaryofebiT) gamo-
saxulebebi SeerTebulia diziunqciebiT, diziunqciuri normaluri forma ewodeba.

savarjiSo 7.2: criliT mocemuli funqciebi CawereT diziunqciuri normaluri formiT:

x0 x1 x2 f1 f2 f3 f4

0 0 0 1 0 1 1
0 0 1 0 1 0 0
0 1 0 0 1 1 0
0 1 1 1 0 1 1
1 0 0 1 1 0 0
1 0 1 1 1 1 1
1 1 0 0 0 1 0
1 1 1 0 0 0 0

aRsaniSnavia, rom (Cveulebrivi algebris msgavsad) WeSmaritia Semdegi tolobebi:

x(y ∨ z) = x · y ∨ x · z; (x ∨ y)(x ∨ z) = x ∨ (yz); x ∨ 0 = x; x ∨ 1 = 1; x · 0 = 0; x · 1 = x.

savarjiSo 7.3: daamtkiceT zemoT moyvanili tolobebis WeSmariteba (moiyvaneT TiToeuli funqciis
cxrili da SeadareT maTi mniSvnelobebi).

savarjiSo 7.4: daamtkiceT: x ∨ x · y = x; ¬x ∨ x · y = ¬x ∨ y.

rogorc simravleTa TeoriaSi, aseve bulis logikaSic mniSvnelovania e.w. de morganis kanonebi:

x ∨ y = x · y ; x · y = x ∨ y .

savarjiSo 7.5: daamtkiceT de morganis kanonSi moyvanili formulebi.

savarjiSo 7.6: risi tolia ¬(¬x) ?

de morganis kanonebze dayrdnobiT disiunqciuri normaluri formis gadayvana SeiZleba e.w. koniun-
qciur normalur formaSi - iseT gamosaxulebaSi, romelic Sedgeba cvladebis diziunqciuri gaer-
TianebebiT da am gamosaxulebaTa koniunqciebiT gaerTianebebisagan. koniunqciuri normaluri formiT
Cawerili funqciebis magaliTebia (x2 ∨ ¬x3)(x1 ∨ x2 ∨ x3)(x1 ∨ x2 ∨ ¬x3) da (x1 ∨ x3)(x1 ∨ x2)(x1 ∨ ¬x2 ∨ x3),
magram ara (x2 ∨ ¬x3)(x1 ∨ x2 ∨ x3)(x1 ∨ x2 ∨ ¬x3) ∨ x1.

Tu mocemuli gvaqvs raime funqcia, zogjer misi operaciebisa da bijebis raodenobis Semcireba Sei-
Zleba zemoT moyvanili tolobebis meSveobiT: (x1 ∨ x2x3 ∨ x4x1x2) = x1(1 ∨ x4x2) ∨ x2x3 = x1 ∨ x2x3.
igive funqciis koniunqciuri normaluri formiT Cawera Semdegnairad SeiZleba:

x1 ∨ x2x3 = ¬(x1 · (x2x3)) = ¬(x1 · (x2 ∨ x3)).

savarjiSo 7.7: Semdegi funqciebi CawereT diziunqciuri normaluri formiT:

f(x1, x2, x3) = (x2 ∨ ¬x3)(x1 ∨ x2 ∨ x3)(x1 ∨ x2 ∨ ¬x3);
g(x1, x2, x3) = (x1 ∨ x3)(x1 ∨ x2)(x1 ∨ ¬x2 ∨ x3);
h(x1, x2, x3) = (x1 ∨ ¬x2)(x1 ∨ x2)(x1 ∨ x2 ∨ x3).
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7.2 n bitiani ricxvebis mimateba

mimatebis operacia imdenad xSiria Cvens yoveldRiur cxovrebaSi, rom bevr adamians, albaT, arc ki
mosvlia TavSi azrad is faqti, rom es procesi arc Tu ise martivia. magaliTad, yvela scrafad gamo-
gviTvlis 5 + 3 = 8, magram 3434164136861 + 3289747301047 = 6723911437908 arc Tu ise mcire drosa da
yuradRebas moiTxovs. zogadad, rac ufro grZelia Sesakrebi ricxvebi, miT ufro did dros vandomebT
gamoTvlas.
miuxedavad imisa, rom Sekrebis yvelaze martivi algoriTmi - qveS miweriT mimateba - sayovelTaod cno-
bilia, Cven mainc SevecdebiT mis ganxilvasa da gaanalizebas da amas rogorc aTobiT, aseve orobiTi
ricxvebis magaliTze gavakeTebT.

qveS miweriT mimatebis meTodi

sayovelTaod cnobili meTodis garCeva martivi magaliTiT daviwyoT:

427
+

613
0

1 427
+

613
40

0 427
+

613
040

1 427
+

613
1040

zogadad, Tu mocemulia ori n cifriani ricxvi an−1...a0 da bn−1...b0, misi jami dn...d0 Semdegi algoriTmiT
SeiZleba gamoviangariSoT:

c0 = 0;
for( i = 0, i < n, i+ +)
{
di = ai + bi + ci mod 10;
if( ai + bi + ci > 9 )
ci+1 = 1;
else ci+1 = 0;

}
dn = cn;
return(dn, ..., d0)

imis dasamtkiceblad, rom moyvanili algoriTmi marTlac swor Sedegs mogvcems, saWiroa Semdegi ma-
Tematikuri formula: (xnxn−1...x0) = 10n · xn + 10n−1 · xn−1 + ...+ 100 · x0.

savarjiSo 7.8: daamtkiceT toloba (xnxn−1...x0) = 10n · xn + 10n−1 · xn−1 + ...+ 100 · x0.

savarjiSo 7.9: wina savarjiSos Sedegis gamoyenebiT daamtkiceT zemoT moyvanili algoriTmis siswore.
igive meTodiT orobiTi rocxvebis Sekrebac SegviZlia:
mocemulia ori n bitiani orobiTi ricxvi a = (an−1...a0)2 da b = (bn−1...b0)2. gamoiangariSeT misi jami
(dn...d0)2:

an−1 ... a1 a0+
bn−1 ... b1 b0

dn dn−1 ... d1 d0

c0 = 0;
for( i = 0, i < n, i+ +)
{
di = ai + bi + ci mod 2;
if( ai + bi + ci ≥ 2 )
ci+1 = 1;
else ci+1 = 0;

}
dn = cn;
return(dn, ..., d0)
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savarjiSo 7.10: daamtkiceT toloba (xnxn−1...x0)2 = 2n · xn + 2n−1 · xn−1 + ...+ 20 · x0.

savarjiSo 7.11: wina savarjiSos Sedegis gamoyenebiT daamtkiceT zemoT moyvanili algoriTmis siswore.

aRsaniSnavia, rom ci+1 = 1 maSin da mxolod maSin, Tu ai, bi da ci cvladebs Soris ori an sami erTis
tolia. amis gansazRvra Semdegnairad SeiZleba: Tu ai = bi = 1, maSin piroba sruldeba. Tu am ori
cvladidan zustad erTia erTis toli, maSin amavdroulad mesame cvladic (anu ci) unda iyos 1. imis
dadgena, aris Tu ara ori cvladidan zustad erTi erTianis toli, SeiZleba oris moduliT mimatebiT:
ai ⊕ bi. aqedan gamomdinare, imis dadgena, gvxvdeba Tu ara ori an sami erTiani sam cvladSi, Semdegi
formuliT SeiZleba: ci+1 = aibi ∨ (ai ⊕ bi)ci (aRsaniSnavia, rom aibi = 1 maSin da mxolod maSin, Tu orive
cvladi aris 1).

aqedan gamomdinare di da ci (i = 1, ..., n− 1) cvladebis gamosaTvlelad gvaqvs Semdegi formulebi:

di = ai ⊕ bi ⊕ ci,
ci+1 = aibi ∨ (ai ⊕ bi)ci,
dn = cn.

magaliTi:
8 7 6 5 4 3 2 1 0

a 0 1 1 0 0 1 0 0 1
b 0 1 1 1 1 0 0 1 0
d 1 1 0 1 1 1 0 1 1
c 1 1 1 0 0 0 0 0 0

zemoT moyvanili bulis algebris formulebi grafikuladac SeiZleba gamovsaxoT:

a

a

&

a b

a b& a b

a ba b

a b

nax. 7.1: logikuri operaciebis grafikuli gamosaxva

koniunqiis, diziunqciisa da uaryofis operaciebs bulis algebris elementarul operaciebsac uwode-
ben.
aqedan gamomdinare, SegviZlia SevadginoT di da ci cvladebis gamosaTvleli sqema:

&

ai bi

ci

ci+1 z i

&

nax. 7.2: di da ci+1 cvladebis gamosaTvleli sqema
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aRsaniSnavia, rom ⊕ operacia imdenad xSirad gamoiyeneba, rom misi sqema erTi simboloTia aRniSnuli,
Tumca igi ramodenime operaciis Sesrulebas moiTxovs.

savarjiSo 7.12: gamoiangariSeT, risi tolia T (⊕) da C(⊕).

Tu Cven am sqemas aRvniSnavT rogorc FA (inglisuri Full Adder, anu sruli Semkrebi), maSin ori n + 1
bitiani ricxvis SekrebisaTvis saWiro sqema (romelsac vuwodebT CRAn+1) Semdegnairi iqneba:

cici+1

di

ai bi

FA

d0

a b

FAc1

d1

FA c0c2

00b1a1

cncn+1

dn

an bn

FA . . . . . .

nax. 7.3: ori n+ 1 bitiani ricxvis SekrebisaTvis saWiro sqema CRAn+1

savarjiSo 7.13: gamoiangariSeT, risi tolia T (FA) (anu im bijebis raodenoba, rac saWiroa FA sqemis

yvela Sedegis gamosaangariSeblad) da C(FA) (anu FA sqemaSi arsebuli elementebis, igive operaciebis,
raodenoba), Tu T (&) = T (∨) = T (¬) = 1, da C(&) = C(∨) = C(¬) = 1. aqve gamoiyeneT wina savarjiSoSi
gamoTvlili T (⊕) da C(⊕).

SeniSvna: xSirad iReben T (¬) = 0 da C(¬) = 0, anu sqemebSi uaryofis elementebs ugulebelyofen imis
gamo, rom maTi realizacia sxva elementebis realizaciasTan SedarebiT sakmaod mcirea da, amave dros,
uaryofebs xSirad iyeneben damxmare elementebad (sxvadasxva teqnikuri mizezebiT or erTmaneTze miyo-
lebul uaryofas svamen xolme). amas garda, teqnikurad SesaZlebelia elementebis sqemis iseTi reali-
zacia, rom T (¬(ab)) = T (ab), T (¬(a ∨ b)) = T (a ∨ b), T (¬ab) = T (ab), T (¬a ∨ b) = T (¬a ∨ b).

savarjiSo 7.14: gamoiangariSeT, risi tolia T (⊕), C(⊕) da, aqedan gamomdinare, T (FA) imis gaTval-

iswinebiT, rom T (¬) = C(¬) = 0.

advili dasanaxia, rom d1 cvladi ar gamoiTvleba, sanam ar iqneba gamoTvlili c1 da, zogadad, di cvladis
gamoTvla ar SeiZleba, sanam ar iqneba gamoTvlili ci−1. aqedan gamomdinare, T (CRAn) = 4n, C(CRAn) = 9n
(aq da SemdgomSi davuSvebT, rom T (¬) = C(¬) = 0).

savarjiSo 7.15: daamtkiceT T (CRAn) = 4n da C(CRAn) = 9n tolobebi.

savarjiSo 7.16: daxazeT CRA1, CRA2, CRA3 da CRA4 sqemebi.

bunebrivia Semdegi SekiTxva: SesaZlebelia Tu ara bijebis raodenobisa da elementebis ricxvis Sem-
cireba?
Tu davakvirdebiT nax. 7.4 (a)-Si pirvel or FA elements, davinaxavT Semdeg mniSvnelovan faqts: marcxena
FA elementi, romelic d1 da c2 cvladebs iTvlis, YelodebaA c1 cvladis gamoTvlas.
imis gamo, rom mas SeiZleba miewodos mxolod c1 = 0 an c1 = 1, Cven SegviZlia erTdroulad gamoviT-
valoT d1 da c2 im SemTxvevisaTvis, rodesac c1 = 0 (d01, c

0
2) da im SemTxvevisaTvis, rodesac c1 = 1 (d11,

c12).Semdeg, rodesac c1 gamoTvlili iqneba, SeiZleba am ori saSualedo Sedegidan erT-erTis arCeva (nax.
7.4 (b)).
am naxazSi gvxvdeba axali elementi Mux2, romlis muSaobis Sedegebi Semdegi cxriliT SeiZleba gamo-
isaxos:

d1 =

{
d01, Tu c1 = 0,
d11, Tu c1 = 1

c2 =

{
c02, Tu c1 = 0,
c12, Tu c1 = 1.
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d 0

a b

FAc1

d 1

FA c0c2

00b1a1

(a)

d 1

FA

b1a1

FA

c2

1 0

Mux2

d 0

FA

c1

c0

b0a0

(,)

c2
0 d 1

0c2
1 d 1

1

nax. 7.4: ori n bitiani ricxvis mimatebis paraleluri sqema

zogadad, Muxn Semdegnairad SeiZleba aRiweros (nax. 7.5) :

Mux1

c

& &
Mux1 Muxn

nn

bn+1an+1

bn b1. . .an a 1. . .

c
n

Muxn+1

d n d 1. . .d n+1

a 1 b1

d 1

nax. 7.5: Muxn+1 – ori n+ 1 bitiani ricxvis amorCevis sqema

di =

{
bi, Tu c = 0,
ai, Tu c = 1.

i = 1;n+ 1.

nax. 7.4 -Si moyvanil sqemas uwodeben CSA2 (Carry Save Adder – Carry bit daxsomebul bits ewodeba, Select
- SerCeva, Adder -Semkrebi). igi or 2 bitian ricxvs a = (a1, a0) da b = (b1, b0) Sekrebs da 3 bitian ricxvs
z = (c2, d1, d0) mogvcems pasuxad.

zogadad, CSA2n+1 , romelic or 2n+1 bitian ricxvs A = (a2n+1−1, ..., a0) da B = (b2n+1−1, ..., b0) Sekrebs da
2n+1 + 1 bitian ricxvs D = (c2n+1 , d2n+1−1, ..., d0) mogvcems pasuxad, Semdegnairad aRiwereba (nax. 7.6):

d0

a b

FAc1 c0

00
1 0

Mux2 n+1

d 0

c2 n

c0

b0a0

CSA1

CSA2 n

CSA2 n+1

2 n-1b a2 n-12 n+1-1b a2 n+1-1 2 nb a2 n

. . . . . .. . .

2 n+1c 1
2 n+1c 0

2 nd1d2 n+1-1
1

2 nd0d2 n+1-1
0

. . . . . .
CSA2 n CSA2 n

2 n -1d
2 n+1c 1

2 ndd2 n+1-1

nax. 7.6: CSA2n+1 – ori 2n+1 bitiani ricxvis Sekrebis paraleluri sqema
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CSA1, anu ori erTbitiani ricxvis Semkrebi aris zemoT ganxiluli sqema FA.

ZiriTadi idea Ydayavi da ibatoneA paradigmazea agebuli: monacemebi or nawilad iyofa —

A1 = (a2n+1−1...a2n) A0 = (a2n−1...a0)
B1 = (b2n+1−1...b2n) B0 = (b2n−1...b0)

Semdeg gamoiTvleba D0 = A0 +B0 da amavdroulad D0
1 = A1 +B1 + 0 da D1

1 = A1 +B1 + 1. amis Semdeg, c2n
signalis meSveobiT, amoirCeva

D1 =

{
D0

1, Tu c2n = 0,
D1

1, Tu c2n = 1
c2n+1 =

{
c02n+1 , Tu c2n = 0,
c12n+1 , Tu c2n = 1

aq D0 = (d2n−1, ..., d0) da D1 = (d2n+1−1, ..., d2n).

advili dasamtkicebelia am sqemis siswore maTematikur induqciaze dayrdnobiT:

• induqciis Semowmeba: Tu n = 0, cxadia, rom CSA1 = FA da igi or erT bitian ricxvs sworad Sekrebs;

• induqciis daSveba: davuSvaT, CSA2n sworad Sekrebs or 2n bitian ricxvs;

• induqciis biji: davamtkicoT, rom CSA2n+1 sworad Sekrebs or 2n+1 bitian ricxvs.

savarjiSo 7.17: daamtkiceT, rom Tu CSA2n sworad Sekrebs or 2n bitian ricxvs, maSin CSA2n+1 sworad

Sekrebs or 2n+1 bitian ricxvs.

rac Seexeba am algoriTmis bijebis raodenobas T (CSA2n+1), misi gamoTvla Semdegnairad SeiZleba:

upirvelesad yovlisa, unda gamoviTvaloT cvladebi D0, D
0
1 da D1

1 , rac erTdroulad SeiZleba moxdes
T (CSA2n) bijSi. amis Semdeg unda avirCioT D0

1 da D1
1 cvladebidan erT-erTiMux2n+1 sqemis saSualebiT,

rac T (Mux2n+1) = 2 bijSia SesaZlebeli.

aqedan gamomdinare, T (CSA2n+1) = T (CSA2n) + T (Mux2n+1) = T (CSA2n) + 2. am rekursiuli formulis
gaxsnis Semdeg miviRebT:

T (CSA2n+1) = O(log n).

savarjiSo 7.18: daamtkiceT toloba T (Mux2n+1) = 2 (gamoiyeneT nax. 7.5-Si moyvanili rekursiuli sqema).

C(CSA2n+1) operaciaTa raodenobis gamosaTvlelad gamoviyenoT formula:

C(CSA2n+1) = 3 · C(CSA2n) + C(Mux2n+1).

savarjiSo 7.19: daamtkiceT, rom C(CSA2n+1) marTlac am rekursiuli formuliT gamoiTvleba da gamoiT-
valeT misi mniSvneloba.

rogorc vxedavT, paraleluri algoriTmebiT SeiZleba Sekrebis amocanis swrafad gadaWra: ori n
bitiani ricxvisaTvis ara O(n), aramed O(log n) bijia saWiro, samagierod izrdeba elementebis raode-
noba. es gasakviri ar aris: met operacias vatarebT, oRond erTdroulad da amis xarjze vigebT dros.

aqve unda aRiniSnos, rom arsebobs ori n bitiani ricxvis mimatebis paraleluri algoriTmi, romlis
drois zeda zRvaria O(log n) da elementebis raodenobis zeda zRvaria O(n) (sxva sityvebiT rom vTqvaT,
SesaZlebelia logariTmul droSi gamoTvla ise, rom elementebis raodenoba Zalian ar gaizardos),
magram maTi ganxilva Cveni kursis programas cdeba.
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7.3 n bitiani ricxvebis gamokleba

wina paragrafSi ganxiluli algoriTmebiT fiqsirebuli n ∈ N bitiani sistemebis ageba SeiZleba. rode-
sac awyobilia sistema fiqsirebuli n bitiani orobiTi ricxvebis dasamuSaveblad, maqsimaluri ricxvi,
rac SeiZleba warmovadginoT, iqneba 2n − 1: (11...1)2. masze erTiT meti ricxvi ukve n + 1 bitiani iqneba:
(100...0), sadac marjvena n biti nulis tolia, anu Tu Cven mxolod n bitian ricxvebs ganvixilavT da
ufro maRal bitebs ubralod vagdebT, nebismier ariTmetikul operacias 2n moduliT ariTmetikaSi
vatarebT, rac imas niSnavs, rom nebismieri 0 ≤ x < 2n ricxvisaTvis SegviZlia gamoviangariSoT iseTi
Sesabamisi y, rom x + y = 0 mod 2n, an, sxva sityvebiT rom vTqvaT, x ricxvis Sebrunebuli (uaryofiTi)
moduliT 2n.
bunebrivia SekiTxva: rogor SeiZleba gamoviangariSoT mocemuli x ricxvis Sebrunebuli y? Tu ganvi-
xilavT ricxvs 0 mod 2n = 2n = (11...1)2 + 12 mod 2n, SeiZleba davaskvnaT, rom x ricxvis Sebrunebulis
gamosaTvlelad unda gamoviangariSoT iseTi z ricxvi, rom x+ z = (11...1)2 da Semdeg y = z + 1.

savarjiSo 7.20: daamtkiceT, rom Tu mocemuli n bitiani x ricxvisTvis movZebniT iseT z ricxvs, rom

x+ z = (11...1)2, maSin x ricxvis Sebrunebuli (moduliT 2n) iqneba y = z + 1.

cxadia, Tu aviRebT x = (xn−1xn−2...x0)2, maSin z = x = (xn−1xn−2...x0)2.

savarjiSo 7.21: daamtkiceT, rom mocemuli x = (xn−1xn−2...x0)2 da z = (xn−1xn−2...x0)2 ricxvebisaTvis
WeSmaritia toloba x+ z = 0 mod 2n.

aqedan gamomdinare, x = (xn−1xn−2...x0)2 ricxvis Sebrunebulia y = x+1 mod 2n = (xn−1xn−2...x0)2+1 mod 2n.

yovelive zemoT Tqmulidan SeiZleba davaskvnaT, rom mocemuli a = (an−1an−2...a0)2 da b = (bn−1bn−2...b0)2
ricxvis sxvaobis gamosaTvlelad unda gamoviTvaloT Semdegi jami: d = a− b mod 2n = a+ b+ 1 mod 2n.
es ki nax. 7.7(a)-Si naCveneb sqemas mogvcems.

