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YsirTulis TeoriaA amocanebisa da maTi gadawyvetisaTvis saWiro algoriTmebis sirTules Seiswav-
lis.
imisaTvis, rom TviTon algoriTmi SevafasoT, aucilebelia iseTi kriteriumebis SemuSaveba, romlis
drosac Sefasdeba TviT algoriTmis xarisxi - misi siswrafisa da mexsierebis xarjvis rigi. Tanac es
kriteriumebi ar unda iyos damokidebuli ama Tu im gamomTvlelze, romelzedac algoriTms gavuSvebT
-- elementaruli operaciebis Catarebis siswrafeze, mexsierebis zomaze da a.S. amitom algoriTmisa
da amocanis sirTules iTvlian gamomTvlelTa Teoriuli modelis -- tiuringis manqanis gamoyenebiT,
romelsac usasrulod didi mexsiereba aqvs, anu resursebSi SezRuduli ar aris da romelsac gan-
sazRvruli aqvs ramodenime elementruli operacia, risi Sesrulebis droc erTis toladaa miCneuli.
amiT ixsneba sakmarisi mexsierebis arqonis gamo Seqmnili problemebi. amrigad, algoriTmis sirTule
Sesabamisi tiuringis manqanis mier Sesrulebuli elementaruli operaciebis ricxvis tolia da TviT
algoriTmi Sesabamisi tiuringis manqanis tolfasia (rogorc aRmoCnda, yovel algoriTms erTi tiu-
ringis manqana Seesabameba da piriqiT - yovel tiuringis manqanas erTi algoriTmi Seesabameba, ase rom
es ori ram erTmaneTis eqvivalenturia).

1 sirTulis Teoriis elementebi

1.1 rTuli, martivi, gamoTvladi da aragamoTvladi amocanebi

uxeSad, amocanebi or klasad SeiZleba daiyos: iseTebi, romlisTvisac algoriTmuli amoxsna ar ar-
sebobs (anu am amocanebis gadaWra sasrul droSi ar SeiZleba - maTi yvela algoriTmi Caicikleba)
da iseTebad, romlebisTvisac algoriTmebi arsebobs. iseT amocanebSi, romlebisTvisac algoriTmebi
arsebobs, gamoyofen amocanaTa sirTulis ramodenime klass. aRmoCnda, rom erT-erT klasSi iseTi amo-
canebia, romelTaTvisac realur droSi amoxsna arsebobs, xolo meoreSi - iseTebi, romelTaTvisac
realur droSi amoxsna dReisaTvis cnobili ar aris (es mkacrad SemdgomSi iqneba gansazRvruli). aqve
unda aRiniSnos, rom es amocanebi am or klasSi zemoT aRniSnuli kriteriumebiT ar ganlagebula - es
ufro Teoriuli Sedegebis mier gamowveuli damTxvevaa.

erT-erTi yvelaze Zveli amocana, romelsac algoriTmuli amoxsna ar aqvs (garkveuli resursebiT
SezRudvis gaTvaliswinebiT), antikuri saberZneTidan modis da ramodenime aTasi weli gadauWreli rCe-
boda - figurebis fargliTa da saxazaviT agebis algoriTmebis povna. rogorc XIX saukuneSi maTem-
atikosebma daamtkices, SeuZlebelia iseTi algoriTmebis povna, romliTac erTeulovani wris far-
Tobis mqone kvadratis agebas SevZlebdiT farglisa da saxazavis gamoyenebiT. samagierod SeiZleba
aseTi farTobis mqone kvadrats nebismieri sizustiT mivuaxlovdeT - amocanis odnavi Secvlisas igi
amoxsnadi xdeba: mocemulia wre da raime dadebiTi ricxvi (sizuste). farglisa da saxazavis gamoye-
nebiT aageT iseTi kvadrati, romlis farTobic mocemuli sizustiT iqneba mocemuli wris farTobis
siaxloveSi.
meore magaliTad SeiZleba hilbertis X problemis moyvana: mocemulia nebismieri diofantes polinomi-
uri gantoleba mTeli koeficientebiT: an · xnn + · · ·+ a1 · x1

1 + a0 = 0. SeimuSaveT meTodi (anu algoriTmi),
romelic nebismieri aseTi polinomisaTvis gagvcemda pasuxs (ki an ara) SekiTxvaze, aqvs Tu ara am gan-
tolebas mxolod racionaluri fesvebi? rogorc aRmoCnda, arc am amocanas aqvs algoriTmuli amoxsna.
aRsaniSnavia, rom es amocanebi algoriTmis gansazRvrebaze adre Camoyalibda da wminda maTematikuri
xerxebiT iqna gadaWrili, Tumca maT informatikaSi Zalian mniSvnelovani roli iTamaSes.