Addn

A B

1

1

Addn

A B

1 Addn

A B L

DDD
(a) (b) (g)

nax. 7.7: ori n bitiani ricxvis gamoklebis sqema (a), (b) da mimateba-gamoklebis kombinirebuli sqema (g)

aq Addn ori n bitiani ricxvis mimatebis sqemaa, romlis konkretuli realizacia am SemTxvevaSi mniSvne-
lovani araa.

savarjiSo 7.22: daamtkiceT, rom nax. 7.7(a)-Si naCveneb sqema marTlac A da B ricxvebis sxvaobas gamoi-
Tvlis.

radgan ¬x = x ⊕ 1, 7.7(a) da 7.7(b) naxazebSi naCvenebi sqemebi erTsa da igive Sedegs iZleva. aqedan gamom-
dinare, SesaZlebelia 7.7(g) naxazSi naCvenebi sqemiT Sekrebisa da gamoklebis erTiani sqemis Seqmna: Tu
makontrolebeli signali L = 1, Sesruldeba gamokleba, xolo Tu L = 0 — mimateba.

savarjiSo 7.23: daamtkiceT, rom ¬x = x⊕ 1 da x = x⊕ 0.

savarjiSo 7.24: daamtkiceT, rom Tu 7.7(g) naxazSi naCveneb sqemaSi makontrolebeli signali L = 1, Ses-
ruldeba gamokleba, xolo Tu L = 0 — mimateba.
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aRsaniSnavia, rom realur sistemebSi Sedegi D = (dn, dn−1...d0)2 (da saerTod ricxvebi) n + 1 bitiani
sityvebia, romlebSic ufrosi biti dn niSans gviCvenebs: Tu dn = 1, D ricxvi uaryofiTia, winaaRmdeg
SemTxvevaSi ki dadebiTi. magram Cven 2n moduliT ariTmetikuli operaciebiT SemovifarglebiT (niSnis
gareSe), riTic ufro advilia ZiriTadi principebis gageba da Semdgom sxvadasxva praqtikuli reali-
zaciis aTviseba.

7.4 n bitiani ricxvebis gamravleba

7.4.1 qveS miweriT gamravleba

YqveS miweriT gamravlebaA pirveli algoriTmia, romelsac skolaSi vswavlobT:

427 427 427 427×
613

×
613

×
613

×
613

1281 1281 1281 1281
4270 4270 4270

256200 256200
261751

A = (an−1...a0) da B = (bn−1...b0) ricxvebis gadasamravleblad gamoiangariSe Ck = 10k ·A · bk da maTi jami
C = C0+C1+· · ·+Cn−1. aRsaniSnavia, rom A·bk ricxvis gamosaTvlelad calke algoriTmia saWiro, xolo
10kx mocemuli x ricxvis k poziciiT marcxniv YCaCoCebasA niSnavs (an marjvniv Sesabamisi raodenobis
nulebis miweras).

savarjiSo 7.25: daamtkiceT, rom zemoT moyvanili qveS miweriT gamravlebis meTodi marTlac swor pa-
suxs iZleva.
miniSneba: B = (bn−1...b0) ricxvi warmoadgineT Semdegi jamis saxiT: B = 10n−1 · bn−1 + · · ·+ 100 · b0.

analogiurad SegviZlia gamoviangariSoT orobiTSi warmodgenili ricxvebis namravlic:

10110×
10011
10110

101100
0000000

00000000
101100000
110100010

cxadia, rom A = (an−1...a0) da B = (bn−1...b0) orobiTi ricxvis gamravlebis SemTxvevaSi Semdegnairad
unda moviqceT: gamoviangariSoT Ck = 2k ·A · bk = 2k ·A& bk da maTi jami C = C0 + C1 + · · ·+ Cn−1.

savarjiSo 7.26: aTobiTi ricxvebis algoriTmis analogiurad daamtkiceT am meTodis siswore.

savarjiSo 7.27: daamtkiceT, rom qveS miweriT gamravlebis meTodis operaciaTa raodenobis zeda zRva-

ria O(n2). ra aris misi bijebis raodenobis zeda zRvari? SeiZleba Tu ara am meTodis paralelizacia?

savarjiSo 7.28: ganixileT aTobiTSi Cawerili n bitiani ricxvebis qveS miweriT gamravlebis algo-
riTmiMultDecn da analogiuri algoriTmiMultBinn, romelic orobiTSi Caweril n bitian ricxvebs am-
ravlebs. ra gansxvavebaa C(MultDecn) da C(MultBinn) zeda zRvrebs Soris? T (MultDecn) da T (MultBinn)
zeda zRvrebs Soris? pasuxi daamtkiceT.

7.4.2 gamravlebis paraleluri meTodi: volesis xe (Wallace Tree)

1964 wels avstralielma mecnierma kris volesma (Chris Wallace) gamravlebis paralelizaciis idea wa-
moayena, romelsac Cvens magaliTze ganvixilavT.
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Ci cvladebi gamoviangariSoT rogorc qveS miweriT meTodSi:

10110×
10011

C0 10110
C1 101100
C2 0000000
C3 00000000
C4 101100000
C 110100010

daxsomebuli 001111100

a4,,a3,0a2,,a1,,a0,0×
b4,0b3,0b2,0b1,0b0,0

C0 c0,4c0,3c0,2c0,1c0,0
C1 c1,4c1,3c1,2c1,1c1,0c0,0
C2 c2,4c2,3c2,2c2,1c2,0c1,0c0,0
C3 c3,4c3,3c3,2c3,1c3,0c2,0c1,0c0,0
C4 c4,4c4,3c4,2c4,1c4,0c3,0c2,0c1,0c0,0
C c9,0c8,0c7,0c6,0c5,0c4,0c3,0c2,0c1,0c0,0

cvladebisaTvis SemovitanoT aRniSvna Ci = (ci,4ci,3ci,2ci,1ci,0)2 da yovel aseT ci,j cvlads vuwodoT 2i+j

rigis. aqedan gamomdinare, gveqneba 1 cali 20 = 1 rigis, 2 cali 21 rigis, sami 22 rigis, oTxi 23 rigis,
xuTi 24 rigis, iseve oTxi 25 rigis, sami 26 rigis, ori 27 rigis da erTi 28 rigis cvladi.
c0,0 cvladi pirdapir unda gadavides, rogorc saboloo pasuxis yvelaze dabali biti: c0 = c0,0 (20 rigis
cvladi mxolod erTia, ase rom, mas araferi emateba).
21 rigis cvladebi unda SevkriboT, Sedegad viRebT erT 21 rigis pasuxs (maT orobiT jams) da erT 22

rigis pasuxs (daxsomebul bits, romelic SemdegSi ufro maRali bitebis jams daemateba).
analogiurad vajamebT 22 rigis sam cvlads, pasuxad viRebT erT 22 rigis da erT 23 rigis bits.
am wesiT vajamebT 2i rigis cvladebs (ors an sams erTad) da Sedegad viRebT 2i da 2i+1 rigis bitebs,
romlebic Semdeg bijSi unda davajgufoT da igive wesiT avjamoT.
am process vimeorebT man am, sanam ar miviRebT yoveli rigSi or an erT bits. bolos Cveulebrivi
SemkrebiT vajamebT im nawils, romelic yoveli rigis or-ori bitisagan Sedgeba.
yovelive es sqematurad naCvenebia naxazSi 7.8.
aRsaniSnavia, rom HA ori bitis Semkrebi sqemaa, romelic a da b erT bitiani ricxvebis orobiT jams da
daxsomebul bits gamoiTvlis. faqtiurad es igive FA sqemaa, sadac C = 0.

savarjiSo 7.29: FA sqemis gamoyenebiT daxazeT HA sqema.

zemoT moyvanil meTods volesis xe ewodeba, radgan mis sqemas xis struqtura aqvs: yovel SreSi Sesa-
krebTa raodenoba iklebs. uxeSad rom daviTvaloT, sami Sesakrebi orze dadis.
misi ZiriTadi ideac esaa: HA sqemis gamoyenebiT sami Sesakrebi a, b, c or iseT Sesakrebze x, y daviyvanoT,
rom a+ b+ c = x+ 2y.

savarjiSo 7.30: maqsimum ramden bitiani ricxvi SeiZleba miviRoT ori n bitiani ricxvis gamravlebis
Sedegad?

7.4.3 karacuba-ofmanis gamravlebis meTodi

1960an wlebSi moskovSi momuSave maTematikosebma anatoli karacubam da iuri ofmanma gamravlebis me-
Todi SeimuSaves, romelmac operaciaTa raodenobis zeda zRvari O(n2)-ze ukeTesia, riTac mniSvnelo-
vani nabiji gadadges efeqturi algoriTmebis SemuSavebis TvalsazrisiT.

ZiriTadi idea martivia: Tu mocemulia ori n bitiani ricxvi A = (an−1...a0)2, B = (bn−1...b0)2 da veZebT
C = (c2n−1...c0)2 = A · B, jer monacemebi or tol nawila davyoT: A = (A1A0)2, B = (B1B0)2, sadac A1 =
(an−1...an

2
)2, A0 = (an

2−1...a0)2, B1 = (bn−1...bn
2

)2, B0 = (bn
2−1...b0)2.

miviRebT A = 2
n
2A1 +A0, B = 2

n
2B1 +B0 da

A ·B = (2
n
2A1 +A0)(2

n
2B1 +B0) =

= 2n ·A1B1 + 2
n
2 (A0B1 +A1B0) +A0B0.
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C0,0

C0,1

C1,0

HA

C0,2

C2,0

C1,1 FA

C0,3

C1,2

C2,1

FA

C0,4

C1,3

C2,2

FA

C3,1

C4,0

HA

d 1,1

d 1,2

d 1,2

d 1,3

C3,0
d 1,3

d 1,3

d 1,4

d 1,4

d 1,4

d 1,5

d 1,5

C4,4

C3,4

C4,3

HA

C2,4

C3,3

C4,2

FA

C1,4

C2,3

C3,2

FA
d 1,5

C4,1
d 1,5

d 1,6

d 1,6

d 1,7

d 1,7

d 1,8

d 1,8

HA

FA

FA

FA

HA

HA

HA

d 2,2

d 2,3

d 2,3

d 2,4

d 2,4

d 2,5

d 2,5

d 2,5

d 2,6

d 2,6

d 2,7

d 2,7

d 2,8

d 2,8

d 2,9

HA

HA

HA

HA

HA

FA

d 3,3

d 3,4

d 3,4

d 3,5

d 3,5

d 3,6

d 3,6

d 3,7

d 3,7

d 3,8

d 3,8

d 3,9

Add6

C0

C1

C2

C3

C4

C5

C6

C7

C8

C9

C10

nax. 7.8: ori 5 bitiani ricxvis gamravlebis volesis xis Semkrebi nawili

rogorc vxedavT, Casatarebelia 4 gamravleba, oRond ukve n
2 bitiani ricxvebis. Tu gamravlebis algo-

riTms aRvniSnavT rogorc Multn da mas rekursiulad gamoviyenebT, miviRebT elementebis raodenobis
Semdeg Sefasebas:

C(Multn) = 4 · C(Multn
2

) + 3 · C(Addn
2

) ∈ O(4logn) = O(nlog 4) = O(n2)

da, rogorc vxedavT, elementebis raodenobas ver vamcirebT. es ki imiTaa gamowveuli, rom zemoT moy-
vanil gamosaxulebaSi 4 gamravleba gvxvdeba. Tu ramenairad maT Semcirebas movaxerxebT, elementebis
raodenobis zeda zRvars kvadratulze ukeTess gavxdiT.

savarjiSo 7.31: daamtkiceT, rom C(Multn) = 4 · C(Multn
2

) + 3 · C(Addn
2

) ∈ O(4logn).
karacubam da ofmanma Semdegi ZiriTadi idea wamoayenes: zeda gamravlebis formulaSi A1 · B1 da A0 ·
B0 namravls gverds ver avuvliT. amitom frCxilebSi mocemul gamosaxuleba unda SevcvaloT iseTiT,
romelic erT axal gamravlebasa da A1 ·B1 da A0 ·B0 elementebs Seicavs.
misi gamoTvla Semdegnairad SeiZleba:
A0B1 +A1B0 = X −A1 ·B1 −A0 ·B0. aqedan gamomdinare,
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X = A0 ·B1 +A1 ·B0 +A1 ·B1 +A0 ·B0 = A0(B0 +B1) +A1(B0 +B1) = (A1 +A0) · (B1 +B0).

sabolood viRebT namravlis formulas:

A ·B = 2n ·A1 ·B1 + 2
n
2 ((A1 +A0) · (B1 +B0)−A1 ·B1 −A0 ·B0) +A0 ·B0.

erTi SexedviT gamosaxuleba ufro garTulda, magram imis gamo, rom A1 · B1 da A0 · B0 erTxel ukve
gamoviTvaleT, frCxilebSi myof gamosaxulebaSi misi axlad gamoTvla saWiro aRaraa, radgan aq misi
adre gamoTvlili mniSvnelobis gamoyenebaa SesaZlebeli.

sabolod viRebT elementTa raodenobis Semdeg Sefasebas:

C(Multn) = 3 · C(Multn
2

) + 4 · C(Addn
2

) + 2 · C(Subn
2

)

radgan C(Addk) = C(Subk) = const · k (rogorc vnaxeT, es ori operacia erTi da igive sqemiT SegviZlia
CavataroT), viRebT:

C(Multn) = 3 · C(Multn
2

) + 6 · C(Addn
2

) = 3 · C(Multn
2

) + const · n ∈ O(3logn) = O(nlog 3).

amiT damtkicda, rom SesaZlebelia gamravlebis operaciis kvadratulze ukeTes elementebis raodeno-
biT Catareba, rac Tavis droze Zalian mniSvnelovani Sedegi iyo.

savarjiSo 7.32: daamtkiceT, rom 3 · C(Multn
2

) + const · n ∈ O(nlog 3).



Tavi 8

dinamikuri programireba

8.1 fibonaCis ricxvebis moZebna

ganvixiloT amocana: dawereT programa, romelic gaarkvevs ramdennairi gansxvavebuli gziT SeiZleba
kibis me-20 safexurze asvla, Tuki yovel svlaze SesaZlebelia erTi an ori safexuriT gadaadgileba.
cxadia, rom nebismier i-ur safexurze SesaZlebelia movxvdeT mxolod wina ori i-1 da i-2 safexuridan.
Tuki gvecodineba, ramdeni gansxvavebuli gziT SeiZleba movxvdeT am or safexurze, maSin i-ur safex-
urze misvlis variantebis raodenoba maTi jami iqneba. aseTi daskvnis safuZvels gvaZlevs is faqti, rom
i-2 safexuridan - or safexurze, xolo i-1 safexuridan erT safexurze anacvlebiT avalT i-ur safex-
urze. is varianti, romliTac i-2 safexuridan i-1-ze SeiZleba asvla, ukve gaTvaliswinebuli iqneba i-1-e
safexurze asvlis variantTa raodenobaSi. maSasadame, adgili aqvs rekurentul formulas:

RAOD(i) = RAOD(i− 1) +RAOD(i− 2)

radgan pirvel safexurze mxolod erTi gziT SeiZleba moxvedra, xolo meoreze - ori gziT (pirdapir
or safexurze anacvlebiT da pirveli safexuridan erT safexurze anacvlebiT), SegviZlia ganvsazRv-
roT, rom RAOD(1)=1 da RAOD(2)=2. yvela danarCeni wevris gamosaTvlelad ki Tanmimdevrulad Sevav-
soT erTganzomilebiani 17-elementiani masivi:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597 2584

SevniSnoT, rom miiReba fibonaCis mimdevroba, romelsac pirveli wevri aklia. Cvens mier rekursiuli
gziT amoxsnili amocana, SedarebiT martivi gziT amoixsna da amasTanave, amocanis muSaobis dro amoca-
nis zomis proporciulia, radgan saboloo pasuxamde saSualedo mniSvnelobebi masivSi davimaxsovreT.
amocanebis amoxsnis aseT meTods, rodesac yovel bijze Tvlis dros miRebuli saSualedo Sedegebis
damaxsovreba xdeba specialur cxrilSi da es Sedegebi gamoiyeneba momdevno bijebis gamoTvlisas, uwo-
deben dinamikuri programirebis meTods.
Cvens mier gamoyenebul meTods hqonda damatebiTi specifika, radgan am funqciis mocemuli mniSvnelo-
bis gamosaTvlelad Cven aseve gamovTvaleT yvela saSualedo mniSvneloba, dawyebuli sabazodan (i=1 da
i=2), da yovel jerze adre gamoTvlil mniSvnelobebs viyenebdiT mimdinare mniSvnelobis gamosaTvle-
lad. am teqnologias ewodeba aRmavali dinamikuri programireba (bottom-up dynamic programming).
daRmavali dinamikuri programireba (top-down dynamic programming) kidev ufro martivi teqnologiaa,
rac saSualebas iZleva avtomaturad Sesruldes rekursiuli funqciebi iteraciaTa igive (an ufro
mcire) raodenobisas, rac saWiroa aRmavali dinamikuri daprogramebis SemTxvevaSi. amasTan, rekur-
siul programaSi unda Caidos instrumentaluri saSualebebi, rom davimaxsovroT saSualedo Sedegebi
da Semdeg SevamowmoT Senaxuli mniSvnelobebis arseboba romelime monacemis xelmeored gamoTvlis
Tavidan acilebis mizniT.

8.2 dinamikuri programirebis amocanebis specifika

dinamikuri programirebis zogadi principebi pirvelad aRwera amerikelma maTematikosma riCard bel-
manma meoce saukunis 50-ian wlebSi da es meTodi dReisaTvis warmoadgens erT-erT yvelaze mZlavr
saSualebas sxvadasxva saxis amocanebis amosaxsnelad.