pirveli amocana, romlis amouxsnadobac algoriTmul meTodebze dayrdnobiT damtkicda, e.w. SeCerebis
amocanaa: nebismieri algoriTmisaTvis (programisTvis) da misi monacemisaTvis daadgineT, SeCerdeba Tu
Caicikleba es algoriTmi mocemul moncemze. amis konkretuli magaliTia sami programa, romelTagan
pirveli rig-rigobiT gadaamowmebs naturalur ricxvebs (anu nebismier naturalur ricxvs odesme mainc
miaRwevs) da SeCerdeba maSin da mxolod maSin, Tuki iseT luw ricxvs aRmoaCens, romelic ori sxva
luwi ricxvis jams warmoadgens. meore algoriTmi rig-rigobiT gadaamowmebs naturalur ricxvebs da
SeCerdeba maSin da mxolod maSin, Tu iseT kent ricxvs aRmoaCens, romelic ori sxva kenti ricxvis jams
warmoadgens. cxadia, rom pirvel algoriTmzec da meorezec winaswar SeiZleba imis Tqma, SeCerdeba Tu
ara igi.
magram ganvixiloT algoriTmi, romelic rig-rigobiT gadaamowmebs luw ricxvebs da SeCerdeba maSin
da mxolod maSin, Tu ganxiluli ricxvi maqsimum ori martivi ricxvis jamisagan ar Sedgeba. es uka-
naskneli amocana Tanamedrove maTematikis erT-erTi udidesi Ria problemaa (goldbaxis hipoTeza) da,

2



cxadia, jer-jerobiT winaswar ver vityviT, SeCerdeba Tu ara zemoT moyvanili algoriTmi. amrigad,
zogi algoriTmisTvis dabejiTebiT SeiZleba imis Tqma, SeCerdeba Tu ara igi, zogisTvis ki -- ara. ma-
gram aq mTavari isaa, arsebobs Tu ara raRac erTi zogadi meTodi, romelic yvela algoriTmisTvis raime
pasuxs gagvcems? rogorc aRmoCnda, aseTi zogadi meTodi (algoriTmi) ver iarsebebs (amis damtkiceba
tiuringis manqanebiT xdeba da SemdgomSi iqneba mocemuli).
es faqti ar niSnavs aucileblad imas, rom raRaca amocanebisTvis ver vityviT, Caicikleba Tu ara maTi
algoriTmebi (Tumca aseTi amocanebis ricxvi usasruloa). usasrulod bevri amocanisaTvis dagvWird-
eba axali meTodebis Zieba, rom am SekiTxvaze pasuxi gavceT. SeCerebis amocana algoriTmulad amoxs-
nadi rom yofiliyo, maTematikuri logikisa da informatikis erT-erTi umniSvnelovanesi ganxra -- Teo-
remaTa avtomaturi mtkiceba -- advilad gadaiWreboda, axla ki saWiroa TeoremaTa klasifikacia da
yoveli calkeuli klasisaTvis avtomaturi mtkicebebis meTodebis Zieba.

realur droSi amoxsnadi amocanebis magaliTebia:

• naturaluri ricxvis simartivis testi: mocemulia naturaluri ricxvi. daadgineT, martivia Tu
ara igi.

• eileris cikli grafSi: mocemulia grafi. daadgineT, SeiZleba Tu ara SemovuaroT am grafs ise,
rom mis yvela wiboze gaviaroT erTxel da mxolod erTxel? (SeiZleba Tu ara mocemuli figura
SemovxazoT xelis erTi mosmiT?)

• planarulobis testi: mocemulia grafi. aris Tu ara igi planaruli? da Tu aris, rogor SeiZleba
misi planarulad daxazva?

iseTi amocanebis magaliTebad, romelTaTvisac realur droSi amoxsnadi algoriTmi cnobili araa
(magram arc isaa damtkicebuli, rom maTTvis aseTi algoriTmi ar arsebobs), SeiZleba moviyvanoT:

• faqtorizacia: mocemulia naturaluri ricxvi. daSaleT igi martiv mamravlebad.

• hamiltonis gza: mocemulia grafi. SeiZleba Tu ara mas ise SemovuaroT, rom mis yvela kvanZSi
mivideT erTxel da mxolod erTxel?

• bulis funqciaTa WeSmariteba: mocemulia bulis algebris n cvladze damokidebuli funqcia, ro-

melic Cawerilia koniunqciuri normaluri formiT. arsebobs Tu ara misi cvladebis iseTi mniSv-
nelobebi, rom es funqcia iyos WeSmariti?

aRsaniSnavia, rom faqtorizaciis garda orive amocanisTvis damtkicebulia, rom igi NP- srulia, anu
Cvens garSemo arsebuli TiTqmis yvela amocana am amocanebze daiyvaneba - nebismieri amocana SeiZleba
ise gardavqmnaT (CavweroT bulis funqciisa an grafis saxiT), rom miRebuli bulis funqciaTa WeS-
maritebis an hamiltonis ciklis amocanis pasuxi sawyisi amocanis pasuxs mogvcems (aseTi gardaqmnis
magaliTebs SemdgomSi ganvixilavT). YNP-sruliA amocanisaTvis Yrealur droSiA amonaxsnis povna av-
tomaturad imas niSnavs, rom TiTqmis yvela sxva amocanac realur droSi amoixsneba: sxva amocanas masze
daviyvanT da Semdeg efeqturad amovxsniT. es aris erT-erTi mizezi imisa, Tu ratom eqceva am amocanebs
amdeni yuradReba - imis garda, rom es amocanebi Zalian xSirad iCenen Tavs yoveldRiur cxovrebaSi.
Teoriuli informatika da, kerZod, sirTulis Teoria amocanebis klasifikaciiTa da efeqturad gadaW-
ris gzebis povniTaa dakavebuli: yoveli axali amocanis wamoWrisas unda davadginoT, xom ar aris igi
amouxsneli? da Semdeg, xom ar aris igi NP-sruli? Tu erT-erTi mainc WeSmaritia, maSin unda veZioT
(sxvadasxva meTodebze dayrdnobiT) am sirTuleebis gverdis avlis gzebi.
mniSvnelovania Semdegi garemoeba: fargliTa da saxazaviT konkretuli geometriuli figurebis agebis
amocana gadauWrelia mxolod garkveuli meTodebis gamoyenebiT -- Tu Cven sakiTxs ise davsvamT, Sei-
Zleba Tu ara igive figurebis raime meTodiT ageba, maSin pasuxi dadebiTi iqneba. danarCeni amocanebi
ki zogadad gadauWrelia -- ar arsebobs raime meTodi, romelic am SekiTxvebze pasuxs gagvcemda. es ki
imas niSnavs, rom amocanis Camoyalibebisas mniSvnelovan rols TviT resursebis SerCeva TamaSobs.