85
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tipur SemTxvevebSi, dinamikuri programirebis meTodi gamoiyeneba optimizaciis amocanebis amosaxs-
nelad. ra Tvisebebi unda hqondes amocanas, ra tipis amocanebisTvisaa SesaZlebeli am meTodis gamo-
yeneba? optimaluri qvestruqtura (optimal substructure) da qveamocanebis gadafarva (overlapping sub-
problems) aris ori ZiriTadi niSani, riTic unda xasiaTdebodes amocana, rom misTvis gamoyenebul iqnas
dinamikuri programirebis meTodi.
amboben, rom amocanas aqvs optimaluri qvestruqtura, Tu amocanis optimaluri amonaxsni Seicavs misi
romelime (an ramdenime) qveamocanis optimalur amonaxsns. imisaTvis, rom davrwmundeT, rom amocanas
aqvs es Tviseba, unda vaCvenoT, rom qveamocanis amonaxsnis gaumjobeseba aumjobesebs sawyisi amocanis
amonaxsnsac. qveamocanebis gadafarvis Tviseba amocanisTvis niSnavs, rom mas ara aqvs qveamocanebis
"didi raodenoba", im azriT, rom rekursiuli algoriTmiT xdeba erTi da igive qveamocanebis amoxsna
da ar warmoiqmneba axali qveamocanebi. es saSualebas iZleva qveamocana amoixsnas mxolod erTxel da
moxdes misi damaxsovreba.
dinamikuri programirebis meTodiT amocanis amoxsnis procesi SeiZleba davyoT 4 etapad:

1. optimaluri amonaxsnis struqturis aRwera

2. rekurentuli Tanafardobis povna qveamocanebsa da optimalur amonaxsns Soris

3. aRmavali dinamikuri programirebis gamoyenebiT, qveamocanebis optimaluri mniSvnelobebis gamo-
Tvla

4. wina etapebze miRebuli informaciis safuZvelze optimaluri amonaxsnis ageba

optimaluri amonaxsnis struqturis aRweris Sedegad davadgenT kavSirs qveamocanebisa da sawyisi amo-
canis optimalur amonaxsnebs Soris, Semdeg, qveamocanebis optimaluri amonaxsnebis saSualebiT, av-
agebT sawyisi amocanis amonaxsns. rekurentuli Tanafardobis aRweriT dadgindeba optimaluri amo-
canis Rirebuleba qveamocanebis optimaluri amonaxsnebis terminebSi. Tu amocana akmayofilebs qveamo-
canebis gadafarvis Tvisebas da mravalgzis gvixdeba erTi da igive qveamocanis amoxsna, aseT dros Zir-
iTadi teqnikuri saSualebaa - davimaxsovroT qveamocanis amonaxsnebi im SemTxvevisaTvis, roca isini
isev Segvxvdeba. maT amosaxsnelad gamoviyenoT aRmavali dinamikuri programirebis meTodi. bolos,
arsebuli informaciis safuZvelze avagebT optimalur amonaxsns.

8.3 ugrZesi gzis povna ricxvebis samkuTxa cxrilSi

ganvixiloT sur. 8.1-ze gamosaxulia ricxvebisagan agebuli samkuTxedi. dawereT programa, romelic
ipovis samkuTxedis zeda wverodan dawyebul da mis fuZeze damTavrebul gzebis sigrZeebs Soris maqsi-
malurs. gzis sigrZed iTvleba masze ganlagebuli ricxvebis jami.

7

3 8

8 1 0

2 7 4 4

4 5 2 6 5

nax. 8.1

• yoveli biji gzaze keTdeba diagonalurad qvemoT da marcxniv an diagonalurad qvemoT da marjvniv

• striqonTa raodenoba samkuTxedSi metia 1-ze da naklebia an tolia 1000-ze

• samkuTxedi Sedgeba mTeli ricxvebisagan 0-dan 99-mde

didi moculobis Semavali monacemebisaTvis maTi realizacia SesaZlebelia erTganzomilebian masivSic,
magram amocanaSi mocemuli parametrebisaTvis organzomilebiani masivis (zomiT 1000×1000) gamoyenebac
SeiZleba. marTalia, aseT masivSi elementebis didi nawili NIL mniSvnelobis iqneba (Cveni amocanisTvis
gamodgeboda, vTqvaT -1) da manqanur mexsierebas usargeblod daikavebs, samagierod Tavidan avicilebT
mezobeli elementebis formulebiT gamoTvlas, rac erTganzomilebian masivSia saWiro.
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mocemuli magaliTisaTvis, vTqvaT, Cven ukve SevarCieT maqsimaluri gza pirvel oTx striqonSi da mxo-
lod mexuTe striqonSi dagvrCa ricxvi asarCevi. Tuki Cven vdgavarT meoTxe striqonis pirvel ele-
mentze (ricxvi 2), maSin unda avirCioT 4-sa da 5-s Soris udidesi da misken gavagrZeloT moZraoba, Tuki
vdgavarT meoTxe striqonis meore elementze (ricxvi 7), unda avirCioT udidesi 5-sa da 2-s Soris da
masze gadavideT da a.S. cxadia, rom boloswina striqonidan svlis gakeTebisas nebismier SemTxvevaSi or
qveda mezobels Soris udidesi unda avirCioT. aqedan gamomdinareobs, rom Tuki boloswina striqonis
TiToeul elements winaswar davumatebT or qveda mezobelTagan udidess da bolo striqons saerTod
gavauqmebT - miviRebT imave maqsimaluri sigrZis mqone samkuTxeds, rogoric Tavdapirvelad gvqonda
mocemuli. Tuki axali samkuTxedisTvisac gavimeorebT igive qmedebas, samkuTxedis zoma kidev erTi
striqoniT Semcirdeba da ase gavagrZelebT manam, sanam ar dagvrCeba mxolod zeda wvero, romelSic
ukanasknel bijze Cawerili ricxvi warmoadgens Cveni amocanis amonaxsns.

7
3 8

8 1 0
2 7 4 4

4 5 2 6 5

(a)

7
3 8

8 1 0
7 12 10 10

4 5 2 6 5

(b)

7
3 8

20 13 10
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4 5 2 6 5

(c)

7
23 21

20 13 10
7 12 10 10

4 5 2 6 5

(d)

30
23 21

20 13 10
7 12 10 10

4 5 2 6 5

(e)

nax. 8.2

analogiur Sedegs miviRebdiT, Tuki vimoZravebdiT samkuTxedis zeda wverodan fuZisaken Semdegi prin-
cipiT: Tu meore striqonSi moTavsebul elements hyavs mxolod erTi zeda mezobeli, am ukanasknelis
mniSvnelobas vumatebT mas, xolo Tu ori zeda mezobeli hyavs - vumatebT maT Soris udidess. roca
meore striqonis yvela elements ase gardavqmniT, vauqmebT pirvel striqons da process vimeorebT.
sur. 8.3-ze mocemulia am algoriTmis muSaoba (sawyisi samkuTxedi igivea):

7
3 8

8 1 0
2 7 4 4

4 5 2 6 5

(a)

7
10 15

8 1 0
2 7 4 4

4 5 2 6 5

(b)
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(c)

7
10 15
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20 25 20 19

4 5 2 6 5

(d)

7
10 15

18 16 15
20 25 20 19

24 30 27 26 24

(e)

nax. 8.3

gansxvavebiT pirveli algoriTmisagan (roca fuZidan wverosaken vmoZraobdiT) aq pirdapir pasuxs ver
vRebulobT da saWiroa maqsimaluri elementis povna ukanasknel striqonSi. orive algoriTmSi ikargeba
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moZraobis marSruti da mis aRsadgenad saWiroa Sedegamde ganvlil gzaze ukan dabruneba da yovel
bijze imis Semowmeba, Tu romeli wevridan movediT mocemul elementze.
analogiuri algoriTmiT - yovel bijze minimaluri elementebis SekrebiT, SesaZlebelia minimaluri
jamis povnac.

8.4 udidesi saerTo qvemimdevrobis povna

dinamikuri programirebis klasikur nimuSs warmoadgens e.w. udidesi saerTo qvemimdevrobis povnis
amocana:
vityviT, rom mocemuli mimdevrobidan miviReT qvemimdevroba, Tu mimdevrobis zogierTi elementi wavSa-
leT, xolo darCenil elementebze SenarCunebulia rigi (Tavad mimdevrobac iTvleba sakuTar qvemimde-
vrobad). maTematikuri formulirebiT: Z = (z1, z2, . . . , zk) mimdevrobas ewodeba X = (x1, x2, . . . , xn) mimde-
vrobis qvemimdevroba (subsequence), Tu arsebobs (i1, i2, . . . , ik) indeqsTa mkacrad zrdadi mimdevroba, rom-
lisTvisac zj = xij , yvela j = 1, 2, . . . , k-saTvis. magaliTad, Z = (B,C,D,B) aris X = (A,B,C,B,D,A,B)
mimdevrobis qvemimdevroba. indeqsTa Sesabamisi mimdevrobaa (2, 3, 5, 7). SevniSnoT, rom maTematikisagan
gansxvavebiT, laparakia mxolod sasrul mimdevrobebze.
vityviT, rom Z mimdevroba warmoadgens X da Y mimdevrobebis saerTo qvemimdevrobas (common subse-
quence), Tu Z warmoadgens rogorc X-is, aseve Y -is qvemimdevrobas. magaliTad, X = (A,B,C,B,D,A,B),
Y = (B,D,C,A,B,A), Z = (B,C,A). am magaliTSi Z mimdevroba ar aris udidesi X-isa da Y -is saerTo
qvemimdevrobaTa Soris - Z = (B,C,B,A) mimdevroba ufro grZelia. Tavad (B,C,B,A) mimdevroba ki
udidess warmoadgens X-isa da Y -is saerTo qvemimdevrobaTa Soris, radgan 5 sigrZis mqone saerTo
qvemimdevroba ar arsebobs. udidesi saerTo qvemimdevroba SeiZleba ramdenime iyos, mag.: (B,D,A,B)
sxva udidesi saerTo qvemimdevrobaa mocemuli X-isa da Y -saTvis.
udidesi saerTo qvemimdevrobis (SemoklebiT usq, LCS=longest-common-subsequence) amocana mdgomareobs
imaSi, rom mocemuli X da Y mimdevrobebisaTvis vipovoT udidesi sigrZis mqone saerTo qvemimdevroba.
es amocana ixsneba dinamikuri programirebis meTodiT.
Tuki usq-is amocanas amovxsniT sruli gadarCeviT, algoriTms dasWirdeba eqsponencialuri dro,
radgan m sigrZis mimdevroba Seicavs 2m qvemimdevrobas (imdenives, ramden qvesimravlesac Seicavs
{1, 2, . . . ,m} simravle). magram rogorc qvemoT moyvanili Teorema gviCvenebs, usq-is amocanas aqvs op-
timalurobis Tviseba qveamocanebisaTvis. qveamocanebad SegviZlia ganvixiloT mocemuli ori mimde-
vrobis prefiqsebis wyvilTa simravleebi. vTqvaT, X = (x1, x2, . . . , xm) raRac mimdevrobaa. misi i sigrZis
prefiqsi aris mimdevroba X = (x1, x2, . . . , xi), sadac i moTavsebulia 0-dan m-mde. magaliTad, Tu X =
(A,B,C,B,D,A,B), maSin X4 = (A,B,C,B), xolo X0 carieli qvemimdevrobaa.

Teorema 8.1. (usq-is agebulebis Sesaxeb). vTqvaT Z = (z1, z2, . . . , zk) erT-erTi udidesi saerTo qvemimde-
vrobaa X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebisaTvis. maSin:

1. Tu xm = yn, maSin zk = xm = yn da Zk−1 warmoadgens usq-is Xm−1-isa da Yn−1-saTvis

2. Tu xm 6= yn da zk = xm maSin Z warmoadgens usq-is Xm−1-isa da Y -saTvis

3. Tu xm = yn da zk = yn maSin Z warmoadgens usq-is X-isa da Yn−1-saTvis.

Proof. 1. vTqvaT, xm = yn. rom sruldebodes zk = xm, maSin Z mimdevrobisTvis xm = yn elementis mi-
matebiT, miviRebdiT X da Y mimdevrobebis k+1 sigrZis saerTo qvemimdevrobas, rac ewinaaRmdegeba
pirobas. e.i. zk = xm = yn. amitom, Zk−1 aris k − 1 sigrZis Xm−1-s da Yn−1-s saerTo qvemimdevroba.
vaCvenoT, rom is udidesi saerTo qvemimdevrobaa. davuSvaT sawinaaRmdego, vTqvaT, arsebobs Xm−1
da Yn−1 mimdevrobebis, (k − 1)-ze grZeli saerTo qvemimdevroba, maSin Tu mas mivuwerT xm = yn
elements, miviRebT X da Y mimdevrobebis saerTo qvemimdevrobas, romelic k-ze grZelia, rasac
mivyavarT winaaRmdegobamde.

2. vTqvaT, xm 6= yn, radgan zk 6= xm amitom Z warmoadgens Xm−1-s da Y -s saerTo qvemimdevrobas. va-
CvenoT, rom is udidesi saerTo qvemimdevrobaa. rom arsebobdes Xm−1-s da Y -s k-ze grZeli saerTo
qvemimdevroba, maSin is, agreTve, iqneboda X-s da Y -s saerTo qvemimdevroba, rac ewinaaRmdegeba
imas, rom Z aris X-s da Y -s usq.

3. mtkicdeba 2-s analogiurad.
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am Teoremidan Cans, rom ori mimdevrobis usq Seicavs maTive prefiqsebis usq-s. aqedan SeiZleba davaskv-
naT, rom usq-is amocanas aqvs optimaluri qvestruqtura. rogorc qvemoT vnaxavT, adgili aqvs qveamo-
canebis gadafarvasac.
Teorema 6.1 gviCvenebs, rom usq-is povna X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebisaTvis
dadis an erTi, an ori qveamocanis amoxsnaze. Tu xm = yn, maSin sakmarisia vipovoT Xm−1-isa da Yn−1-is
usq da mas mivuweroT xm = yn. Tu xm 6= yn, maSin unda amoixsnas ori qveamocana: vipovoT usq Xm−1-isa
da Y -saTvis, vipovoT aseve usq X-isa da Yn−1-saTvis da maT Soris udidesi iqneba X-isa da Y -is usq.
zemoT Tqmulidan cxadi xdeba, rom warmoiqmneba qveamocanebis gadafarva, radgan rom vipovoT X-isa da
Y -is usq, Cven SeiZleba dagvWirdes Xm−1-isa da Y -is, aseve X-isa da Yn−1-is usq-ebis povna, TiToeuli am
amocanidan Seicavs Xm−1-isa da Yn−1-is usq-is povnis qveamocanas. analogiuri gadafarvebi Segvxvdeba
sxva SemTxvevebSic.
avagoT rekurentuli Tanafardoba optimaluri amonaxsnis RirebulebisaTvis. c[i, j]-Ti aRvniSnoT usq-
is sigrZe Xi da Yj mimdevrobebisaTvis. Tu i an j tolia 0-is, maSin ori mimdevrobidan erT-erTi carielia
da c[i, j] = 0. zemoT Tqmuli SeiZleba ase Caiweros:

c[i, j] =


0 Tu i = 0 an j = 0

c[i− 1, j − 1] + 1 Tu i, j > 0 da xi = yj

max(c[i, j − 1], c[i− 1, j]) Tu i, j > 0 da xi 6= yj

rekurentuli Tanafardobidan gamomdinare, sirTules ar warmoadgens rekursiuli algoriTmis daw-
era, romelic eqsponencialur droSi moZebnida usq-is sigrZes ori mocemuli mimdevrobisaTvis. magram
radgan gansxvavebuli qveamocanebis raodenobamn-s proporciulia, umjobesia dinamikuri programire-
bis gamoyeneba.
LCS-LENGTH algoriTmis Semavali monacemebia X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebi.
c[i, j] ricxvebi Caiwereba c[0..m, 0..n] cxrilSi Semdegnairad: jer Seivseba marcxnidan marjvniv pirveli
striqoni, Semdeg meore da a.S. garda amisa algoriTmi b[1..m, 1..n] cxrilSi imaxsovrebs c[i, j]-is "warmo-
mavlobas". b[i, j] ujredSi Seitaneba isari, romelic miuTiTebs Semdegi sami ujredidan erT-erTis koor-
dinatebs: (i−1, j−1), (i−1, j) an (i, j−1), imisda mixedviT Tu risi tolia c[i, j] Sesabamisad - c[i−1, j−1]+1,
c[i−1, j] Tu c[i, j−1]. algoriTmis muSaobis Sedegebia c da b cxrilebi. moviyvanoT Sesabamisi fsevdokodi:

Algorithm 19: Longest Common Subsequence Length

Input: simboloebis ori mimdevroba
Output: udidesi saerTo qvemimdevroba da misi sigrZe

1 LCS-LENGTH(X, Y) :

2 m = len(X);

3 n = len(Y);

4 for i=0; i<=m; i++ :
5 c[i][0] = 0;

6 for j=1; j<=n; j++ :
7 c[0][j] = 0;

8 for i=1; i<=m; i++ :
9 for j=1; j<=n; j++ :

10 if X[i] == Y[i] :
11 c[i][j] = c[i-1][j-1] + 1;

12 b[i][j] = ↖;

13 elif c[i-1][j] >= c[i][j-1] :
14 c[i][j] = c[i-1][j];

15 b[i][j] = ↑;
16 else:
17 c[i][j] = c[i][j-1];

18 b[i][j] = ←;

19 return c, b;

qvemoT naCvenebia LCS-LENGTH algoriTmis muSaoba X =< A,B,C,B,D,A,B > da Y =< B,D,C,A,B,A >
mimdevrobebisaTvis. b da c cxrilebi gaerTianebulia da (i, j) koordinatebis mqone ujredSi Cawerilia
ricxvi c[i, j] da isari b[i, j]. ricxvi 4 cxrilis qveda marjvena ujredSi warmoadgens usq-is sigrZes. am
pasuxis miRebis gza nax. 3-ze ruxi feriTaa naCvenebi.
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j 0 1 2 3 4 5 6

i yi B D C A B A

0 xi 0 0 0 0 0 0 0

1 A 0 0↑ 0↑ 0↑ 1↖ 1← 1↖
2 B 0 1↖ 1← 1← 1↑ 2↖ 2←
3 C 0 1↑ 1↑ 2↖ 2← 2↑ 2↑
4 B 0 1↖ 1↑ 2↑ 2↑ 3↖ 3←
5 D 0 1↑ 2↖ 2↑ 2↑ 3↑ 3↑
6 A 0 1↑ 2↑ 2↑ 3↖ 3↑ 4↖
7 B 0 1↖ 2↑ 2↑ 3↑ 4↖ 4↑

nax. 8.4

LCS-LENGTH algoriTmis muSaobis droa O(mn). TiToeuli ujredis Sesavsebad saWiroa O(1) biji.

usq-is sigrZis povnis Semdeg b cxrilis saSualebiT SegviZlia davadginoT Tavad usq. amisaTvis saWiroa
b[m,n] ujredidan davbrundeT ukan da vipovoT ↖ isrebi. amis realizacias axdens rekursiuli proce-
dura PRINT-LCS.

Algorithm 20: Print Longest Common Subsequence

Input: LCS-LENGTH(X,Y)-iT gamoTvlili b matrica, X simboloebis mimdevroba, rekursiis
gamoZaxebisas i = |X| da j = |Y |

Output: beWdavs udides saerTo qvemimdevrobas

1 PRINT-LCS(b, X, i, j) :

2 if i == 0 or j == 0 :
3 return ;

4 if b[i][j] == ↖ :
5 PRINT-LCS(b, X, i-1, j-1);

6 print(X[i]);

7 elif b[i][j] == ↑ :
8 PRINT-LCS(b, X, i-1, j);

9 else:
10 PRINT-LCS(b, X, i, j-1);

moyvanili magaliTisaTvis procedura dabeWdavs BCBA-s. proceduris muSaobis droa O(m+n), radgan
yovel bijze mcirdeba an m, an n. usq-is is amocanaze msjelobis dasasruls, SevniSnoT, rom Sesa-
Zlebelia algoriTmis gaumjobesebac. magaliTad, Cvens SemTxvevaSi SeiZleboda b masivi saerTod ar
gamogveyenebina da usq c masivis gadamowmebiT dagvedgina. nebismieri c[i][j] ricxvisaTvis mogviwevda
Segvemowmebina c[i-1][j], c[i][j-1] da c[i-1][j-1] ujredebi, risTvisac O(1) droa saWiro. maSasadme, usq-is povna
igive O(m+n) droSi erTi cxriliTac SeiZleboda.