1.2 anbani da ena

informatikaSi centralur rols raRaca anbaniT Seqmnili ena TamaSobs. rogorc aRmoCnda, nebismieri
amocana SegviZlia ise CamovayaliboT, rom misi pasuxi iyos tolfasi Semdeg SekiTxvaze gacemuli pasu-
xisa: sruldeba Tu ara raRaca garkveuli piroba? magaliTad, Tu gvaqvs zurgCanTis amocana elemente-
biT X1, ..., Xn da maqsimaluri tevadobiTW , igi SeiZleba davsvaT Semdegnairad: mocemulia naturaluri
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ricxvebi X1, ..., Xn, V . moiZebneba Tu ara X mimdevrobaSi iseTi qvemimdevroba, romlis elementebis jami
zustad tolia V ? am tipis ki - ara pasuxiani amocanebiT nebismier amocanaze pasuxis gacema SeiZleba.
zemoT Camoyalibebul zurgCanTis amocanaze pasuxs miviRebT mas Semdeg, rac meore amocanaze gavcemT
pasuxs, rodesac V = W,V = W − 1, ..., V = 1 da pirvelive dadebiT pasuxs aviRebT.
anbanad SegviZlia nebismieri sasruli simravle miviCnioT, magaliTad qarTuli asoebiT Semdgari an-
bani, an qarTul anbans damatebuli sasveni niSnebi, an laTinuri anbani da a.S. informatikaSi mniSvnelo-
van rols TamaSobs orobiTi anbani B = {0, 1}. anbaniT Seqmnili sityva am anbanis elementebis mimde-
vrobaa. magaliTad, sityva YinformatikaA qarTuli anbaniT Seqmnili sityvaa, YsirTulis TeoriaA ki
qarTul anbans damatebuli erTi elementiT -- xarveziT (carieli simboloTi) Seqmnili anbanis sityvaa.
orobiT anbanze Seqmnili sityvis magaliTia 011101010. sityva SeiZleba iyos sasruli an usasrulo
zomis, an erTi elementisagan Semdgari. magaliTad, a laTinuri anbanis erTi aso an am anbanze Se-
qmnili erT simboloiani sityva SeiZleba iyos. sityva SeiZleba carielic iyos, anu 0 elementisagan
Sedgebodes. am SemTxvevaSi ityvian, rom es carieli sityvaa. yovel sityvas aqvs Tavisi zoma, rac masSi
Semavali elementebis raodenobis tolia. magaliTad, |informatika| = 11 (sityvis sigrZis aRsaniSnavad
mas modulis niSans ukeTeben). Tu ε carieli sityvaa, maSin | ε | = 0. Tu mocemulia raRaca anbani A,
maSin An = {w : |w| = n}, xolo A∗ am anbanze Seqmnili yvela sasruli zomis sityvaTa simravlea. Tu w
raRaca sityvaa, maSin w(i) am sityvis i-ur poziciaze mdgari asoa, xolo wR misi Sebrunebuli sityvaa.
w, v sityvebisTvis w ◦v am sityvebis Serwymaa. magaliTad, qve ◦ simravle = qvesimravle da qvesimravle(8)
= a. garda amisa, w0 = ε, wi+1 = wi ◦ w. magaliTad, Tu w = cxel, maSin w2◦i = cxelcxeli, xolo
(cxelcxeli)R =ilexclexc.