8.5 matricaTa mimdevrobis gadamravlebis amocana

oriAdaB matrica SeiZleba gadamravldes mxolod maSin, TukiA matricis svetebis raodenoba emTxveva
B matricis striqonebis raodenobas. Tu A matricis zomebia p×q da B matricis zomebia q×r, maSin maTi
gadamravlebiT miiReba p×r zomis C matrica. operaciebis raodenoba gadamravlebis standartul algo-
riTmSi aris pqr-is proporciuli, radgan namravlis formula Seicavs sam erTmaneTSi Cadgmul cikls.
vTqvaT, saWiroa n cali matricis A1, A2, . . . , An erTmaneTze gadamravleba. am amocanis gadasawyvetad wi-
naswar saWiroa frCxilebis srulad ganTavseba, raTa ganisazRvros gamravlebaTa Tanmimdevroba. Cven
vityviT, rom matricaTa namravlSi frCxilebi sruladaa ganTavsebuli, Tu es namravli Sedgeba an er-
TaderTi matricisagan, an aris frCxilebSi moTavsebuli, ori srulad ganTavsebuli frCxilebis mqone
matricaTa namravlis namravli. magaliTad oTxi A1A2A3A4 matricis namravlSi frCxilebi SesaZloa
xuTnairad ganTavsdes:
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(A1(A2(A3A4))) (A1((A2A3)A4)) ((A1A2)(A3A4)) ((A1(A2A3))A4) (((A1A2)A3)A4)

radgan matricebis namravli asociaciuria, saboloo Sedegi yovelTvis erTi da igivea, magram Catare-
buli operaciebis raodenobis mixedviT variantebi SeiZleba mkveTrad gansxvavdebodnen. magaliTad,
sami < A1, A2, A3 > matrica SeiZleba ornairad gadavamravloT: ((A1A2)A3) da (A1(A2A3)). vTqvaT, ma-
tricebis zomebia Sesabamisad 10 × 100, 100 × 5 da 5 × 50. ((A1A2)A3) ganlagebiT saWiroa 10 × 100 × 5 +
10 × 5 × 50 = 7500 operacia, xolo (A1(A2A3)) ganlagebiT - 100 × 5 × 50 + 10 × 100 × 50 = 75000 operacia.
maSasadame, pirveli gziT gamravleba 10-jer ufro momgebiania.
matricaTa mimdevrobis gadamravlebis amocana (matrix-chain multiplication problem) SeiZleba ase
Camoyalibdes: vTqvaT, mocemulia n cali matricisagan Semdgari < A1, A2, . . . , An > mimdevroba, ro-
melTa zomebic gansazRvrulia. (Ai matricis zomebia pi−1 × pi). saWiroa moiZebnos frCxilebis iseTi
sruli ganTavseba, rom matricaTa mimdevrobis gadamravlebisas Sesruldes minimaluri raodenobis
gamravlebis operacia. am amocanis gadasawyvetad sruli gadarCeva ar gamodgeba, radgan variante-
bis raodenoba eqsponencialuradaa damokidebuli matricebis raodenobaze. amis dasamtkiceblad ma-
tricebis mocemuli mimdevroba SegviZlia davyoT 3-3 wevrian jgufebad. TiToeul jgufSi namravlis
gamosaTvlelad arsebobs ori varianti. maSasadame 3n matricisaTvis iarsebebs aranakleb 2n variantisa.
vcadoT amocanis amoxsna dinamikuri programirebis meTodiT.
gamoyenebadia Tu ara dinamikuri programireba? aRvweroT optimalur amonaxsnTa struqtura. aRvniS-
noT Ai..j-iT matricebis namravli AiAi+1 . . . Aj . A1A2 . . . An namravlSi frCxilebis optimaluri ganTavseba
ganapirobebs iseTi k-s arsebobas, (1 ≤ k < n) rom yvela matricis namravlis gamosaTvlelad Cven jer
viTvliT A1..k da Ak+1..n namravlebs, xolo Semdeg maT vamravlebT erTmaneTze da viRebT optimalur nam-
ravls A1..n. amgvarad, aseTi optimaluri ganTavsebis Rirebuleba aris A1..k-is gamoTvlis Rirebuleba,
plus Ak+1..n-is gamoTvlis Rirebuleba, plus maTi gamravlebis Rirebuleba.
rac ufro naklebi iqneba gamravlebis operaciebis raodenoba A1..k da Ak+1..n namravlebis gamoTvlisas,
miT ufro naklebi iqneba gamravlebaTa saerTo raodenoba. aqedan gamomdinare, SegviZlia davaskvnaT,
rom matricaTa mimdevrobis gadamravlebis optimaluri amonaxsni iyenebs qveamocanaTa optimalur amon-
axsnebs. es niSnavs, rom SegviZlia gamoviyenoT dinamikuri programirebis meTodi.
rekurentuli Tanafardoba. axla gamovsaxoT optimaluri amonaxsnis Rirebuleba qveamocanebis op-
timaluri amonaxsnebiT. aseT qveamocanebs warmoadgenen Ai..j namravlebis gamoTvlisTvis frCxilTa
optimaluri ganTavsebis amocanebi, sadac 1 ≤ i ≤ j ≤ n. aRvniSnoT m[i, j]-iT namravlTa minimaluri rao-
denoba, romelic saWiroa Ai..j-is gamosaTvlelad. SevniSnoT, rom mTeli A1..n namravlis Rirebuleba
iqneba m[1, n].
m[i, j] ricxvebi ase gamoiTvleba. Tu i = j, maSin m[i, i] = 0, radgan mimdevroba erTi matricisagan Sedgeba
da gamravleba saWiro araa. Tu i < j, maSin visargebloT ukve ganxiluli optimaluri amonaxsnis struq-
turiT. vTqvaT m[i, j]-is gamoTvlis procesSi yvelaze bolos xdeba Ai..k da Ak+1..j namravlebis gadam-
ravleba, sadac i ≤ k < j. radgan Ai..kAk+1..j-is gamosaTvlelad saWiroa pi−1pkpj gamravlebis Sesruleba,
cxadia, rom

m[i, j] = m[i, k] +m[k + 1, j] + pi−1pkpj

am Tanafardobis miRebisas Cven vgulisxmobdiT, rom CvenTvis cnobilia k-s optimaluri mniSvneloba.
radgan igi winaswar cnobili ver iqneba (mis Sesaxeb winaswar cnobili mxolod isaa, rom i ≤ k < j da
k-m SeiZleba miiRos mxolod j − i gansxvavebuli mniSvneloba. maT Soris erT-erTi optimaluria da mis
sapovnelad saWiroa gadavarCioT es mniSvnelobebi. miviReT rekurentuli formula:

m[i, j] =

{
0 roca i = j

mini≤k<j{m[i, k] +m[k + 1, j] + pi−1pkpj} roca i < j

m[i, j] ricxvebi qveamocanebis optimaluri amoxsnebis Rirebulebebia. es rekurentuli Tanadoba misi
gamoTvlis saSualebas gvaZlevs, magram radgan Cven gvinda ara marto optimaluri Rirebuleba, aramed
misi miRwevis gzis codnac (anu frCxilebis ganTavsebis optimaluri rigi), dagvWirdeba kidev erTi
aRniSvna s[i, j] = k, romlisTvisac m[i, j] = m[i, k] +m[k + 1, j] + pi−1pkpj .
optimaluri Rirebulebis gansazRvra rekursiiT, dinamikuri programirebis gareSe. wina bijze miRe-
buli rekurentuli Tanafardobis mixedviT iolad SeiZleba rekursiuli algoriTmis ageba, Tumca misi
muSaobis dro, sruli gadarCevis msgavsad, eqsponencialurad iqneba damokidebuli n-is mniSvnelobaze.
droSi namdvil mogebas mxolod maSin vnaxavT, Tu gamoviyenebT im faqts, rom qveamocanebis ricxvi
mcirea da ar aRemateba n2-s. rekursiuli algoriTmi, romlis fsevdokodi qvemoTaa moyvanili, mxolod
zemoT moyvanil rekurentul Tanadobas eyrdnoba da amitom uwevs erTi da igive qveamocanis mravaljer
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amoxsna rekursiuli xis sxvadasxva ganStoebaSi, swored amiTaa ganpirobebuli misi muSaobis eqsponen-
cialuri dro.

Algorithm 21: Matrix Chain Multiplication (Recursive)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n], funqciis gamoZaxebisas i=1 da j=n
Output: i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri operaciebis

raodenoba

1 REC-MAT-CHAIN(p, i, j) :

2 if i == j :
3 return 0;

4 m[i][j] = ∞;

5 for k=i; k<=j-1; k++ :
6 q = REC-MAT-CHAIN(p,i,k) + REC-MAT-CHAIN(p,k+1,j) + p[i-1]p[k]p[j];

7 if q < m[i][j] :
8 m[i][j] = q;

9 return m[i][j];

(cxadia, ∞-is nacvlad vwerT udides ricxvs im tipis ricxvebs Soris, romelsac ekuTvnis am funqciis
mniSvnelobaTa simravle). nax. 4-ze mocemulia rekursiis xe REC-MAT-CHAIN(p,1,4)-isaTvis. yovel
wveroSi Cawerilia i-s da j-s mniSvnelobebi. ruxi feriT aRniSnulia is wveroebi, romelTa mniSvnelobe-
bis gamoTvla ganmeorebiT xdeba. cxadia, rom es algoriTmi Sorsaa optimalurisgan, risi mizezic aris
is, rom erTi da igive qveamocana mravaljer ixsneba Tavidan. dinamikuri programirebis meTodiT Sei-
Zleba amis Tavidan acileba.

1..4

1..1 2..4

2..2 3..4

3..3 4..4

2..3

2..2 3..3

4..4

1..2

1..1 2..2

3..4

3..3 4..4

1..3

1..1 2..3

2..2 3..3

1..2

1..1 2..2

3..3

4..4

optimaluri Rirebulebis gansazRvra dinamikuri programirebis meTodiT "qvemodan zemoT". vnaxoT
Tu rogor SeiZleba gamovTvaloT s[i][j] da m[i][j] ricxvebi meTodiT "qvemodan zemoT" (e.i. dawyebuli
umartivesidan, jer amovxsnaT yvelaze martivi qveamocanebi, Semdeg ki maTi saSualebiT ufro rTulebi
da a.S.).
m funqciis mniSvnelobebis gamoTvlisas, algoriTmi Tanmimdevrulad wyvets amocanas frCxilebis
optimaluri ganTavsebis Sesaxeb 1, 2, . . . , n TanamamravlisaTvis. formulidan Cans, rom j-i+1 matricis
gadamravlebis Rirebuleba - ricxvi m[i][j], damokidebulia mxolod j-i+1 ricxvze naklebi matricebis
gadamravlebis Rirebulebebze. kerZod, k = i, i + 1, . . . , j − 1 mniSvnelobebisaTvis vRebulobT, rom Ai..k
aris k-i+1 ¡ j-i+1 matricis namravli, xolo Ak+1..j - j-k ¡ j-i+1 matricis namravli.
Tavidan (str. 2) viRebT m[i][i]=0 i = 1, . . . , n: erTi matricisgan Semdgari mimdevrobis namravlis Rire-
bulebebi nulis tolia. Semdeg, (str. 3-8) ciklis pirveli Sesrulebisas, gamoiTvleba 2 sigrZis mqone
qvemimdevrobebis namravlebis minimaluri Rirebulebebi m[i][i+1] i = 1, . . . , n − 1. Semdeg gamoiTvleba
minimaluri Rirebulebebi 3 sigrZis mqone qvemimdevrobebis namravlebisaTvis m[i][i+2] i = 1, . . . , n− 2 da
a.S. yovel bijze m[i][j]-is mniSvnelobis gamoTvla damokidebulia mxolod manamde gamoTvlil m[i][k]-sa
da m[k+1][j]-is mniSvnelobebze.
nax. 5-ze naCvenebia rogor mimdinareobs gamoTvlebi n=6-saTvis.
radganac Cven ganvsazRvravT m[i, j]-ebs mxolod i ≤ j-saTvis, gamoiyeneba cxrilis mxolod is nawili,
romelic mTavari diagonalis zemoTaa moTavsebuli. masivi Sebrunebulia da mTavari diagonali hori-
zontaluradaa. qvemoT miTiTebulia matricaTa Tanmimdevroba. m[i, j] ricxvi anu AiAi+1 . . . Aj namravlis
minimaluri Rirebuleba - imyofeba Sesabamisi striqonisa da svetis gadakveTaze. yovel horizontalur
rigSi Tavmoyrilia fiqsirebuli sigrZis mqone qvemimdevrobebis namravlTa Rirebulebebi. m[i, j] ujre-
dis Sesavsebad saWiroa vicodeT pi−1pkpj namravli k = i, i+ 1, . . . , j − 1-saTvis da m[i, j]-is qveda-marjvena
da qveda-marcxena ujredebis mniSvnelobebi.
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Algorithm 22: Matrix Chain Multiplication (DP Bottom-Up)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n]
Output: m[i][j]-Si i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri

operaciebis raodenoba, s[i][j]-Si informacia frCxilebis optimaluri ganlagebisTvis

1 MATRIX-CHAIN-ORDER(p) :

2 n = len(p)-1;

3 for i=1; i<=n; i++ :
4 m[i][i] = 0;

5 for r=2; r<=n; r++ :
6 for i=1; i<=n-r+1; i++ :
7 j = i + r - 1;

8 m[i][j] = ∞;

9 for k=i; k<=j-1; k++ :
10 q = m[i][k] + m[k+1][j] + p[i-1]p[k]p[j];

11 if q < m[i][j] :
12 m[i][j] = q;

13 s[i][j] = k;

14 return m, s;

1 2 3 4 5 6

1 0 15750 7875 9375 11875 15125

2 0 2625 4375 7125 10500

3 0 750 2500 5375

4 0 1000 3500

5 0 5000

6 0

(a) m matrica

2 3 4 5 6

1 1 1 3 3 3

2 2 3 3 3

3 3 3 3

4 4 5

5 5

(b) s matrica

nax. 8.5

nax. 5-ze mocemul matricaTa zomebia: A1−30×35, A2−35×15, A3−15×5, A4−5×10, A5−10×20, A6−20×25.
m-is cxrilSi naCvenebia mxolod is ujredebi, romlebic ar mdebareoben mTavari diagonalis qvemoT,
xolo s-is cxrilSi - ujredebi, romlebic mkacrad zemoT mdebareoben. yvela matricis gadasamravle-
blad saWiro namravlTa minimaluri Rirebulebaa m[1][6]=15125. erTnairi Seferilobis mqone ujredTa
wyvilebi erTdroulad Sedian m[2][5]-is gamosaTvleli formulis marjvena nawilSi:

m[2][5] = min


m[2][2] +m[3][5] + p[1]p[2]p[5] = 0 + 2500 + 35 · 15 · 20 = 13000

m[2][3] +m[4][5] + p[1]p[3]p[5] = 2625 + 1000 + 35 · 5 · 20 = 7125

m[2][4] +m[5][5] + p[1]p[4]p[5] = 4375 + 0 + 35 · 10 · 20 = 11375

am algoriTmis muSaobis droa O(n3), radgan Cadgmuli ciklebis raodenoba 3-ia da TiToeulis mTvleli
ar Rebulobs n-ze met mniSvnelobas. optimaluri Rirebulebis gansazRvra dinamikuri programire-
bis meTodiT "zemodan qvemoT". "zemodan qvemoT" momuSave algoriTmis SemTxvevaSi, yoveli amoxsnili
qveamocanis pasuxi unda davimaxsovroT specialur cxrilSi. pirvelad Sexvedrili qveamocanis pa-
suxi gamoiTvleba da Seitaneba cxrilSi. SemdgomSi am qveamocanis pasuxi aiReba cxrilidan. Cvens
magaliTSi pasuxebis cxrilis SemoReba iolia, radgan qveamocanebi danomrilia (i,j) wyvilebiT (ufro
rTul SemTxvevebSi SeiZleba heSirebis gamoyeneba). rekursiuli algoriTmebis aseT gaumjobesebas in-
glisurad uwodeben memoization.
Tavdapirvelad imis misaTiTeblad, rom cxrilSi es ujredi Sevsebuli ar aris, Semdeg Sesabamisi
qveamocanis pirvelad amoxsnisas ujredSi Caiwereba pasuxi da Tu am qveamocanis amoxsna kidev gaxda
saWiro, pasuxi ukve pirdapir cxrilidan aiReba. nax. 5-ze Cans is ekonomia, romelsac aseTi midgoma
ganapirobebs. ruxad Seferili wveroebi Seesabameba im SemTxvevebs, roca ganmeorebiTi gamoTvlebi
saWiro aRar aris.
algoriTmi MEMOIZED-MATRIX-CHAIN saWiroebs O(n3) dros. cxrilSi elementebis raodenoba n2-is
rigisaa. yoveli pozicia erTxel inicializirdeba (MEMOIZED-MATRIX-CHAIN(p)-s meoTxe striqoni)
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Algorithm 23: Matrix Chain Multiplication (DP Top-Down)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n]
Output: m[i][j]-Si i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri

operaciebis raodenoba, s[i][j]-Si informacia frCxilebis optimaluri ganlagebisTvis

1 MEMOIZED-MATRIX-CHAIN(p) :

2 n = len(p)-1;

3 for i=1; i<=n; i++ :
4 for j=i; j<=n; j++ :
5 m[i][j] = ∞;

6 return LOOKUP-CHAIN(p, 1, n);

7 LOOKUP-CHAIN(p, i, j) :

8 if m[i][j] < ∞ :
9 return m[i][j];

10 if i == j :
11 m[i][j] = 0;

12 else:
13 for k=i; k<=j-1; k++ :
14 q = LOOKUP-CHAIN(p,i,k) + LOOKUP-CHAIN(p,k+1,j) + p[i-1]p[k]p[j];

15 if q < m[i][j] :
16 m[i][j] = q;

17 s[i][j] = k;

18 return m[i][j];

erTaderTxel ivseba - LOOKUP-CHAIN(p,i,j)-is pirveli gamoZaxebisas mocemuli i,j parametrebiT. n2-is
rigis pirveli gamoZaxebebidan TiToeuli moiTxovs O(n) dros (radgan SigniT gamoyenebuli ganmeo-
rebiTi gamoZaxebebi iTxovs mxolod O(1) dros, radgan maTi wakiTxva xdeba damaxsovrebuli cxrili-
dan), amitom muSaobis saerTo dro aris O(n3).

optimaluri amonaxsnis ageba. algoriTmi MATRIX-CHAIN-ORDER poulobs namravlTa minimalur rao-
denobas, romelic saWiroa matricaTa mimdevrobis gadasamravleblad. axla movZebnoT frCxilebis gan-
Tavseba, romelic migviyvans namravlTa aseT ricxvamde. amisaTvis gamoviyenoT cxrili s[1][n] ujredSi
Cawerilia ukanaskneli gamravlebis adgili frCxilebis optimaluri ganTavsebisas. sxvagvarad rom
vTqvaT, A1..n-is optimaluri gziT gamoTvlisas ukanasknelad Sesrulda A1..s[1,n]-isa da As[1,n]+1..n-is nam-
ravli. wina gamravlebebi SeiZleba moiZebnon rekursiulad. qvemoT moyvanili rekursiuli procedura
optimalurad ganaTavsebs frCxilebs Ai..j namravlSi, Semdegi Semavali monacemebiT: s cxrili, i da j in-
deqsebi. PRINT-OPTIMAL-PARENS(s,1,n) proceduris gamoZaxebis Semdeg, frCxilebi optimalurad gan-
Tavsdeba A1..n matricaTa namravlSi.

Algorithm 24: Print Optimal Parens

Input: MATRIX-CHAIN-ORDER(p)-Ti gamoTvlili s matrica
Output: beWdavs i-dan j-mde matricaTa mimdevrobis optimaluri gadamravlebisaTvis saWiro

frCxilebis ganlagebas

1 PRINT-OPTIMAL-PARENS(s, i, j) :

2 if i == j :
3 print(’Ai’);
4 else:
5 print(’(’);

6 PRINT-OPTIMAL-PARENS(s, i, s[i][j]);

7 PRINT-OPTIMAL-PARENS(s, s[i][j]+1, j);

8 print(’)’);

zemoT moyvanili magaliTisaTvis procedura ganalagebs frCxilebs Semdegnairad: ((A1(A2A3))((A4A5)A6)).
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8.6 mravalkuTxedis optimaluri triangulacia

miuxedavad geometriuli formulirebisa, es amocana Zalian waagavs matricebis gadamravlebis amo-
canas. mravalkuTxedi (polygon) - esaa sibrtyeze moTavsebuli Sekruli texili, romelic Sedgeba mra-
valkuTxedis gverdebad (sides) wodebuli monakveTebisagan. wertils, romelSic erTdeba ori mezobeli
gverdi, wodeben wveros (vertex). mravalkuTxeds, romelic Tavis Tavs ar kveTs, uwodeben martivs (simple).
sibrtyis wertilebs, romlebic mdebareoben martivi mravalkuTxedis SigniT, uwodeben mravalkuTxe-
dis Siga ares (interior), mravalkuTxedis gverdebis gaerTianebas uwodeben sazRvars (boundary), xolo
sibrtyis yvela danarCeni wertilebis simravles - gareTa ares (exterior). martiv mravalkuTxeds uwode-
ben amozneqils (convex), Tuki Siga areSi an sazRvarze mdebare nebismieri ori wertilis SemaerTebeli
monakveTis arc erTi wertili ara moTavsebuli mravalkuTxedis gareT.
amozneqili mravalkuTxedi SegviZlia aRvweroT misi wveroebis CamoTvliT saaTis isris sawinaaRmdego
mimarTulebiT: P =< v0, v1, . . . , vn−1 > mravalkuTxeds aqvs n gverdi: v0v1, v1v2, . . . , vn−1v0. Tu vi da vj
wveroebi ar warmoadgenen mezobel wveroebs maSin vivj monakveTs uwodeben mravalkuTxedis diagonals
(chord). vivj diagonali mravalkuTxeds hyofs orad - < vi, vi+1, . . . , vj > da < vj , vj+1, . . . , vi >. mra-
valkuTxedis triangulacia (triangulatuion) - esaa diagonalTa erToblioba, romlebic mravalkuTxeds
samkuTxedebad hyofs. am samkuTxedebis gverdebs warmoadgenen sawyisi mravalkuTxedis gverdebi da
triangulaciis diagonalebi.

V0

V1

V2

V3 V4

V5

V6

(a)

V0

V1

V2

V3 V4

V5

V6

(b)

nax. 8.6

am naxazze naCvenebia mravalkuTxedis orgvari triangulacia. triangulacia aseve SeiZleba ganisazRv-
ros, rogorc im diagonalTa maqsimaluri simravle, romlebic ar ikveTebian.
n-kuTxedis nebismieri triangulaciisas saWiroa samkuTxedebis erTnairi raodenoba. kerZod, is iyofa
n-2 samkuTxedad da amisaTvis gamoiyeneba n-3 diagonali. mravalkuTxedis yvela kuTxis jami tolia
180◦-is namravlisa samkuTxedebis ricxvze triangulaciaSi.
optimaluri triangulaciis amocana (optimal triangulation problem) mdgomareobs SemdegSi: mocemulia
amozneqili mravalkuTxedi P =< v0, v1, . . . , vn−1 > da woniTi funqcia ω, romelic gansazRvrulia iseTi
samkuTxedebis simravleze, romelTa wveroebi mdebareobs P -s wveroebSi. saWiroa moiZebnos triangu-
lacia, romlisaTvisac samkuTxedis wonaTa jami umciresi iqneba.
woniTi funqciis yvelaze martivi magaliTia samkuTxedis farTobi. magram am SemTxvevaSi nebismieri
triangulaciis samkuTxedebis wonaTa jami erTi da igivea da aris mravalkuTxedis farTobis toli.
gacilebiT Sinaarsian magaliTs warmoadgens wonad samkuTxedis perimetris ganxilva. optimaluri
triangulaciis amocanis amoxsnis qvemoT moyvanili algoriTmi SeiZleba gamoyenebul iqnas nebismieri
saxis woniTi funqciisaTvis.
arsebobs kavSiri mravalkuTxedis triangulaciasa da frCxilebis ganlagebas Soris.
triangulirebuli mravalkuTxedis yvela gverds erTis garda mivuweroT TiTo Tanamamravli. Semdeg
samkuTxedSi, romlis ori gverdi ukve moniSnulia, mesame gverds mivuweroT am ori gverdis namravli.
sabolood, Tavdapirvelad mouniSnav gverdze miviRebT frCxilebis srul ganlagebas. (ix. nax.)
SevniSnoT, rom matricebis gadamravlebis amocana optimaluri triangulaciis amocanis kerZo SemTxve-
vaa. vTqvaT, Cven unda gamovTvaloT A1×A2×· · ·×An, sadac Ai warmoadgens pi−1×pi matricas. ganvixiloT
n + 1-kuTxedi P = v0, v1, . . . , vn da woniTi funqcia, maSin triangulaciis Rirebuleba gadamravlebaTa
ricxvis toli iqneba frCxilebis Sesabamisi ganlagebisas.
miuxedavad imisa, rom matricebis gadamravlebis amocana optimaluri triangulaciis amocanis kerZo
SemTxvevaa, zemoT ganxiluli algoriTmi iolad SeiZleba gadavakeToT triangulaciis amocanaze. ami-



96 Tavi VIII dinamikuri programireba
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nax. 8.7

saTvis sakmarisia saTaurSi p SevcvaloT v-Ti, kodSi SevcvaloT q = m[i, k] + m[k + 1, j] + w(4vivjvk) da
algoriTmis muSaobis Sedegad m[1][n] gaxdeba optimaluri triangulaciis wonis toli.
ganvixiloT rekurentuli formula. vTqvaT, m[i, j] aris < vi−1, vi, . . . , vj > mravalkuTxedis optimaluri
triangulaciis wona, sadac 1 ≤ i ≤ j ≤ n. mTeli mravalkuTxedis optimaluri triangulaciis wona
tolia m[1, n]. CavTvaloT, rom < vi−1, vi > "orkuTxedebis" wona aris 0. maSin m[i, i] = 0, nebismieri
i = 1, 2, . . . , n-saTvis. Tu j − i ≥ 1, maSin < vi−1, vi, . . . , vj > mravalkuTxedSi gvaqvs aranakleb sami wverosi
da yvela k-saTvis i ≤ k ≤ j − 1 Sualedidan unda vipovoT aseTi jamis minimumi: 4vi−1vkvj-is wona plus
< vi−1, vi, . . . , vk >-s optimaluri triangulaciis wona plus < vi−1, vi, . . . , vk >< vk, vk+1, . . . , vj >-s opti-
maluri triangulaciis wona.
amitom:

m[i, j] =

{
0 roca i = j

mini≤k<j{min[i, k] +min[k + 1, j] + w(4vi−1vkvj)} roca i < j

Semdegi moqmedebebi analogiuria wina amocanis moqmedebebisa.

8.7 savarjiSoebi

1. optimalurad ganalageT frCxilebi matricaTa Semdegi mimdevrobis namravlSi:

(a) A1 − 2× 3, A2 − 3× 4, A3 − 4× 1

(b) A1 − 1× 2, A2 − 2× 3, A3 − 3× 1, A4 − 1× 4

2. ipoveT Semdegi mimdevrobebis udidesi saerTo qvemimdevroba:

(a) X = (A,R,H,M,K,O) Y = (R,B,H,O,K,M)

(b) X = (1, 0, 1, 1, 0, 0) Y = (1, 1, 0, 0, 1, 1)
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xarbi algoriTmebi

garkveuli klasis optimizaciis amocanebis amoxsna xSirad SeiZleba ufro martivad da swrafad, vidre
es keTdeba dinamikuri programirebis meTodiT. magaliTad, e.w. xarbi algoriTmebis (greedy algorithms)
gamoyenebisas, yovel bijze keTdeba lokalurad optimaluri arCevani im imediT, rom saboloo Sedegic
optimaluri iqneba. es midgoma yovelTvis ar amarTlebs, magram zogierTi amocanisaTvis marTlac Za-
lian efeqturia. rac mTavaria, arsebobs standartuli procedurebi imis gasarkvevad, koreqtulad
imuSavebs Tu ara mocemuli amocanisTvis xarbi algoriTmi.

9.1 amocana ganacxadebis SerCevaze

amocanis dasma da Sesabamisi xarbi algoriTmi. vTqvaT, mocemulia n ganacxadi erTsa da imave audi-
toriaSi mecadineobis Catarebaze. ori gansxvavebuli mecadineoba ar SeiZleba droSi gadaifaros.
yovel ganacxadSi miTiTebulia mecadineobis dawyebisa da damTavrebis dro (i-uri ganacxadisaTvis
Sesabamisad si da fi). sxvadasxva ganacxadebi SeiZleba gadaikveTon, magram am SemTxvevaSi dakmayofildeba
mxolod erTi maTgani. Cven vaigivebT TiToeul ganacxads [si, fi) SualedTan, ase rom erTi mecadineobis
damTavrebis dro SeiZleba daemTxves meoris dawyebas da aseTi situacia gadakveTad ar iTvleba.

zogadad i da j nomrebis mqone ganacxadebi Tavsebadia (compatible), Tuki [si, fi) da [sj , fj) intervalebi ar
TanaikveTebian (sxva sityvebiT, Tu fi ≤ sj an fj ≤ si). amocana ganacxadebis SerCevaze (activity-selection
problem) mdgomareobs imaSi, rom amovarCioT erTmaneTTan Tavsebadi maqsimaluri raodenobis ganacxadi.

am amocanaSi, xarbi algoriTmi muSaobs Semdegnairad: davuSvaT ganacxadebi dalagebulia damTavrebis
drois zrdadobis mixedviT:

f1 ≤ f2 ≤ · · · ≤ fn

Tuki monacemebi dalagebuli ar aris, misi dalageba SesaZlebelia O(n log(n)) droSi. Tu ganacxadebs
erTnairi damTavrebis dro aqvT, isini SeiZleba ganlagdnen nebismierad.

Tu f -s da s-s ganvixilavT rogorc Sesabamis masivebs, algoriTms eqneba saxe:

Algorithm 25: Greedy Activity Selector

Input: ori masivi, s[i] ganacxadis dawyebis dro, xolo f[i] misi damTavrebis dro
Output: SerCeuli ganacxadebis nomrebi

1 GREEDY-ACTIVITY-SELECTOR(s, f) :

2 n = len(s);

3 A = {1};
4 j = 1;

5 for i=2; i<=n; i++ :
6 if s[i] >= f[j] :
7 A = A ∪ {i};
8 j = i;

9 return A;

97
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algoriTmis muSaoba mocemulia momdevno naxazze. A simravle Sedgeba amorCeuli ganacxadebis nomre-
bisagan, xolo j ukanasknelia am nomrebs Soris, amasTan:

fj = max{fk : k ∈ A}

radgan ganacxadebi dalagebulia maTi damTavrebis drois mixedviT, Tavidan A simravle Seicavs nomer
1 ganacxads da j = 1 (2-3 striqonebi). Semdeg (cikli 4-7 striqonebSi) veZebT ganacxads, romelic ar
iwyeba j nomris mqone ganacxadis damTavrebamde. Tuki aseTi moiZebna, mas CavrTavT A simravleSi da j
cvlads mivaniWebT mis nomers (6-7 striqoni).
Tuki sortirebis dros ar gaviTvaliswinebT, algoriTmi muSaobs n-is proporciul droSi. rogorc
axasiaTebT xarb algoriTmebs, yovel bijze igi iseT arCevans akeTebs, rom darCenili Tavisufali dro
iyos maqsimaluri (raTa kidev "bevri" sxva ganacxadi Caetios).

i si fi
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nax. 9.1:

algoriTmis marTebuloba. rogorc aRvniSneT, xarbi algoriTmi yvela amocanaSi ar iZleva swor pa-
suxs, magram Cven amocanaSi igi sworad muSaobs, raSic gvarwmunebs Semdegi.

Teorema 9.1. algoriTmi GREEDY-ACTIVITY-SELECTOR gvaZlevs Tavsebadi ganacxadebis maqsimalurad
SesaZlebel raodenobas.

Proof. rogorc aRvniSneT, ganacxadebi dalagebulia damTavrebis drois mixedviT. amis gamo, am amo-
canaSi arsebobs iseTi optimaluri amonaxsni, romelic Seicavs pirvel ganacxads. marTlac, davuSvaT
sawinaaRmdego da vTqvaT, pirveli ganacxadi ar Sedis ganacxadebis romelime optimalur simravleSi,
maSin Cven SegviZlia am simravlidan yvelaze adre damTavrebuli ganacxadi SevcvaloT pirveli ganacxa-
diT da amiT ganacxadebis Tavsebadoba ar dairRveva, radgan arc erTi ganacxadi ar mTavrdeba pirvel
ganacxadze adre, maT Soris isic, romelic SevcvaleT. maSasadame, am cvlilebiT ar Seicvleba ganacx-
adTa saerTo raodenobac da Tuki mocemuli simravle optimaluri iyo, optimaluri iqneba is sim-
ravlec, romelic pirvel ganacxads Seicavs.
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amis Semdeg ganvixiloT mxolod is gancxadebebi, romlebic Tavsebadia pirvel ganacxadTan (yvela
araTavsebadi SegviZlia gavauqmoT). Sedegad miviRebT igive amocanas, oRond ufro naklebi raodenobis
ganacxadebisaTvis. induqciis meTodiT vaskvniT, rom yovel bijze xarbi amorCevis saSualebiT mivalT
optimalur amonaxsnamde.

9.2 rodis gamoviyenoT xarbi algoriTmi?

zogadi sqema imis gasagebad, romelime kerZo amocanaSi gvaZlevs Tu ara xarbi algoriTmi optimalur
amonaxsns, ar arsebobs, Tumca SeiZleba gamoiyos ori Tavisebureba im amocanebisaTvis, romlebic xarbi
algoriTmiT ixsneba. esaa xarbi amorCevis principi da optimaluri qvestruqtura. ityvian, rom opti-
mizaciis amocanisaTvis gamoyenebadia xarbi amorCevis principi (greedy-shoice property), Tuki lokalurad
optimaluri (xarbi) arCevanebis mimdevroba iZleva globalurad optimalur amonaxsns. gansxvaveba xarb
algoriTmebsa da dinamikur programirebas Soris imaSi mdgomareobs, rom xarbi algoriTmi yovel bi-
jze irCevs saukeTeso variants da amis Semdeg cdilobs gaakeTos igive darCenil variantebSi, xolo
dinamikuri programirebis algoriTmiT winaswar xdeba Sedegebis gamoTvla yvela variantisaTvis.
imis damtkiceba, rom xarbi algoriTmi optimalur amonaxsns iZleva, ar warmoadgens trivialur amo-
canas. tipur SemTxvevebSi aseTi mtkiceba xdeba zemoT moyvanil TeoremaSi mocemuli sqemiT. Tavidan
vamtkicebT, rom pirvel bijze xarbi amorCeva ar ketavs gzas optimaluri amonaxsnisaken - nebismieri
amonaxsnisaTvis arsebobs sxvac, romelic SeTanxmebulia xarb amorCevasTan da araa pirvelze uaresi.
amis Semdeg unda vaCvenoT, rom qveamocana, romelic warmoiSva pirvel bijze xarbi amorCevis Semdeg,
sawyisis analogiuria.
xarbi algoriTmebiT amoxsnad amocanebs unda hqondeT optimaluri qvestruqtura (optimal substructure):
mTeli amocanis optimaluri amonaxsni igeba qveamocanebis optimaluri amonaxsnebisgan. am Tvisebas
Cven ukve gavecaniT dinamikuri programirebis ganxilvis dros. orive aRniSnuli meTodi - dinamikuri
programirebac da xarbi algoriTmebic emyareba qveamocanebis optimalurobis Tvisebas, amitom xSirad
iqmneba erTi meTodis nacvlad meoris gamoyenebis safrTxe. Tuki erT SemTxvevaSi - xarbi algoriT-
mis magier dinamikuri programirebis gamoyenebisas, mainc SesaZlebelia swori pasuxis miReba (Tumca
aucileblad wavagebT droSi), meore SemTxvevis dros (dinamikuris nacvlad xarbi algoriTmis gamo-
yenebisas) praqtikulad SeuZlebelia swori pasuxis miReba. am ori meTodis Tavisebureba ganvixiloT
erTi kargad cnobili optimizaciis amocanis or variantze.
zurgCanTis diskretuli amocana (0-1 knapsack problem): vTqvaT qurdi Seipara sawyobSi, romelSic inaxeba
n sxvadasxva saxis nivTi, TiTo - TiTo egzemplari (amaze miuTiTebs 0-1 amocanis dasaxelebaSi: nivTi an
aris, an ara). i-uri nivTi Rirs vi dolari da iwonis wi kilograms (vi da wi - mTeli ricxvebia). qurds surs
waiRos maqsimaluri safasuris saqoneli, amasTan maqsimaluri wona, romelic man zurgCanTiT SeiZleba
waiRos, W -s tolia (W mTeli ricxvia). romeli nivTebi unda Caalagos qurdma zurgCanTaSi?
zurgCanTis uwyveti amocana (fractional knapsack problem): diskretuli amocanisagan imiT gansxvavdeba,
rom qurds SeuZlia daanawevros moparuli nivTebi da isini zurgCanTaSi Caalagos nawil-nawil da ara
mTlianad (SegviZlia vTqvaT, rom diskretul amocanaSi qurds saqme aqvs oqros zodebTan, xolo uwyvet
amocanaSi - oqros qviSasTan).
orive amocanas zurgCanTis Sesaxeb aqvs optimalurobis Tviseba qveamocanebisaTvis. marTlac, diskre-
tuli amocanis SemTxvevaSi Tuki optimalurad gavsebuli zurgCanTidan amoviRebT j nomris mqone nivTs,
miviRebT optimalur amonaxsns W − wj maqsimaluri wonis mqone zurgCanTisa da n-1 nivTisaTvis (yvela
nivTi j-uris garda). msgavsi msjeloba marTebulia uwyveti amocanisTvisac.
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nax. 9.2:
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miuxedavad imisa, rom amocanebi zurgCanTis Sesaxeb Zalian waagavs erTmaneTs, xarbi algoriTmi po-
ulobs optimalur amonaxsns uwyveti amocanisaTvis da ver poulobs - diskretulisaTvis. uwyveti
amocanisaTvis algoriTmi ase gamoiyureba. yvela saqonlisaTvis gamovTvaloT 1 kilogramis fasi.
Tavdapirvelad qurdi aiRebs yvelaze Zvirfasi saqonlis maqsimalur raodenobas, Tuki zurgCanTaSi
adgili kidev darCa aiRebs fasiT momdevno saqonels da ase gaagrZelebs manam, vidre zurgCanTa ar
Seivseba. am algoriTmis muSaobis droa O(n log(n)), rac ganpirobebulia imiT, rom monacemebs winaswar
sWirdeba sortireba.
imaSi dasarwmuneblad, rom analogiuri xarbi algoriTmi ar muSaobs sworad diskretuli amocanisa-
Tvis, ganvixiloT bolo naxazze mocemuli SemTxveva. aq mocemulia 10, 20 da 30 kg wonis sami nivTi,
romelTa Rirebuleba Sesabamisad aris 60$, 100$ da 120$. masis erTeulis Rirebuleba iqneba 6$, 5$ da 4$.
xarbi strategiis Tanaxmad qurdma Tavidan pirveli nivTi unda Cados zurgCanTaSi, radgan is yvelaze
Zvirfasia. magram cxadia, rom ufro momgebiania me-2 da me-3 nivTebis arCeva, radgan am SemTxvevaSi waRe-
buli nivTebis saerTo Rirebuleba 220$ iqneba, maSin roca xarbi algoriTmiT airCeoda 160$-is saqoneli.
uwyveti amocanisaTvis xarbi algoriTmis muSaoba naCvenebia bolo naxazis (g) nawilSi.
diskretuli amocanisTvis xarbi strategia ar muSaobs, Tu xarbi arCevanebis damTavrebis Semdeg Can-
TaSi kidev darCeba Tavisufli adgili, rac Seamcirebs moparuli nivTebis fass, gaangariSebuls wonis
erTeulze. imis gasarkvevad, CavdoT Tu ara mocemuli nivTi CanTaSi, saWiroa ori qveamocanis amoxsna:
roca mocemuli nivTi aucileblad iqneba CanTaSi da roca mocemuli nivTi ar iqneba CanTaSi. ase miiReba
erTmaneTis gadamfaravi qveamocanebi, rac warmoadgens tipur simptoms dinamikuri daprogramebisTvis.