advili SesamCnevia, rom arsebobs usasrulo enebi, anu iseTi enebi, romelTa sityvebis raodenoba usa-
sruloa. garda amisa, yvela SesaZlo enaTa simravle araTvladia (rogorc aRmoCnda, yovel enas erTi
amocana mainc Seesabameba, xolo yvela SesaZlo algoriTmis simravle Tvladia, ese igi, unda arse-
bobdes iseTi amocanebic, romelTac algoriTmuli amoxsna ar aqvT). amitom informatikis erT-erTi
ZiriTadi amocanaa enaTa sasruli resursebiT aRwera. mniSvnelovania imis aRniSvnac, rom enis sas-
ruli aRwera TviTon sasruli sityva unda iyos, romelic raRaca Σ anbanzea Seqmnili. garda amisa,
or sxvadasxva enas ori sxvadasxva aRwera unda hqondes. mniSvnlvania erTi faqtic: SesaZlo sasruli
aRwerilobebis simravle Tvladia, radgan Σ∗ Tvladia. magram yvela enis simravle araTvladia. amitom
yvela enas sasruli aRweriloba ver eqneba da Cven unda veZeboT aseTi aRwerilobebi rac SeiZleba meti
saintereso da mniSvnelovani enisaTvis. magaliTisaTvis ganvixiloT Semdegi ena:
L = {w : w sityva binarul anbanzea Seqmnili da Seicavs 2 an 3 erTians, romelTagan pirveli ori miyo-
lebiT ar gvxvdeba}.
am enis sasruli aRweriloba Semdegia: L = 0∗10∗010∗(10∗ ∨ e).
sityvierad es ase Caiwereba: ena Sedgeba iseTi sityvebisagan, romlebSic dasawyisSi SeiZleba iyos
ramodenime 0, Semdeg aucileblad moyveba 1, Semdeg SeiZleba iyos ramodenime 0, Semdeg aucileblad
moyveba 01, Semdeg SeiZleba iyos ramodenime 0, Semdeg SeiZleba iyos 1 da ramodenime nuli (an araferi).
aRweris bolos (10∗ ∨ e) imisaTvisaa saWiro, rom sityvis bolos iyos an 10∗ an araferi.
aseTi saxis gamosaxulebebs regularuli ewodeba. Tu ena SeiZleba regularuli gamosaxulebiT aRi-
weros, maSin mas regularuli ena ewodeba. Tu ena regularulia, maSin igi usasrulod bevri sxvadasxva
regularuli gamosaxulebiT SeiZleba aRiweros.
rogorc aRvniSneT, unda arsebobdes enebi, romlebic regularuli araa. aseTi enis magaliTia {0n1n :
n ≥ 0}. es faqti mkacradaa damtkicebuli e.w. pamping lemis (Pumping Lemma) daxmarebiT, magram aq imis
varaudi SeiZleba, rom es ena imitom ver aRiwereba sasruli resursebiT, rom n ragind didi SeiZleba
iyos (sasruli mexsierebis gadavseba). aseTi martivi enis aRweris SeuZlebloba imaze migviTiTebs, rom
amdagvari aRweriloba araa damakmayofilebeli gamoTvlebis zogadi TeoriisaTvis, rac axali, ufro
farTo klasis Seqmnas moiTxovs. aseTia rekursiul enaTa klasi, romelic tiuringis manqanebze dayr-
dnobiT iqna SemuSavebuli.
rogorc zemoT aRvniSneT, nebismieri amocana SeiZleba ise gardavqmnaT, rom igi gadaiqces e.w. ki-ara
amocanad: garkveul monacemebze pasuxi iyos ki da garkveulze -- ara. Tu Cven konkretul enad mxo-
lod im monacemTa simravles aviRebT, romelzedac amocanis pasuxia ki, maSin advili sanaxavia, rom
es tolfasia amocanisa, vipovnoT pasuxi SekiTxvaze: aris Tu ara raRaca sityva konkretuli enis ele-
menti? magaliTad, Tu mocemul grafSi hamiltonis gzis arsebobis dadgena gvinda, SegviZlia SevqmnaT
iseTi simravle HG, romelic yvela grafis aRwerilobisgan Sedgeba, romelic hamiltonis gzas Se-
icavs da arc erT iseTs, romelic aseT gzas ar Seicavs. aqedan gamomdinare, Tu mocemulia grafi G,
SevqmniT mis aRmwer sityvas wG da wG ∈ HG SekiTxvaze pasuxi G grafSi hamiltonis gzis arsebobis pa-
suxs daemTxveva. imisaTvis, rom pasuxi gavceT romelime enaSi sityvis arsebobis SekiTxvas, saWiroa e.w.
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enis amomcnobi danadgari, anu garkveuli algoriTmi. rogorc aRmoCnda, zogadi SemTxvevisaTvis aseTi
algoriTmi ar arsebobs: ar SeiZleba iseTi zogadi algoriTmis Seqmna, romelic nebismieri mocemuli
(usasrulo) enisaTvis da konkretuli sityvisaTvis daadgens, aris Tu ara es sityva am enis elementi (es
e.w. sityvis amocana jgufTa Teoriidan modis da misive meTodebiT damtkicda, rac naTlad gviCvenebs
maTematikis mniSvnelobas informatikaSi). amitom amouxsnadi amocanebisaTvis unda veZioT minimaluri
cvlilebebi, rac maT amoxsnadad gadaaqcevs.
informatikaSi centralur rols e.w. "CerCis Tezisi" TamaSobs: Tu raime amocana tiuringis manqanis
saSualebiT ar amoixsneba, maSin igi arc erTi sxva gamomTvleliT ar amoixsneba (tiuringis manqana
da zogadad algoriTmebi erTi da igive cnebaa). sxva sityvebiT rom vTqvaT, nebismieri funqcia, rome-
lic raimenairad gamoiTvleba, SeiZleba tiuringis manqaniTac gamoviTvaloT. es Tezisi fundamenturia
mTeli informatikisaTvis, Tumca misi damtkiceba SeuZlebelia, radgan araa mkacrad gansazRvruli,
ras niSnavs "raimenairad gamoTvlili funqcia". jer-jerobiT iseTi funqcia ar moZebnila, romelic
tiuringis manqaniT ar gamoiTvleba, magram raime sxva meTodiT -- ki.

1.3 erTi amocanis meoreze dayvana

ganvixiloT Semdegi ori amocana:

• izolirebuli simravle grafSi mocemulia grafi G = (V,E) da naturaluri ricxvi k. moiZebneba

Tu ara kvanZebis qvesimravle E′ iseTi, rom |E′| > k da am simravleSi kvanZebis arc erTi wyvili
wiboTi SeerTebuli ar iyos?