9.3 matroidebi

xarb algoriTmebs ukavSirdeba kombinatorikis erT-erTi mimarTuleba - matroidebis Teoria. igi
xSirad gamoiyeneba imis saCveneblad, rom xarbi algoriTmi iZleva optimums.
matroidi ewodeba M=(S,I) wyvils, romelic akmayofilebs Semdeg pirobebs:

1. S - sasruli aracarieli simravlea

2. I - aracarieli ojaxia S-is qvesimravlebis; I-Si Semaval yovel qvesimravles ewodeba damoukide-
beli (independent), da aucileblad sruldeba memkvidreobiTi (hereditary) Tviseba:

(B ∈ I da A ⊆ B) =⇒ A ∈ I

3. Tu A ∈ I , B ∈ I da |A| < |B|, maSin arsebobs iseTi elementi x ∈ B\A, rom A ∪ {x} ∈ I . amas ewodeba
gadacvlis Tviseba (exchange property).

ganvixiloT ori magaliTi.
vTqvaT, S aris romeliRac matricis striqonebis simravle, xolo ramdenime striqonisgan Sedgenil
simravles vuwodoT damoukidebeli, Tu es striqonebi wrfivad damoukidebelia Cveulebrivi azriT.
advili saCvenebelia, rom ase miiReba matroidi. es magaliTi imiTaa saintereso, rom matroidebis Teo-
riaSi es pirveli magaliTi iyo da saxelic (matroidi) aqedan modis.
vTqvaT G aris araorientirebuli grafi. ganvmartoT (SG, IG) wyvili Semdegnairad: SG warmoadgens
grafis wiboTa erTobliobas, xolo IG Sedgeba wiboTa acikluri qvesimravleebisgan (wiboTa aciklur
qvesimravleSi, ar arsebobs am qvesimravlis wiboebisgan Sedgenili gza, romlis sawyisi wvero amav-
droulad mis bolos warmoadgens).
winaswar aRvniSnoT ramdenime cnobili faqti grafebis Sesaxeb.
vTqvaT A aris G-s wiboebis raime qvesimravle, ara aucileblad acikluri. A-s wiboebiT grafis wveroTa
simravle V iyofa ramdenime TanaukveTi qvesimravlis gaerTianebad:

V = V1 ∪ V2 ∪ · · · ∪ Vk

Vi ∩ Vj = ∅ Tu i 6= j

ise rom yoveli Vi aris maqsimaluri simravle, romlis nebismieri ori wvero SeerTebulia A-s wi-
boebiT Sedgenili gziT. sxva sityvebiT, am SemTxvevaSi amboben rom V1, V2, . . . , Vk aris bmuli komponen-
tebi. radgan wiboTa sxvadasxva simravle gansxvavebul bmul komponentebad xleCen wveroTa simravles,
amitom saWiroebis SemTxvevaSi xazs vusvamT Tu wiboTa romelma simravlem Seqmna bmuli komponentebis
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mocemuli sistema da vambobT, magaliTad, rom V1, V2, . . . , Vk aris (A) bmuli komponentebis sistema. ma-
galiTad, Semdeg naxazze gamosaxuli grafis wveroebis simravle aris {a, b, c, d, e, h, k,m, n}, misi wiboe-
bis simravle gayofilia orad: uwyveti monakveTebi Seadgenen A simravles romelic acikluria, xolo
wyvetili monakveTebi Seadgenen B simravles. (A) bmuli komponentebia {a, b, c, h}, {e, k}, {d,m, n}, xolo
(B) bmuli komponentebia: {a, b, c, h, e} da {d, k,m, n}. B-s wiboebisgan Sedgenili gza cbhc qmnis cikls,
amitom B simravle araa acikluri. SevniSnoT kidev erTi faqti.

a

b c

h
e

n

k d

m

nax. 9.3:

lema 9.1. Tu A simravle acikluria da v1v2 aris wibo, romlis erTi wvero ekuTvnis romelime (A) - bmul
komponents V1, xolo meore wibo sxva (A) - bmul komponents V2, maSin v1v2 /∈ A da v1v2-is damatebiT A
kvlav acikluri rCeba.

Proof. pirveli daskvna cxadia radgan v1, v2 aqamde ar erTdeboda raime gziT da amitom ekuTvnodnen sxva-
dasxva bmul komponents. garda amisa, ori bmuli komponentis gaerTianeba mogvcems bmul simravles
(V1 ∪ V2)-is nebismieri ori wvero gaxda SeerTebadi raime gziT) romlis nebismieri ori wvero A∪ {v1v2}
simravlis wiboebisgan Sedgenili erTaderTi gziT erTdeba (radgan gzis fragmentebi Zvel komponen-
tebSi erTaderTia da komponentebs Soris kavSiric erTaderTia).

magaliTad, rogorc Cans naxazze, Tu A simravles davamatebT ce wibos, igi kvlav acikluria, oRond
komponentebis raodenoba erTiT Semcirdeba. aqve kargad Cans, rom nebismieri wibos damateba ar niSnavs
aciklurobis SemarCunebas.

Teorema 9.2. Tu G = (V,E) warmoadgens araorientirebul grafs, maSin M = (SG, IG) warmoadgens ma-
troids.

Proof. wiboTa acikluri simravlis nebismieri qvesimravle agreTve acikluria, amitom IG simravles aqvs
memkvidreobiTi Tviseba da dasamtkicebeli darCa, rom mas aqvs gadacvlis Tvisebac.
vTqvaT axla, A aris G-s wiboebis raime acikluri qvesimravle. induqciis meTodiT vaCvenoT, rom V -Si
(A) bmuli komponentebis raodenoba aris |V |−|A|. marTlac, Tu A carielia, maSin |A| = 0 da yoveli wvero
calke komponentia, sul |V | cali. vTqvaT es samarTliania |A| = k-sTvis da davamatoT A-s erTi wibo
ise, rom igi kvlav acikluri darCes. maSin, axali wibo ver SeaerTebs erTi da igive bmuli komponentis
or wveros (isini ukve SeerTebulia raRac gziT da acikluroba dairRveva). amgvarad, erTi axali wibos
damateba aciklurobis SenarCunebiT iwvevs komponentebis ricxvis erTiT Semcirebas.
vTqvaT A da B - wiboTa acikluri qvesimravleebia G-Si da —B—¿—A—. (A) bmuli komponentebis rao-
denoba aris —V—-—A—, xolo (B) bmuli komponentebis raodenoba aris —V—-—B—. radgan —V—-
—B—¡—V—-—A—, amitom arsebobs B-s wveroebis mier Seqmnili bmuli komponenti T , romlis ori wvero
ekuTvnis A-s wveroebis mier Seqmnil or gansxvavebul bmul komponents, Tu arada aRmoCndeba rom (B)
bmuli komponentebi Calagebulia (A) bmul komponentebSi, anu maTi raodenoba aranaklebia (radgan
yovel (A) bmul komponents aqvs TanakveTa romeliRac (B) bmul komponentTn). e.i. arsebobs B simravlis
wiboebisgan Sedgenili gza, romelic iwyeba romeliRac (A) bmul komponentSi V1 da mTavrdeba mis gareT.
maSasadame, aucileblad arsebobs B-s iseTi (u,v) wibo, rom u ∈ V1 da v /∈ V1. zemoT damtkicebuli lemis
ZaliT gasagebia, rom Tu (u,v) wibos davamatebT A-s, kvlav aciklur qvesimravles miviRebT.

araorientirebuli G grafSi sxvanairadac SeiZleba matroidebis ganmarteba. magaliTad, SegviZlia IG
simravled gamovacxadoT wiboTa nebismieri qvesimravlis erToblioba, an mxolod carieli simravle.
magram esaa xelovnuri da uSinaarso magaliTebi.
M=(S,I) matroidSi x /∈ A elements ewodeba A-s gafarToeba, Tu A ∪ {x} ∈ I . magaliTad, grafikul
matroidSi wibo warmoadgens wveroTa damoukidebeli A simravlis gafarToebas, Tu misi damateba ar
qmnis cikls.
matroidis damoukidebel qvesimravles ewodeba maqsimaluri, Tu ar arsebobs ufro didi zomis damo-
ukidebeli qvesimravle, romelic mas moicavs.
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Teorema 9.3. mocemuli matroidis yoveli maqsimaluri damoukidebeli qvesimravle Sedgeba erTi da
igive raodenobis elementebisgan.

Proof. Tu A da B maqsimaluri damoukidebeli qvesimravleebia da —A—¡—B—, maSin gadacvlis Tvisebis
ZaliT arsebobs iseTi x /∈ A, rom A ∪ {x} ∈ I . magram es niSnavs winaaRmdegobas maqsimalurobasTan.

magaliTad ganvixiloT grafikuli matroidi MG, romelic Seesabameba bmul G grafs. MG-s yoveli
maqsimaluri damoukidebeli qvesimravle aris xe (bmuli acikluri grafi) —V—-1 wiboTi da erTmaneT-
Tan aerTebs grafis yvela wveros. aseT xes G grafis minimaluri damfaravi xe ewodeba.
M=(S,I) matroids vuwodoT wonadi, Tu S simravleze gansazRvrulia (wonis) funqcia mniSvnelobebiT
dadebiT ricxvebSi. am funqciis gavrceleba SegviZlia S-is qvesimravleebze: qvesimravlis wona ganisa-
zRvreba rogorc misi elementebis wonaTa jami:

w(A) =
∑
x∈A

w(x)

magaliTad, grafikul matridSi wibos wonad SegviZlia misi sigrZe miviRoT, xolo qvegrafis wonad -
misi wiboebis sigrZeTa jami.

9.4 xarbi algoriTmebi awonili matroidisTvis

xSirad, optimizaciis amocanis amoxsna xarbi algoriTmiT SeiZleba ganxiluli iqnas rogorc awonil
M=(S,I) matroidSi udidesi wonis mqone damoukidebli qvesimravlis moZebnis amocana. udidesi wonis
mqone damoukidebel qvesimravles ewodeba awonili matroidis optimaluri qvesimravle. magaliTad, am
tipis amocanas warmoadgens minimaluri damfaravi xis gansazRvris amocana, romelsac SemdegSi ganvi-
xilavT dawvrilebiT.
moviyvanoT xarbi algoriTmis fsevdokodi, romelic nebismier awonil matroidSi iZleva optimaluri
qvesimravlis gansazRvris saSualebas; am kodSi, M=(S,I) matroidisTvis vgulisxmobT, rom S=S(M),
I=I(M); woniT funqcias aRniSnavs w.

Algorithm 26: Greedy

Input: M = (S, I) matroidi da woniTi funqcia w
Output:

1 GREEDY(M, w) :

2 A = {∅};
3 sort(S(M)); // wonebis klebis mixedviT
4 for ∀x ∈ S(M) :
5 if A ∪ {x} ∈ I(M) :
6 A = A ∪ {x};
7 return A;

algoriTmi muSaobs Semdegnairad. Tavidan A = ∅, da SevniSnoT rom carieli simravle damoukidebe-
lia memkvidreobiTi Tvisebis ZaliT. Semdeg vasortirebT S(M)-is elementebs klebadobiT da pirveli-
dan dawyebuli, Tu morigi elementis damateba SeiZleba damoukideblobis daurRvevlad, vamatebT mas.
gasagebia, rom bolos miiReba damoukidebeli simravle. qvemoT vaCvenebT, rom mas agreTve eqneba maqsi-
maluri wona damoukidebel qvesimravleTa Soris, magram jer SevafasoT GREEDY(M,w) muSaobis dro.
sortirebas miaqvs O(n log(n)) dro, sadac n = |S|. simravlis damoukideblobis Semowmeba xdeba n-jer,
rasac miaqvs f(n) dro. maSin, algoriTmis muSaobis droa O(n log(n) + f(n)).
axla vaCvenoT, rom es algoriTmi marTlac iZleva optimaluri pasuxs.

lema 9.2. (xarbi amorCevis Tviseba matroidisTvis). vTqvaT, M=(S,I) aris wonadi matroidi wonis w
funqciiT. vTqvaT, x ∈ S aris udidesi zomis mqone elementi erTelementian damoukidebel elementebs
Soris. maSin, x Sedis romeliRac optimalur A ⊆ S qvesimravleSi.

Proof. vTqvaT, romelime B aris optimaluri qvesimravle. vigulisxmoT x /∈ B, Tu ara da dasamtkicebeli
araferia.



9.4 xarbi algoriTmebi awonili matroidisTvis 103

aviRoT A′ = {x}. es damoukidebeli simravlea. gamoviyenoT (|B| − 1)-jer gadacvlis Tviseba, TandaTan
vafarToebT A′-s da bolos viRebT {x}-isa B simravlis (—B—-1) cali elementis gaerTianebisgan Sedge-
nil A simravles. amgvarad, —A—=—B— (e.i. A maqsimaluria) da w(A)=w(B)-w(y)+w(x), sadac y aris er-
TaderTi elementi B-dan, romelic ar ekuTvnis A-s. radgan memkvidreobiTi Tvisebis ZaliT B-s yoveli
elementi damoukidebelia, amitom w(x) ≥ w(y), x-is arCevis Tanaxmad. maSasadame, w(A) ≥ w(B) da A
agreTve optimaluria.
algoriTmi GREEDY(M,w) swor pasuxs iZleva, roca damoukidebeli elementi saerTod araa an mxo-
lod erTia; damtkicebuli lema gvaZlevs amocanis zomis Semcirebis saSualebas, radgan damoukide-
beli erTelementiani elementebis simravle - is arCevis Semdeg erTiT Semcirda. axla, Tu vaCvenebT
rom amocanis zomis Semcirebis Semdeg igive tipis amocana gvrCeba amosaxsneli (e.i. ufro mcire zomis
awonil matroidSi optimaluri qvesimravlis gansazRvra), maSin induqciis principis Tanaxmad damt-
kicebuli iqneba algoriTm GREEDY(M,w)-is koreqtuloba. sxva sityvebiT, saCvenebeli darCa, rom am
amocanas aqvs optimaluri qvestruqtura.

lema 9.3. (optimaluri qvestruqturis Tviseba matroidebisTvis). vTqvaT, M=(S,I) aris wonadi matroidi
da x ∈ S aris iseTi elementi, rom {x} damoukidebelia. maSin udidesi wonis mqone damoukidebeli
simravle, romelic Seicavs x-s, warmoadgens gaerTianebas {x}-isa da M ′ = (S′, I ′) monoidis udidesi
wonis mqone damoukidebeli simravlisa, sadac:

S′ = {y ∈ S : {x, y} ∈ S}

I ′ = {B′ ⊆ S\{x} : B ∪ {x} ∈ I}

xolo wonis funqcia warmoadgens M matroidis wonis funqciis SezRudviT S′-ze.

Proof. ganmartebis Tanaxmad, S-is is damoukidebeli simravleebi, romlebic Seicaven x-s, miiRebian x-
is damatebiT S′-is damoukidebel simravleebze. amasTan, maTi wonebi gansxvavdeba zustad w(x)-iT, anu
optimalur simravleebs Seesabameba optimalurebi.

9.4.1 ganrigis Sedgenis amocana

matroidebis Teoriis gamoyenebiT gamovikvlioT ganrigis Sedgenis amocana im pirobebSi, rom SekveTebi
toli xangrZlivobisaa (Sesrulebis drois mixedviT), Semsrulebli erTaderTia, mocemulia SekveTebis
Sesrulebis vadebi da gaTvaliswinebulia jarimebi am vadebis darRvevisTvis.
ufro konkretulad, mocemulia SekveTebisgan Sedgenili simravle S, maTgan TiToeulis Sesrule-
bas sWirdeba drois zustad erTi erTeuli. S-is ganrigi (schedule) ewodeba S-is elementebis iseT
gadanacvlebas, romelic gansazRvravs SekveTebis Sesrulebis Tanmimdevrobas: pirveli SekveTis Ses-
ruleba daiwyeba drois 0 momentSi da dasruldeba 1 momentSi, meore SekveTis Sesruleba daiwyeba
drois 1 momentSi da dasruldeba 2 momentSi, da a.S.
am amocanaSi, Semaval monacemebs warmoadgenen:

• S = {1, 2, . . . , n} simravle, romlis elementebs vuwodebT SekveTebs

• mTeli arauaryofiTi ricxvisgan Sedgenili mimdevroba d1, d2, . . . , dn, romlebsac Sesrulebis vadebi
(deadlines) ewodebaT (1 ≤ di ≤ n yoveli i-sTvis, di ekuTvnis i-ur SekveTas)

• n mTeli arauaryofiTi ricxvisgan Sedgenili mimdevroba w1, w2, . . . , wn, romlebsac jarimebi (penal-
ties) ewodebaT (Tu i-ur SekveTa ver Sesruldeba di droisTvis, gaTvaliswinebulia jarima wi)

Cveni amocanaa ise ganvsazRvroT elementebis Tanmimdevroba S-Si, rom jarimebis jami iyos minimaluri.
romelime SerCeul ganrigSi, i-ur SekveTas ewodeba vadagadacilebuli (late) Tu misi Sesruleba mTavr-
deba di momentis Semdeg, xolo winaaRmdeg SemTxvevaSi ewodeba droulad Sesrulebuli (early).
yoveli ganrigis modificireba SeiZleba jarimebis jamis Seucvlelad ise, rom masSi yvela vadagada-
cilebuli SekveTa idges droulad Sesrulebuli SekveTebis Semdeg. marTlac, Tu ganrigiT gaTval-
iswinebulia vadagadacilebuli y SekveTis Sesruleba droulad Sesrulebuli x SekveTis Semdeg, maSin
maTi adgilebis Secvla arc jarimebis jams cvlis da arc maT statuss.
ufro metic, jarimebis jamis Seucvlelad SegviZlia yovel ganrigs mivceT kanonikuri saxe (canonical
form), romelSic vadagadacilebuli SekveTebi dgas droulad Sesrulebuli SekveTebis Semdeg, xolo
droulad Sesrulebuli SekveTebis Sesrulebis vadebi dalagebulia zrdadobis mixedviT. marTlac,
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ukve vanaxeT rom SegviZlia vadagadacilebuli SekveTebi davayenoT droulad Sesrulebuli i SekveTe-
bis Semdeg. vTqvaT axla, droulad Sesrulebuli i da SekveTebi sruldebian drois k da k+1 momentebSi,
Sesabamisad, magram di > dj . vnaxoT Tu ra moxdeba maTTvis adgilebis gacvlis SemTxvevaSi. j-ur Sekve-
Tas araviTari problema ara aqvs, radgan kidev ufro adre dasruldeba. radgan di > dj ≥ k + 1, amitom
isic droulad dasruldeba, jarimis gareSe. radgan aseTi SesaZlo gadanacvlebebis mTliani ricxvi
sasrulia, amitom SesaZlebelia ganrigis miyvana kanonikur saxeze.
amgvarad, ganrigis Sedgenis amocana daiyvaneba iseTi A simravlis gansazRvraze, romelic Sedgeba
droulad Sesrulebuli SekveTebisgan: rogorc ki es simravle moiZebneba, mTliani ganrigis Sesadgenad
sakmarisia A-Si Semavali SekveTebi ganvalagoT Sesrulebis vadebis zrdis mixedviT, xolo danarCeni
SekveTebi maT Semdeg nebismieri TanmimdevrobiT.
A ⊆ S simravles vuwodoT damoukidebeli, Tu am simravlis SekveTebisTvis SesaZlebelia iseTi gan-
rigis Sedgena, rom yvela SekveTa droulad Sesruldes. aRvniSnoT I-Ti yvela damoukidebeli qvesim-
ravlis erToblioba.
Cveni msjeloba rom konstruqciuli iyos, unda mivuTiToT kriteriumi, romelic dagvexmareba imis
garkvevaSi, aris Tu ara mocemuli simravle damoukidebeli. yoveli t = 1, 2, . . . , n-isTvis aRvniSnoT
Nt(A)-Ti A simravlidan im SekveTebis raodenoba, romelTa Sesrulebis vada ar aRemateba t-s.

lema 9.4. yoveli A ⊆ S qvesimravlisTvis Semdegi sami piroba aris erTmaneTis ekvivalenturi:

1. A aris damoukidebeli simravle

2. yoveli t = 1, 2, . . . , n-isTvis sruldeba Nt(A) ≤ t

3. Tu A simravlis SekveTebs ganvalagebT Sesrulebis vadebis zrdis mixedviT, maSin yvela SekveTa
Sesruldeba droulad

Proof. Tu Nt(A) > t romelime t-sTvis, maSin drois pirvel t intervalSi Sesasrulebeli SekveTebis rao-
denoba metia t-ze da amitom erTi maTgani mainc aRmoCndeba vadagadacilebuli. amitom 1) =⇒ 2). vTqvaT,
sruldeba 2) da ik aris im SekveTis nomeri, romlis Sesrulebis vada aris k-uri, Tu vadebs davaxarisxebT
zrdadobis mixedviT. maSin, 2)-is Tanaxmad, dik ≥ k, anu Tu SekveTebs ganvalagebT Sesrulebis vadebis
zrdis mixedviT, yvela maTgani droulad Sesruldeba. bolos, 3) =⇒ 1) cxadia.

sawyisi amocana, anu vadagadacilebuli SekveTebis gamo miRebuli jarimebis jamis minimizacia - igivea
rac argadaxdili jarimebis jamis maqsimizacia, anu im jarimebisa, rac ukavSirdeba droulad Sesrule-
bul SekveTebs. Semdegi Teorema gviCvenebs, rom aseTi optimizaciis amocana ixsneba xarbi algoriTmiT.