• sruli simravle grafSi mocemulia grafi G = (V,E) da naturaluri ricxvi k. moiZebneba Tu ara

kvanZebis qvesimravle E′ iseTi, rom |E′| > k da am simravleSi kvanZebis yvela wyvili wiboTi Seer-
Tebuli iyos?

Tu mocemulia izolirebuli simravlis amocana, misi grafis gardaqmna SeiZleba Semdegnairad: kvanZe-
bis simravle igive rCeba. Tu sawyis grafSi ori wvero wiboTi SeerTebuli araa, gardaqmnil grafSi
es ori wvero unda SeerTdes da piriqiT: Tu sawyis grafSi ori wvero wiboTia SeerTebuli, maSin gar-
daqmnil grafSi maT Soris wibo ar iarsebebs. advili sanaxavia, rom aseT gardaqmnil grafSi sruli
simravlis amocana pasuxs gagvcems izolirebuli simravlis amocanaze, anu pirveli amocanis meoreze
dayvana SeiZleba.
rogorc aRmoCnda, es orive amocana (imis da miuxedavad, rom erTi SexedviT es orive amocana martivad
gamoiyureba) TavianTi klasisaTvis e.w. sruli amocanebia, anu am klasis yvela danarCeni amocana maTze
daiyvaneba garkveuli gardaqmnebis gziT. sakmarisia imis Cveneba, rom es amocanebi raime sxva amocanaze
daiyvaneba, rom is amocanac sruli xdeba: jer daviyvanT nebismier amocanas sruli simravlis amocanaze
da mere sruli simravlis amocanas am ukanasknelze. aq gasaTvaliswinebelia is momenti, rom dayva-
nis procesSi (algoriTmSi) bijebis raodenoba polinomiuri funqciiT iyos SemosazRvruli. radgan
ori polinomiuri funqciis kompoziciac TviTon polinomiuria, SesaZlebelia dayvanis ragind grZeli
jaWvis ageba Sedegad mainc iseT algoriTms miviRebT, romlis bijebis raodenobac zemodan polinomi-
uri funqciiT iqneba SemosazRvruli. aqedan gamomdinareobs, rom Tu SesaZlebeli iqneba aseTi sruli
amocanebis polinomiur droSi gadaWra, nebismier sxva amocanasac gadavWridiT polinomiur droSi.
amitom am amocanebisaTvis efeqturi algoriTmebis povna an imis damtkiceba, rom aseTi algoriTmi ar ar-
sebobs (amocanis eqsponenciuri qveda zRvris Cveneba), centraluri sakiTxia informatikaSi. imisaTvis,
rom raime amocanis sisrule davamtkicoT, raime sruli amocana unda daviyvanoT masze. cxadia, rom
unda arsebobdes amocana, romlis sisrulec sul pirvelad raRaca sxva meTodebiT damtkicda. aseTia
bulis funqciaTa WeSmaritebis amocana, romelic zemoT iyo naxsenebi.

gadafarvis amocana: mocemulia grafi G = (V,E) da naturaluri ricxvi k. vityviT, rom grafis wvero
gadafaravs im wiboebs, romlebic am wverosTan arian dakavSirebuli. Tu mocemulia wveroebis raRaca
simravle, ityvian, rom igi mTel grafs gadafaravs, Tu misi nebismieri wibo mocemul simravleSi Se-
mavali erTi wveroTi mainc gadaifareba. SeiZleba Tu ara mocemuli grafis k wveroiani simravlis
gamoyofa, romelic am grafs gadafaravs?

imis saCveneblad, rom es amocana srulia, unda davamtkicoT, rom romelime sruli amocana, magaliTad
bulis funqciaTa WeSmaritebis amocana, masze daiyvaneba: am bolo amocanis elementebi - bulis fun-
qciis k cvladi, SeerTebuli koniunqciiTa da diziunqciiT, gardavqmnaT grafad, romelic m wveroTi

5



gadaifareba maSin da mxolod maSin, Tu es funqcia odesme WeSmariti gaxdeba (aq m damokidebulia k
-ze).

kerZo magaliTi: mocemulia funqcia, romelic Cawerilia koniunqciuri normaluri formiT da Sedgeba

4 cvladisa da 3 diziunqiuri Canawerisagan (TiToeul aseT CanawerSi Sedis zustad 3 cvladi -- damtki-
cebulia, rom aseTi saxis funqciebisaTvisac WeSmaritebis amocana NP srulia):

F (x1, x2, x3, x4) = (x1 ∨ ¬x2 ∨ x3)(x1 ∨ x2 ∨ x4)(x2 ∨ ¬x3 ∨ ¬x4).

yovel cvlads SevusabamoT erTi kvanZi grafSi, xolo yovel diziunqciur Canawers SevusabamoT sami
erTmaneTTan wiboTi SeerTebuli kvanZi (ix. nax. ??). Tu CanawerSi Sedis romeliRaca cvladi xi an ¬xi,
misi Sesabamisi kvanZi Canaweris erT-erT kvanZs uerTdeba wiboTi. advili saCvenebelia, rom k cvladi-
ani da c diziunqciur Canaweriani mocemuli funqciis aseTi saxiT gardaqmnis Sedegad miRebuli grafi
gadaifareba k+ 2c kvanZiT maSin da mxolod maSin, Tu es funqcia SeiZleba WeSmariti gaxdes cvladebis
garkveuli mniSvnelobebisaTvis (Tu arsebobs cvladebis aseTi mniSvnelobebi, maSin unda SeirCes maTi
Sesabamisi kvanZebi).

nax. 1: reduqciis sqema

Tu erTi amocana meoreze daiyvaneba, maSin es meore amocana am pirvelze ufro rTuli unda iyos, anu
meore amocanis gadasaWrelad saWiro optimaluri algoriTmis bijebis raodenoba araa naklebi pirveli
amocanis gadasaWrelad saWiro optimaluri algoriTmis bijebis raodenobaze.