Teorema 9.4. vTqvaT, S aris toli xangrZlivobis SekveTebis simravle mocemuli Sesrulebis vadebiT,
xolo I aris SekveTebis damoukidebeli qvesimravllebis erToblioba. maSin (S, I) wyvili warmoadgens
matroids.

Proof. cxadia, rom damoukidebeli simravlis yoveli qvesimravle aseve damoukidebelia da dasamtkice-
beli gvrCeba, rom sruldeba gadacvlis Tvisebac. vTqvaT A da B damoukidebeli simravleebia da
—B—¿—A—. SevadaroT ricxvebi Nt(B) da Nt(A) sxvadasxva t-sTvis. roca t = n, pirveli ricxvia meti;
vamcirebT ra t-s, raRac momentSi isini erTmaneTis toli xdeba da am moments vuwodoT k (Tu es sul bo-
los moxdeba, viRebT k = 0). amgvarad, Nk(A) = Nk(B) Tu k = 0 daNk+1(B) > Nk+1(A). amitom arsebobs erTi
SekveTa mainc x ∈ B\A, romlis Sesrulebis dro ar aRemateba (k+1)-s. aviRoT A′ = A∪{x}. Tu t ≤ k, maSin
Nt(A

′) = Nt(A) ≤ t A simravlis damoukideblobis ZaliT; Tu t > k, maSin Nt(A
′) = Nt(A) + 1 ≤ Nt(B) ≤ t

ukve B simravlis damoukideblobis ZaliT. maSasadame, A′ damoukidebelia damtkicebuli lemis ZaliT
da (S, I) wyvilisTis sruldeba gadacvlis Tviseba.

rogorc vxedavT, SekveTebis optimaluri A simravlis gansazRvrisTvis SegviZlia xarbi algoriTmis
gamoyeneba, xolo Semdeg unda SevadginoT ganrigi, romelic jer A simravlis SekveTebs ganalagebs
Sesrulebis vadebis zrdis mixedviT, xolo Semdeg danarCen SekveTebs. es aris ganrigis Sedgenis amoca-
nis amoxsna. Tu gamoviyenebT algoriTms GREEDY, maSin muSaobis dro iqneba O(n2), radgan algoriTmis
muSaobis procesSi saWiroa simravlis damoukideblobis Semowmeba n-jer, da TiToeul aseT Semowmebas
sWirdeba O(n) operacia.
Semdeg cxrilSi moyvanilia ganrigis Sedgenis amocanis erTi nimuSi.
xarbi algoriTmi arCevs SekveTebs 1,2,3,4 Semdeg iwunebs SekveTebs 5,6 da kvlav arCevs 7-s. Semdeg
SerCeuli SekveTebi sortirdeba Sesrulebis drois mixedviT da Sedgenili optimaluri ganrigi mi-
iRebs saxes: ¡2,4,1,3,7,5,6¿ jarimebis jami aris w5 + w6 = 50.
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SekveTa 1 2 3 4 5 6 7

di 4 2 4 3 1 4 6

wi 70 60 50 40 30 20 10

nax. 9.4:

9.5 savarjiSoebi
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Tavi 10

qvestriqonebis Zebnis amocana

10.1 aRniSvnebi da terminologia

vTqvaT, mocemuli gvaqvs Σ anbani. misi elementebisgan Sedgenil sasruli sigrZis simravles vuwodoT
striqoni (string). Σ∗-iT avRniSnoT Σ anbaniT Sedgenili striqonebis simravle. sasruli sigrZis ca-
rieli striqoni (empty string), romelic aRiniSneba ε-iT, agreTve, ekuTvnis Σ∗-s. x striqonis sigrZe
avRiniSnoT —x—-iT. x da y striqonebis konkatenacia (concatenation), avRiniSnoT xy-iT, misi sigrZea
—x—+—y— da Sedgeba mimdevrobiT x da y striqonebis simboloebisagan.
ω striqons ewodeba x striqonis prefiqsi (prefix), (aRiniSneba ω @ x) Tu arsebobs imave anbanze gansazRv-
ruli y striqoni, iseTi, rom x = ωy. (mag.: x = abcca, ω = ab, ab @ abcca).
ω striqons ewodeba x striqonis sufiqsi (suffix), (aRiniSneba ω A x) Tu arsebobs imave anbanze gansazRv-
ruli y striqoni, iseTi, rom x = yω. (mag.: x = abcca, ω = cca, cca A abcca).
carieli striqoni ε, aris nebismieri striqonis prefiqsic da sufiqsic. Tu ω aris x-is prefiqsi an
sufiqsi, maSin |ω| ≤ |x|. nebismieri x da y striqonebisTvis da nebismieri a simbolosTvis, x A y sruldeba
maSin da mxolod maSin, roca xa A ya. adgili aqvs Semdeg lemas:

lema 10.1. ( ori sufiqsis Sesaxeb). vTqvaT, x, y da z striqonebia, romlebisTvisac x A z, y A z:

• Tu |x| ≤ |y| maSin x A y

• Tu |x| ≥ |y| maSin y A x

• Tu |x| = |y| maSin x = y

Tu striqonis prefiqsi an sufiqsi ar emTxveva striqons, mas uwodeben sakuTriv prefiqss, an sakuTriv
sufiqss.
n sigrZis T striqoni avRniSnoT T[1..n]-iT. T[1..n]-is k-simboloiani prefiqsi avRniSnoT Tk-Ti. amrigad,
T0 = ε da Tn = T = T [1..n].

10.2 qvestriqonebis Zebnis amocanis dasma

vTqvaT, mocemuli gvaqvs Σ anbanze gansazRvruli n sigrZis striqoni, romelsac vuwodebT teqsts da
avRniSnavT T[1..n]-iT da m sigrZis striqoni, romelsac vuwodebT nimuSs da avRniSnavT P[1..m]-iT (pattern)
(m ≤ n).
vityviT, rom T teqstSi P nimuSi Sedis s wanacvlebiT (occurs with shift s) an rac igivea, P nimuSi T teqstSi
gvxvdeba s+1 poziciidan (occurs beginning at position s+1) Tu 0 ≤ s ≤ n−m da T[s+1..s+m]=P[1..m].
Tu P nimuSi T teqstSi Sedis s wanacvlebiT, maSin s-s dasaSveb wanacvlebas (valid shift) uwodeben, winaaR-
mdeg SemTxvevaSi - s dauSvebeli wanacvlebaa (invalid shift).
qvestriqonebis Zebnis amocana (string matching problem) mdgomareobs SemdegSi: vipovoT yvela is dasaSvebi
wanacvleba, romliTac P nimuSi Sedis T teqstSi. qvestriqonebis Zebnis amocana SeiZleba asec Camovay-
aliboT: vipovoT yvela is s wanacvleba 0 ≤ s ≤ n−m intervalSi, romlisTvisac P A Ts+m.

107



108 Tavi X qvestriqonebis Zebnis amocana

Cven ganvixilavT qvestriqonebis Zebnis ramdenime algoriTms. algoriTmebi mocemuli iqneba fsevdoko-
dis saxiT. yvela maTganSi qvestriqonebis Zebnis amocanaSi veZebT pirvel dasaSveb wanacvlebas, rome-
lic Seesabameba marcxnidan pirvel qvestriqons teqstSi. Tu saWiroa yvela qvestriqonis povna teqstSi,
algoriTmi gaagrZelebs muSaobas teqstis bolomde.
fsevdokodSi igulisxmeba, rom erTnairi sigrZis ori striqonis Sedareba primitiuli operaciaa. stri-
qonebis Sedarebisas, garkveuli raodenoba simboloebis damTxvevis Semdeg, pirvelive ardamTxvevis-
Tanave procesi wydeba. iTvleba, rom am procesze daxarjuli dro gamoixateba wrfivi funqciiT, ro-
melic damokidebulia striqonebis toli (damTxveuli) simboloebis raodenobaze. ufro zustad, iTv-
leba, rom testi "x = y" sruldeba Θ(t + 1) droSi, sadac t aris yvelaze grZeli z striqonis sigrZe,
romelic aris erTdroulad x-is da y-is prefiqsi (z @ x, z @ y) (rom gaviTvaliswinoT t=0 SemTxveva,
Θ(t)-s nacvlad vwerT Θ(t + 1)-s. am situaciaSi ar emTxveva striqonebis pirvelive simboloebi, magram
amis Sesamowmebladac saWiroa raRac dadebiTi dro).

10.3 qvestriqonebis Zebnis umartivesi algoriTmi

qvestriqonebis Zebnis yvelaze martiv algoriTmSi, romelic damyarebulia "uxeSi Zalis" meTodze, s
dasaSvebi wanacvlebis povna xdeba s-is yvela SesaZlo n-m+1 mniSvnelobisTvis P[1..m]=T[s+1..s+m] piro-
bis TanmimdevrobiT SemowmebiT.
algoriTmi muSaobs Semdegnairad: nimuSis da teqstis pirvel simboloebs (elementebs) vusworebT erT-
maneTs da vadarebT Sesabamis wyvilebs marcxnidan marjvniv, sanam yvela m wyvili ar daemTxveva erT-
maneTs (am SemTxvevaSi, algoriTmi asrulebs muSaobas). Tu Sedarebisas aRmoCnda gansxvavebuli wyvili,
nimuSs vamoZravebT erTi poziciiT marjvniv da simboloebis Sedareba grZeldeba nimuSis pirveli sim-
bolosa da teqstis Sesabamisi simbolos Sedarebidan. SevniSnoT, rom teqstis bolo pozicia, romelic
SeiZleba qvestriqonis pirveli simbolo iyos, aris n-m+1.

Algorithm 27: Naive String Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 NAIVE-STRING-MATCHER(T, P) :

2 n = len(T);

3 m = len(P);

4 for s=0; i<=n-m; s++ :
5 j = 1;

6 while j <= m and P[j] == T[s+j] :
7 j++;

8 if j == m+1 :
9 print(s);

algoriTmis muSaobis dro. CavTvaloT Sedarebis operacia ZiriTad operaciad. Semavali monacemebi
ganisazRvreba teqstis da nimuSis simboloebis raodenobiT. algoriTmis muSaobis dro iqneba:

n−m∑
s=0

m∑
j=1

1 =

n−m∑
s=0

(m− 1 + 1) =

n−m∑
s=0

m = m(n−m+ 1) ∈ Θ(mn)

ganvixiloT magaliTi, romelic Seesabameba e.w. uares SemTxvevas, roca gvixdeba m simbolos Semcveli
nimuSis yvela simbolos Sedareba teqstis Sesabamis simboloebTan, anu, roca pirveli m-1 simbolo
emTxveva teqstis Sesabamis simboloebs, da bolo-ara. sul dagvWirdeba (n-m+1)m Sedareba. (Cvens
SemTxvevaSi - 9).
magaliTi 1. vTqvaT, T=aaaab, P=aab, n=5, m=3.
amrigad, uares SemTxvevaSi, algoriTmis muSaobis droa Θ(mn), magram tipobriv SemTxvevebSi, mosalod-
nelia, rom wanacvlebebis umetesoba Sesruldeba Sedarebebis mcire raodenobis Catarebis Semdeg. al-
goriTmis muSaobis dro saSualo SemTxvevaSi arsebiTad ukeTesia muSaobis droze uares SemTxvevaSi,
kerZod, SeiZleba vaCvenoT, rom igi tolia (m+ n) = Θ(n).
magaliTi 2. ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
BESS-KNEW-ABOUT-BAOBABS nimuSis - BAOBAB Zebnis amocana umartivesi algoriTmiT.
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a a a a b

a a b 3 Sedareba
a a b 3 Sedareba

a a b 3 Sedareba

tabula 10.1: sul 9 Sedareba

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

tabula 10.2: sul 24 Sedareba

umartivesi algoriTmis araefeqturobas ganapirobebs is, rom informacia teqstis Sesaxeb s wanacvlebis
Semowmebis dros, saerTod ar gamoiyeneba, momdevno wanacvlebis Semowmebisas.
umartivesi algoriTmisgan gansxvavebiT, ufro swrafi algoriTmebi emyareba nimuSis winaswari "da-
muSavebis" ideas: nimuSze garkveuli informaciis miRebas, mis Senaxvas cxrilSi da Semdeg, am infor-
maciis gamoyenebas teqstSi nimuSis realuri Zebnisas. am ideas emyareba ori yvelaze cnobili algo-
riTmi: boier-muris, boier-mur-horspulis (boier-muris gamartivebuli SemTxveva), knut-moris-pratis
algoriTmebi. boier-muris, boier-mur-horspulis algoriTmebSi nimuSis ganxilva xdeba marjvnidan
marcxniv, xolo knut-moris-pratis algoriTmSi - marcxnidan marjvniv.

10.4 knut-moris-pratis algoriTmi

es algoriTmi damoukideblad Seqmnes erTi mxriv, knutma (Knuth) da morisma (Morris) da meore mxriv,
pratma(Pratt) 1977 wels. misi muSaobis siswrafe ganpirobebulia imiT, rom mocemuli P[1..m] nimuSisTvis
winaswar viTvliT e.w. π[1..m] prefiqs-funqcias (prefix-function). algoriTmi muSaobs Semdegnairad: nimu-
Sis da teqstis pirvel simboloebs vusworebT erTmaneTs da vadarebT Sesabamis wyvilebs marcxnidan
marjvniv, sanam yvela m wyvili ar daemTxveva erTmaneTs (am SemTxvevaSi, algoriTmi asrulebs muSaobas).
Tu Sedarebisas aRmoCnda gansxvavebuli wyvili, nimuSs vamoZravebT marjvniv. cxadia, algoriTmi miT
efeqturia, rac metia wanacvlebis sidide yovel bijze. am algoriTmSi wanacvlebis sidide dgindeba
e.w. π[1..m] prefiqs-funqciis (prefix-function) gamoyenebiT, romelic gamoiTvleba O(m) droSi. igi nimuSis
elementebzea gansazRvruli da Seicavs informacias imis Sesaxeb, Tu ramdenad emTxveva nimuSi Tavis
Tavs wanacvlebis Semdeg, rac saSualebas gvaZlevs aviciloT Tavidan zedmeti Sedarebebi.
prefiqs-funqciis gamoTvlis saWiroeba SeiZleba ganvixiloT Semdeg magaliTze: vTqvaT, mocemulia
laTinuri anbani Σ, nimuSi P=ababaca da teqsti T=bacbabababacaca.
vTqvaT s wanacvlebisTvis aRmoCnda, rom nimuSis pirveli q simbolo (am SemTxvevaSi q=5) daemTxva
teqstis Sesabamis simboloebs, xolo momdevno (meeqvse) simbolo gansxvavebulia.
es niSnavs, rom Cven viciT teqstis q raodenoba T[s+1],. . . ,T[s+q] simboloebi da is, rom nimuSi s wa-
nacvlebiT teqstSi ar Sedis. mocemuli informaciis safuZvelze SeiZleba davaskvnaT, rom zogierTi
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b a c b a b a b a b a c a c a

<- -s- -> a b a b a c a

<- - -q- - ->

tabula 10.3

wanacvleba ueWvelad dauSvebelia. Cvens magaliTSi dauSvebelia wanacvleba s+1, radgan am dros nimu-
Sis pirveli elementi a aRmoCndeba teqstis s+2-e elementis - b-s qveS. s+2 wanacvlebisas, ki nimuSis
pirveli 3 elementi daemTxveva teqstis T[s+3], T[s+4], T[s+5] elementebs (anu teqstis CvenTvis cnobil
bolo 3 elements) amitom, am wanacvlebis Seumowmeblad uaryofa ar SeiZleba.

b a c b a b a b a b a c a c a

<- - s’=s+2 - -> a b a b a c a

<- k ->

tabula 10.4

informacias dasaSvebi wanacvlebebis Sesaxeb gvaZlevs π[1..m] prefiqs-funqcia, romelic gamoiTvleba
algoriTmis dawyebamde da Seitaneba cxrilSi. Tu s wanacvlebisas, pirveli q simbolo emTxveva, maSin
Semdegi wanacvleba, romelic SeiZleba iyos dasaSvebi, tolia s’ = s + (q - π[q]).
sakiTxi SeiZleba davsvaT Semdegnairad: vTqvaT, nimuSis P[1..q] simboloebi daemTxva teqstis T[s+1..s+q]
simboloebs. ras udris is umciresi wanacvleba s’¿s, romlisTvisac:

P [1..k] = T [s′ + 1..s′ + k] (10.1)

sadac s’+k = s+q. saukeTeso SemTxvevaSi s’ = s+q da s+1,. . . ,s+q-1 wanacvlebebis ganxilva ar dagvWird-
eba. magram, Tu nimuSi iseTia, rom misi wanacvlebisas sakuTari Tavis mimarT, misi garkveuli elementebi
emTxvevian erTmaneTs, maSin s+1,. . . ,s+q-1 wanacvlebebidan SeiZleba romelime iyos dasaSvebi. nebismier
SemTxvevaSi, s’ wanacvlebis ganxilvisas, SegviZlia ar SevadaroT nimuSis pirveli k simbolo teqstis
Sesabamis simboloebs, radganac isini aucileblad daemTxvevian erTmaneTs. (P[1..k] = T[s’+1..s’+k]-s sa-
fuZvelze).
s’-s sapovnelad, sakmarisia vicodeT nimuSi P da ricxvi q. saxeldobr, Pq striqonis k simboloiani
sufiqsi, romelic emTxveva teqstis T[s’+1..s’+k] simboloebs. k ricxvi (10.1) formulaSi warmoadgens
iseT udides ricxvs, romlisTvisac Pk aris Pq-s sufiqsi.
P[1..m] nimuSis prefiqs-funqcia ewodeba funqcias π : {1, 2, . . . ,m} → {0, 1, . . . ,m−1}, romelic gansazRvru-
lia Semdegnairad: π[q] = max{k : k < q da Pk A Pq}
sxva sityvebiT rom vTqvaT, π[q] aris P nimuSis im udidesi prefiqsis sigrZe, romelic Pq-s sakuTriv
sufiqss warmoadgens.