1.4 amocanaTa sirTulis klasebi

radgan erTsa da imave amocanas bevri sxvadasxva algoriTmuli amoxsna aqvs, SeiZleba wamoiWras bune-
brivi SekiTxva: rodis jobia erTi algoriTmi meores? am SekiTxvaze bunebrivi pasuxia: rodesac erTi
algoriTmi nakleb resurss xarjavs, vidre meore -- nakleb drosa da adgils (mexsierebis ujreds).
arsebobs algoriTmTa ori tipi: paraleluri da mimdevrobiTi algoriTmebi. ZiriTadad xmaroben par-
alelur algoriTmebs -- kompiuterul mikrosqemebSi, gamomTvlel danadgarebSi, paralelur proceso-
rian manqanebSi da a.S. bunebrivad ismis SekiTxva: ramdenad ufro efeqturia paraleluri algoriTmi
mimdevrobiTTan SedarebiT? aRmoCnda, rom algoriTmebis YgaparalelebaA garkveul upiratesobas iZl-
eva: magaliTad, n ricxvis daxarisxebis amocana mimdevrobiT algoriTmSi O(n log n) bijs andomebs,
xolo paralelurSi ki -- O(log n). ori n bitiani ricxvis mimatebis amocana mimdevrobiT algoriTmSi
O(n) bijs andomebs, xolo paralelurSi ki -- O(log n). analogiuradaa saqme ori n bitiani ricxvis gam-
ravlebis algoriTmSi: mimdevrobiT algoriTmSi O(n log n log log n) bijs andomebs, xolo paralelurSi
ki -- O(log n).
araa Zneli imis Cveneba, rom ramden mexsierebasac daiWers paraleluri algoriTmi, zustad imden bijs
andomebs misi Sesabamisi mimdevrobiTi algoriTmi igive amocanis gadaWras. amitomac algoriTmTa
TeoriaSi xSirad paralelur algoriTmebs eZeben da mere misi droisa da mexsierebis minimizacias
cdiloben.

razea damokidebuli algoriTmis siswrafe? ra Tma unda, rac meti monacemi iqneba dasamuSavebeli, miT
ufro met dros (bijs) moandomebs algoriTmi gamoTvlas. magliTad, n naturaluri ricxvis daxarisxe-
bas O(log n) dro Wirdeba. rac ufro didia n, miT meti bijia saWiro. magram mniSvneloba aqvs agreTve
dasaxarisxebel ricxvTa zomasac: n cal 1 bitian ricxvs ufro swrafad davaxarisxebT, vidre n cal
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1024 bitian ricxvs. aqedan gamomdinare, algoriTmebis bijebis raodenoba damokidebulia monacemTa
saerTo zomaze. n cali k bitiani ricxvis daxarisxebisas monacemTa zomaa m = n · k da algoriTmis
bijebis raodenobac iqneba O(logm) = O(log(n · k)) = O(log n + log k) = O(log n) (rogorc wesi, monacemTa
ricxvi ufro swrafad izrdeba, vidre TiToeuli monacemis zoma).
sxvagvaradaa saqme zurgCanTis amocanis algoriTmisas: mocemuli gvaqvs n cali tvirTi da raRaca natu-
raluri ricxviW (zurgCanTaSi Cateuli tvirTis maqsimaluri wona). aq W cvladia, amitom igi faqtiu-
rad nebismieri SeiZleba iyos. Tu mis aRsawerad gamoyofilia k biti, maSin monacemTa saerTo zoma unda
iyos (n + 1) · k (TiToeuli tvirTis maqsimaluri wona da W maqsimum k bitiani ricxvi SeiZleba iyos).
amrigad, (n+ 1) · k sigrZis monacemisaTvis algoriTmi andomebs O(n · k ·W ) bijs, rac, Tavis mxriv, uares
SemTxvevaSi SeiZleba iyos O(n · k · 2k). amrigad, O(n · k) monacemis dasamuSaveblad gvWirdeba O(n · k · 2k)
biji, rac, mkacrad rom vTqaT, eqsponenciuri zrdis rigisaa, magram, radgan praqtikaSi k ufro nela
izrdeba, vidre n, es eqsponenciuri zrda SeumCnevelia patara W -Tvis. magram sakmarisia W ramodenime
milionis farglebSi iyos, es problema aucileblad iCens Tavs.
zurgCanTis amocanisagan gansxvavebiT daxarisxebis amocanaSi yuradReba ar eqceva dasaxarisxebeli
ricxvebis mniSvnelobebs -- algoriTmis bijebis raodenoba mxolod am ricxvebis raodenobasa da
sigrZeza damokidebuli, xolo zurgCanTis amocanaSi ki bijebis raodenobaSi gadamwyvet rols TviT
W TamaSobs, rac k bitis SebTxvevaSi 2k−1 SeiZleba iyos. amitom zurgCnTis amocanis algoriTms Yfsev-
dopolinomiursA uwodeben, radgan igi ki aris eqsponenciuri, magram praqtikaSi Semxvedri SedarebiT
patara ricxvebisaTvis misi gamoTvlis bijebis raodenoba TiTqmis polinomiurad izrdeba.