Algorithm 28: Compute Prefix Function

Input: teqstSi saZebni nimuSi P
Output: prefiqs funcqciis mniSvnelobebi masivSi

1 COMPUTE-PREFIX-FUNCTION(P) :

2 m = len(P);

3 π[1] = 0;

4 k = 0;

5 for q=2; q<=m; q++ :
6 while k>0 and P[k+1] != P[q] :
7 k = π[k];
8 if P[k+1] == P[q] :
9 k++;

10 π[q] = k;

11 return π;

qvemoT moyvanili knut-moris-pratis algoriTmi fsevdokodis saxiT, sadac xdeba COMPUTE-PREFIX-
FUNCTION-is gamoZaxeba.
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Algorithm 29: atcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 KMP-MATCHER(T, P) :

2 n = len(T);

3 m = len(P);

4 π = COMPUTE-PREFIX-FUNCTION(P);

5 q = 0;

6 for i=1; i<=n; i++ :
7 while q > 0 and P[q+1] != T[i] :
8 q = π[q];
9 if P[q+1] == T[i] :

10 q++;

11 if q == m :
12 print(’ nimuSi aRmoCenilia wanacvlebiT ’, i-m);

13 q = π[q];

algoriTmis muSaobis dro. saamortizacio analizis potencialTa meTodis gamoyenebiT, SeiZleba va-
CvenoT, rom COMPUTE-PREFIX-FUNCTION-is muSaobis dro aris Θ(m). k (teqstisa da nimuSis toli
simboloebis raodenoba) sididis potenciali ukavSirdeba mis mimdinare mniSvnelobas algoriTmSi. me-
4 striqonidan Cans, rom k-s sawyisi mniSvnelobaa 0. me-7 striqonSi k mcirdeba misi yoveli gamoTvlisas,
radgan π[k]¡k. magram, radgan π[k] ≥ 0, k arasodes ar xdeba uaryofiTi. erTaderTi striqoni algo-
riTmSi, romelSic SeiZleba Seicvalos k-s mniSvneloba, aris me-8 striqoni, sadac is izrdeba araumetes
1-iT. radgan ciklSi Sesvlamde k¡q, da q-s mniSvneloba izrdeba ciklis yoveli iteraciisas, k¡q narCun-
deba, iseve rogorc utoloba π[q]¡q. while ciklis tanis yoveli Sesruleba me-6 striqonSi SeiZleba
"gadavixadoT" potenciuri funqciis SemcirebiT, radganac π[k]¡k. me-9 striqonSi potenciuri funqcia
izrdeba araumetes 1-iT, amitom 6-10 striqonebSi ciklis tanis saamortizacio Rirebuleba tolia O(1)-
s. radgan gare ciklSi iteraciebis raodenoba aris Θ(m) da radgan potenciuri funqciis saboloo
mniSvneloba sawyis mniSvnelobaze naklebi araa, COMPUTE-PREFIX-FUNCTION-s muSaobis faqtiuri
dro uares SemTxvevaSi tolia Θ(m)-s.

analogiurad mtkicdeba, rom KMP-MATCHER-s muSaobis dro aris Θ(n). amrigad, algoriTmis muSaobis
dro iqneba Θ(n+m).

qvemoT moyvanilia prefiqs-funqciis cxrilebi nimuSebisTvis:

i 1 2 3 4 5 6 7

P[i] a b a b a c a

π[i] 0 0 1 2 3 0 1

(a)

i 1 2 3 4 5 6

P[i] B A O B A B

π[i] 0 0 0 1 2 1

(b)

tabula 10.5

magaliTi 3: ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
BESS-KNEW-ABOUT-BAOBABS nimuSis - BAOBAB Zebnis amocana knut-moris pratis algoriTmiT.
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B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

tabula 10.6: sul 24 Sedareba

magaliTi 4: ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
bacbabababacaca nimuSis - ababaca Zebnis amocana.

b a c b a b a b a b a c a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

tabula 10.7: sul 15 Sedareba

10.5 boier-mur-horspulis algoriTmi

boier-mur-horspulis (SemdegSi, b-m-h-is) algoriTmi, iseve rogorc k-m-p-is algoriTmi, nimuSis winaswari
damuSavebis xarjze, amcirebs teqstis da nimuSis Sedarebebis raodenobas.
algoriTmi muSaobs Semdegnairad: nimuSis da teqstis pirvel simboloebs vusworebT erTmaneTs, vada-
rebT nimuSis ukidures marjvena simbolos teqstis Sesabamis simbolosTan da vmoZraobT marjvnidan
marcxniv, sanam yvelam wyvili ar daemTxveva erTmaneTs. (am SemTxvevaSi, saZiebeli qvestriqoni napovnia
da algoriTmi dasrulebulia) Tu Sedarebisas aRmoCnda gansxvavebuli wyvili, nimuSs vamoZravebT mar-
jvniv. cxadia, gadaweva jobs, rac SeiZleba meti poziciiT, magram ara qvestriqonis gamotovebis riskis
xarjze. b-m-h-is algoriTmi am poziciebis raodenobas gansazRvravs im c simbolos ganxilviT, rome-
lic teqstis da nimuSis erTmaneTis mimarT gasworebis momentSi, mdebareobs nimuSis bolo elementis
gaswvriv. gvaqvs ori SemTxveva:

1. Tu c simbolo ar emTxveva nimuSis pirvel m-1 simbolos, maSin nimuSis wanacvleba marjvniv xdeba
m poziciiT.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 10.8
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(am SemTxvevaSi K simbolo ar gvxvdeba nimuSis pirvel 5 simbolos Soris, rac niSnavs, rom nimuSis
wanacvlebiT marjvniv 6 poziciiT ar gamovtovebT dasaSveb wanacvlebas)

2. Tu c simbolo gvxvdeba nimuSis pirvel m-1 simboloebs Soris, maSin wanacvleba xdeba ise, rom
nimuSis c-s toli ukiduresi marjvena simbolo gauswordes teqstis c simbolos.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 10.9

(am SemTxvevaSi B simbolo orjer gvxvdeba nimuSis pirvel 5 simbolos Soris, nimuSis wanacvleba
marjvniv xdeba ise, rom nimuSis pirvel 5 simbolos Soris yvelaze marjvniv mdgomi B simbolo
gauswordes c simbolos, rom ar gamovtovoT dasaSvebi wanacvleba)

am magaliTebidan Cans, rom simboloebis Sedarebas marjvnidan marcxniv mivyavarT ufro did wanacvle-
bebTan, vidre umartives algoriTmSi, magram Tu c simbolos SevadarebT nimuSis yovel elements, maSin
Sedarebebis raodenoba imave rigis iqneba, rac umartives algoriTmSi. Semavali monacemebis "gaumjobe-
sebis" idea amcirebs am Sedarebebis raodenobas. teqstis yoveli elementisaTvis (nimuSis gaTval-
iswinebiT) winaswar viTvliT wanacvlebis sidides, romelic Semdegnairad gamoiTvleba:

Table[c] =



m Tu c ar emTxveva nimuSis pirvel m− 1 elements

manZili nimuSis pirvelm−1
elementebs Soris ekidure-
sad marjvena c elementsa da
bolo elements Soris

winaaRmdeg SemTxvevaSi

wanacvlebis sidides vinaxavT cxrilSi.

Algorithm 30: Boyer Moore Horspool Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 SHIFT-TABLE(T, P) :

2 n = len(T);

3 m = len(P);

4 for k=1; k<=n; k++ :
5 Table[T[k]] = m;

6 for s=1; k<=m-1; s++ :
7 Table[P[s]] = m-s;

8 return Table;

9 BOYER-MOORE-HORSPOOL-MATCHER(T, P) :

10 n = len(T);

11 m = len(P);

12 Table = SHIFT-TABLE(T,P);

13 i = m;

14 while i <= n :
15 k = 0;

16 while k < m and P[m-k] == T[i-k] :
17 k++;

18 if k == m :
19 print(’ nimuSi aRmoCenilia wanacvlebiT ’, i-m+1);

20 i += Table[T[i]];

algoriTmis muSaobis dro. winaswari damuSavebis fazis (wanacvlebis cxrili) muSaobis dro aris Θ(n),
xolo boier-mur-horspulis algoriTmis muSaobis dro uares SemTxvevaSi aris Θ(mn).
ganvixiloTlaTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi: BESS-KNEW-
ABOUT-BAOBABS nimuSis - BAOBAB-s Zebnis amocana.
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c simbolo A B E S K N W O U T -

Table[c] wanacvleba 1 2 6 6 6 6 6 3 6 6 6

(a) wanacvlebebi

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

(b) sul 13 Sedareba

tabula 10.10

10.6 boier-muris algoriTmi

boier-muris algoriTmis Rirseba mdgomareobs imaSi, rom nimuSis winaswari damuSavebis xarjze, mcird-
eba nimuSisa da teqstis simboloebis Sedarebebis raodenoba: zogierTi SedarebisTvis winaswar cno-
bili xdeba, rom igi usargeblo iqneba.
boier-muris algoriTmiT qvestriqonebis Zebna, iseve rogorc boier-mur-horspulis algoriTmSi, iwyeba
teqstisa da nimuSis pirveli elementebis erTmaneTTan gasworebiT. teqstisa da nimuSis elementebis
Sedarebas viwyebT nimuSis bolo elementidan da vmoZraobT marjvnidan marcxniv, sanam yvela m wyvili
ar daemTxveva erTmaneTs.(am SemTxvevaSi, saZiebeli qvestriqoni napovnia da algoriTmi dasrulebulia).
vTqvaT, teqstisa da nimuSis Sesabamisi wyvilebis k (0 ≤ k < m) raodenoba daemTxva erTmaneTs, xolo
k+1-e wyvili gansxvavebulia. am SemTxvevaSi boier-muris algoriTmi gansazRvravs wanacvlebis sidides
ori evristikis gamoyenebiT. esenia " sdeq-simbolos evristika" da " usafrTxo simbolos evristika".
TiToeuli maTgani iZleva mniSvnelobas, romelTa Sorisac udidesis arCeviT, SeiZleba gamoviTvaloT
iseTi maqsimaluri wanacvleba, rom ar gamovtovoT dasaSvebi.
wanacvlebis pirveli sidide - sdeq-simbolos wanacvleba (bad-symbol shift) ganisazRvreba teqstis im c
elementiT (davarqvaT mas sdeq-simbolo) romelic Sedarebisas pirveli ar daemTxva nimuSis Sesabamis
elements (es elementi SeiZleba iyos pirvelive elementi. am SemTxvevaSi k=0).
Tu c elementi ar Sedis nimuSSi, maSin nimuSi unda gadavaadgiloT marjvniv ise, rom sdeq-simbolo
aRmoCndes wanacvlebis gareT. wanacvleba gamoiTvleba formuliT: Table[c]-k, sadac Table[c] wanacvlebis
cxrilis elementia, xolo k teqstisa da nimuSis toli elementebis raodenoba:

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 10.11

erTmaneTs daemTxva nimuSis da teqstis bolo ori AB elementi k=2, sdeq-simboloa "-". nimuSi gadaadg-
ildeba marjvniv Table[-]-k, anu 6-2=4 poziciiT. ixileT wanacvlebis cxrili 10.11.
Tu c elementi Sedis nimuSSi da Table[c]-k¿0, maSin wanacvleba isev am formuliT gamoiTvleba, anu xdeba
nimuSis gadaadgileba Table[c]-k poziciiT.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 10.12

ar daemTxva erTmaneTs nimuSis bolo elementi B da teqstis Sesabamisi elementi A (sdeq-simbolo),
nimuSi gadaadgildeba marjvniv Table[A]-k, anu 1-0=1 poziciiT.
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Tu sdeq-simbolo c Sedis nimuSSi magram Table[c]-k¡0, maSin, cxadia, ver wavanacvlebT nimuSs uaryofiTi
raodenoba poziciiT. am SemTxvevaSi, viyenebT "uxeSi Zalis" princips da vamoZravebT nimuSs erTi pozi-
ciiT marjvniv.

amrigad, "sdeq-simbolos evristikiT" wanacvlebis sidide d1 tolia Table[c]-k, Tu es sidide dadebiTia,
da udris 1-s, Tu igi aradadebiTia.

d1 = max{Table[c]− k, 1}

wanacvlebis meore sidide - saerTo sufiqsis wanacvleba (good-suffix shift) ganisazRvreba nimuSis k ele-
mentis damTxveviT teqstis Sesabamis elementebTan da igi emyareba Semdeg ideas: vTqvaT, nimuSSi gvxvdeba
simboloebis ganlageba, romelic emTxveva nimuSis k - simboloian sufiqss, maSin nimuSi SeiZleba wa-
vanacvloT imdeni poziciiT, rom k - simboloiani sufiqsis toli simboloebis ganlageba, romelic
marjvnidan meorea, daemTxves k - simboloian sufiqss. amasTan unda gaviTvaliswinoT erTi mniSvnelo-
vani garemoeba: simboloebis aRniSnul ganlagebas win unda uZRodes im simbolosgan gansxvavebuli
simbolo, romelic win uZRoda k - simboloian sufiqss.

... D B A B ...

A B A B C B A B C B A B

tabula 10.13

am magaliSi 3-simboloian sufiqss win uZRvis simbolo C, misi Sesabamisi simbolo teqstSi aris D da
am simboloebis Sedarebisas moxda pirveli ardamTxveva. nimuSSi gvaqvs kidev ori aseTi ganlageba;
marjvnidan pirvels win uZRvis simbolo C, xolo marjvnidan meores - simbolo A. Tu nimuSs ise wa-
vanacvlebT, rom nimuSSi marjvnidan meore BAB ganlageba (romelsac win aseve uZRvis simbolo C)
daemTxves teqstis Sesabamis simboloebs, aRmoCndeba, rom vimeorebT usargeblo Sedarebas (D isev ar
daemTxveva C-s).

... D B A B ...

A B A B C B A B C B A B

tabula 10.14

am SemTxvevaSi, nimuSis SesaZlo dasaSvebi wanacvleba iqneba:

... D B A B ...

A B A B C B A B C B A B

tabula 10.15

anu, nimuSis gadaadgileba xdeba ise, rom marjvnidan meore BAB ganlageba (romelsac win ar uZRvis
simbolo C) daemTxves teqstis Sesabamis simboloebs.

Tu k - simboloiani sufiqsis toli simboloebis ganlageba nimuSSi ar aris, maSin, TiTqos, logikuria
vifiqroT, rom wanacvleba unda moxdes nimuSis toli sigrZiT.

magram, Tu nimuSi Seicavs elementTa Tanmimdevrobas, romelic aris k - simboloiani sufiqsis raime
l-simboloiani sufiqsi l ¡ k, maSin nimuSis toli sigrZiT wanacvlebisas SeiZleba gamovtovoT dasaSvebi
wanacvleba.

imisaTvis, rom aviciloT Tavidan arakoreqtuli wanacvlebebi, k sigrZis sufiqsisTvis unda vipovoT l¡k
sigrZis udidesi prefiqsi, romelic emTxveva, imave nimuSis l sigrZis sufiqss. Tu aseTi prefiqsi arse-
bobs, d2 gamoiTvleba rogorc manZili prefiqssa da sufiqss Soris, winaaRmdeg SemTxvevaSi, d2 nimuSis
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sigrZis tolia.

Algorithm 31: Boyer Moore Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 BOYER-MOORE-HORSPOOL-MATCHER(T, P) :

// biji 1: mocemuli m sigrZis nimuSisTvis da anbanisTvis, romelic gamoiyeneba teqstSi da
nimuSSi, avagoT wanacvlebebis cxrili

// biji 2: mocemuli m sigrZis nimuSisTvis, avagoT saerTo sufiqsebis wanacvlebebis cxrili

// biji 3: gavusworoT nimuSi teqstis dasawyiss

// biji 4: manam, sanam ar iqneba napovni saZiebeli qvestriqoni, an manam, sanam nimuSi ar miaRwevs
teqstis bolo simbolos, gavimeoroT Semdegi moqmedebebi: nimuSis bolo simbolodan
dawyebuli, marjvnidan marcxniv, vadarebT nimuSis da teqstis Sesabamis elementebs. Tu
dadgindeba yvela m simbolos toloba (e.i. teqstSi napovnia nimuSi) Tu nimuSis 0 ≤ k < m
simbolo daemTxva teqstis Sesabamis simboloebs, xolo k + 1 simbolo ar daemTxva teqstis
Sesabamis simbolos da es simbolo teqstSi aris c, maSin wanacvlebebis cxrilidan vipoviT
Table[c]-s. Tu k > 0, saerTo sufiqsebis wanacvlebebis cxrilidan vipoviT d2-s. nimuSs
wavanacvlebT marjvniv d poziciiT, sadac:

d =

{
d1 Tu k = 0

max(d1, d2) Tu k > 0

d1 = max(Table[c]− k, 1)

algoriTmis muSaobis dro. boier-muris algoriTmis muSaobis dro uares SemTxvevaSi aris Θ(mn + Σ).
winaswari damuSavebis fazas sWirdeba Θ(mn + Σ) dro, xolo Zebnis fazas - Θ(mn). is swrafia, roca
anbani didia (mag.: A-Z, 1-9) da nelia, roca anbani pataraa (mag.: {0,1}).
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ganvixiloTlaTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi: BESS-KNEW-
ABOUT-BAOBABS, nimuSis - BAOBAB Zebnis amocana.

c simbolo A B E S K N W O U T -

Table[c] wanacvleba 1 2 6 6 6 6 6 3 6 6 6

(a) wanacvlebebi

k nimuSi d2
1 BAOBAB 2

2 BAOBAB 5

3 BAOBAB 5

4 BAOBAB 5

5 BAOBAB 5

(b) saerTo sufiqsebis wanacvlebebi

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

d1 = t1(K)− 0 = 6
B A O B A B

d1 = t1(-)− 2 = 4
d2 = 5
d = max{4, 5} = 5

B A O B A B

d1 = t1(-)− 1 = 5
d2 = 2
d = max{5, 2} = 5

B A O B A B

(c) sul 12 Sedareba

tabula 10.16

dasasrul, ganvixiloT sakiTxi: anbanis, teqstis da nimuSis zomis mixedviT, Cvens mier ganxiluli,
romeli algoriTmis gamoyenebaa ufro xelsayreli. arsebobs mravali gamokvleva amis Sesaxeb. boier-
muris algoriTmis upiratesoba umartives algoriTmTan SedarebiT, gansakuTrebiT sagrZnobia, roca
anbanic, teqstic da nimuSic didia (grZelia). boier-muris algoriTmis upiratesoba mis ufro martiv
boier-mur-horspulis algoriTmTan vlindeba mxolod maSin, roca nimuSi grZelia da teqstSi xSirad
gvxvdeba nimuSSi Semavali simboloebis calkeuli mimdevrobebi. mokle anbanisaTvis rekomendirebulia
knut-moris-pratis algoriTmi, xolo Tu teqstic da nimuSic moklea, umartivesi algoriTmic sakmaod
efeqturia misi simartivis gamo (winaswari damuSavebis etapis gareSe).

10.7 savarjiSoebi

1. ganvixiloT genebis Zebnis amocana dnm-s mimdevrobaSi horspulis algoriTmis gamoyenebiT. dnm-s
mimdevroba warmoadgens teqsts, gansazRvruls {A,C,G,T} anbanze, xolo geni, an genis monakveTi -
nimuSs.

(a) aageT wanacvlebis cxrili genis Semdegi monakveTisTvis: TCCTATTC

(b) gamoiyeneT horspulis algoriTmiam nimuSis Semdeg teqstSi mosaZebnad: ATCTGTACTTCCTATTCGTA

2. simboloebis ramdeni Sedareba unda Sesruldes boier-mur-horspulis algoriTmiT Semdegi nimuSe-
bis Zebnis dros teqstSi, romelic Sedgeba 1000 nulisgan:

(a) 00001
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(b) 10000

(c) 01010

3. simboloebis ramdeni Sedareba unda Sesruldes boier-muris algoriTmiT Semdegi nimuSebis Zebnis
dros teqstSi, romelic Sedgeba 1000 nulisgan:

(a) 00001

(b) 10000
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