informatikaSi centralur rols amocanaTa e.w. NP klasi TamaSobs -- aradeterministuli tiuringis
manqanebiT polinomiur droSi amoxsnad amocanaTa klasi. aqedan momdinareobs Semoklebac -- NP klasi
-- Nondeterministic Polynomial (es mkacrad SemdgomSi iqneba Camoyalibebuli).
magaliTad, am klasSi Sedis hamiltonis ciklis amocana, grafebis gadafarvis amocana, grafSi izoli-
rebul wertilTa amocana da mravali sxva. sainteresoa Semdegi faqti: Tu mocemulia grafi da misi
wveroebis raRaca mimdevroba, advili gadasamowmebelia, Seadgens Tu ara es mimdevroba hamiltonis
cikls am grafisaTvis. aseve advili gadasamowmebelia nebismieri grafisaTvis da misi k wiboiani sim-
ravlisaTvis, Seadgens Tu ara es simravle izolirebul wveroTa simravles am grafisTvis, an gadafar-
avs Tu ara es simravle mTlian grafs? zogadad, Tu mocemulia raime amocana da SemogvTavazes misi
savaraudo amonaxsni, advilad (anu polinomiuri algoriTmiT) SeiZleba imis Semowmeba, marTlaa Tu
ara es savaraudo SemoTavazebuli amonaxsni am amocanis amonaxsni?
amocanaTa am klasSi Sedis agreTve iseTi amocanebi, romelTa amoxsnac deterministuli manqanebiT
SeiZleba polinomiur droSi (anu iseTi algoriTmebiT, romelsac Cven varT SeCveuli), radgan maTTvis
ara Tu SemoTavazebuli savaraudo amonaxsnis gadamowmeba SeiZleba polinomiur droSi, aramed TviT
am amonaxsnis povnac ki.
rogorc zemoT aRvniSneT, arsebobs iseTi amocanebi, romelzedac raRaca klasis yvela amocana poli-
nomiur droSi daiyvaneba. Tu A klasSi Semavali yvela amocana romeliRaca B amocanaze daiyvaneba,
maSin ityvian, rom B amocana A-rTulia. Tu amasTan erTad B ∈ A, maSin ityvian, rom amocana B A-
srulia. rogorc aRmoCnda, hamiltonis ciklis amocana, grafTa gadafarvis amocana, bulis funqciaTa
WeSmaritebis amocana, zurgCanTis amocana da mravali sxva NP-srulia: es amocanebi Sedian NP sim-
ravleSi da am klasSi Semavali yvela amocana am amocanebze daiyvaneba polinomiur droSi.
amrigad, Tu vinme romelimeNP-sruli amocanisaTvis polinomiur algoriTms dawers, maSin aseTi swrafi
algoriTmi avtomaturad aRmoCndeba am klasis yvela sxva amocanisTvisac. dReisaTvis informatikis
yvelaze didi problema Semdegnairad SeiZleba Camoyalibdes:

P = NP ?

Tu erT-erTi NP-sruli amocanisTvis mainc moiZebneba polinomiuri algoriTmi, maSin aseTi algoriTmi
am klasis yvela danarCeni amocanisTvisac moiZebneba da P = NP . Tu damtkicda, rom erTi NP-sruli
amocanisTvis mainc misi qveda zRvaria Ω(2n), maSin damtkicdeba, rom NP klasSi gvaqvs iseTi amocana,
romelic polinomiur droSi ar amoixsneba da P 6= NP . es amocana kleis maTematikurma institutma e.w.
aTaswleulis problemaTa Soris daasaxela da mis gadaWraSi didi jildoc daawesa.

1.5 sasruli avtomatebi da tiuringis manqanebi

rogorc zemoT aRvniSneT, nebismieri amocana SeiZleba ise gardavqmnaT, rom igi gadaiqces e.w. ki-ara
amocanad, kerZod aris Tu ara raRaca sityva konkretuli enis elementi?
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konkretuli enisaTvis SeiZleba Seiqmnas raRaca YdanadgariA -- sasruli avtomati, romelic mocemuli
sityvisaTvis gansazRvravs, Sedis Tu ara igi mocemul enaSi. es sasruli avtomati aso-aso waikiTxavs Se-
maval sityvas da sabolood mogvcems pasuxs -- ki an ara. realur kompiuterebTan mas is aqvs saerTo, rom
orive sasruli zomis YprocesorisaganA Sedgeba. magram, rogorc aRmoCnda, aseTi primitiuli avtomati
zustad imave SekiTxvebze gvcems pasuxs, rogorebzec Cveulebrivi kompiuteri gagvcemda! erTi SexedviT
es gasaocari faqtia, magram kompiuterebis resursic -- mexsiereba, procesoris mdgomareobebi da sxva
-- SezRudulia. kargi filosofiuri diskusiis SesaZleblobas iZleva samyaroSi arsebuli resursebis
SezRuduloba -- ra iqneboda, resursebi SezRuduli rom ar yofiliyo? SevZlebdiT sxva funqciebis ga-
moTvlas (amocanebis gadaWras), rasac axla ver vaxerxebT? amaze pasuxi tiuringis manqanebiT SeiZleba
gavceT -- sasruli avtomatebis usasrulo mexsierebiTa da ramodenime mcire funqciiT gafarToebuli
gamomTvleliT.

maTematikurad sasruli avtomati Semdegnairad SeiZleba ganvsazRvroT:

sasruli avtomati aris xuTeuli (K,Σ, δ, s, F ), sadac

K aris sasruli avtomatis mdgomareobaTa sasruli simravle;

Σ aris anbani;

δ : K × Σ→ K aris mdgomareobaTa funqcia;

s ∈ K aris sawyisi mdgomareoba;

F ⊂ K aris saboloo mdgomareobaTa simravle.

muSaobis dawyebisas sasruli avtomati sawyis mdgomareobasSia. mas Semdeg, rac avtomati pirvel simbo-
los a0 waikiTxavs, igi gadava im mdgomareobaSi, romelic δ(s, a0) = k1 funqciiT ganisazRvreba. meore sim-
bolos a1 wakiTxvis Semdeg igi gadadis im mdgomareobaSi, romelic ganisazRvreba δ funqciiT: δ(k1, a1) =
k2. zogadad, Tu avtomati aris ki mdgomareobaSi da Semomavali simboloa ai, igi gadadis mdgomareobaSi
δ(ki, ai) = ki+1. Tu mTeli sityvis wakiTxvis Semdeg avtomati aRmoCnda mdgomareobaSi k da k ∈ F , amboben,
rom manqanam gasca pasuxi YkiA da es sityva mocemuli enis elementia (im enisa, romelsac gansazRvravs es
avtomati). winaaRmdeg SemTxvevaSi es sityva am enis elementi araa. sxva sityvebiT rom vTqvaT, zogierTi
enisaTvis SeiZleba Seiqmnas sasruli avtomati, romelic nebismieri sityvisaTvis gansazRvravs, Sedis
Tu ara es sityva am enaSi.

Tu sasrulma avtomatma (a0, a1, ..., ai) simboloebis wakiTxvis Semdeg miaRwia mdgomareobas k, maSin ity-
vian, rom misi konfiguraciaa (k, ai...a1a0). Tu sasruli avtomatis konfiguraciaa (k1, ai...a1a0) da sim-
bolo ai+1 wakiTxvis Semdeg igi gadava konfiguraciaSi (k2, ai+1ai...a1a0), maSin weren: (k2, ai+1ai...a1a0) `M
(k1, ai...a1a0). Tu w1 da w2 raime sityvebia da (k1, w1) da (k2, w2w1) sasruli avtomatis mdgomareobebia,
maSin vwerT: (k1, w1) `∗M (k2, w2w1) (erTi mdgomareobidan ramodenime simbolos wakiTxvis Semdeg ramod-
enime bijSi gadavdivarT meore mdgomareobaSi).
im enas, romelsac sasruli avtomati M gansazRvravs (im sityvaTa simravle, romelsac es avtomati
miiRebs) aRvniSnavT L(M).

magaliTi: M = (K,Σ, δ, s, F ), sadac

K = {q0, q1}
Σ = {a, b}
s = q0

F = {q0}

q σ δ(q, σ)
q0 a q0

q0 b q1

q1 a q1

q1 b q0

advili dasanaxia, rom L(M) ⊂ {a, b}∗ iseT sityvaTa simravlea, romlebSic b simboloebis raodenoba
luwia. Tu avtomati miiRebs sityvas (aababa), misi mdgomareobebi iqneba:

(q0, ε) `M (q0, a) `M (q1, ba) `M (q1, a) `M (q1, aba) `M (q0, baba) `M (q0, ababa) `M (q0, aababa).
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radgan bolo simbolos damuSavebis Semdeg avtomati q0 mdgomareobaSia, romelic sabolooa, avtomatma
es sityva miiRo da, aqedan gamomdinare, igi zemoT aRwerili enis elementia (luwi raodenobis b simbo-
los Seicavs).

avtomatebis tabularuli aRwera adamianebisaTvis aRsaqmelad sakmaod Znelia. amitom SemoiRes avto-
matebis diagramebiT aRweris meTodi. zemoT aRwerili avtomatis diagrama moyvanilia naxatSi 2.

nax. 2: sasruli avtomatis diagrama

es igive mimarTuli woniani grafia, romelSic yovel wveros calsaxad avtomatis erTi mdgomareoba Se-
esabameba da (q1, q2) wibos aweria simbolo a maSin da mxolod maSin, Tu δ(q1, a) = q2. amas garda, saboloo
mdgomareobebi ormagi wriTaa aRniSnuli, xolo sawyisi mdgomareoba ki > simboloTi.

sasruli avtomatebis aRwera SeiZleba sakmaod rTuli iyos -- anbanze, mdgomareobaTa simravleze da md-
gomareobaTa funqciaze damokidebuli zoma swrafad SeiZleba gaizardos. qvemoT moyvanilia sasruli
avtomatis magaliTi, romelic Semdeg enas gansazRvravs:

L = (ab ∪ aba)∗.

nax. 3: deterministuli sasruli avtomatis magaliTi

aqamde ganxilul yvela sasrul avtomats is Tviseba aqvs, rom yovel bijze konkretuli Semomavali
simbolos wakiTxvisas igi erTi mdgomareobidan calsaxad gadadis meore mdgomareobaSi mdgomareo-
baTa funqciis saSualebiT. ase rom, nebismieri deterministuli sasruli avtomatisaTvis calsaxad
SeiZleba imis Tqma, Tu ra mdgomareobaSi gadava igi ama Tu im mdgomareobidan garkveuli simbolos
wakiTxvis Semdeg. aseTi saxis SezRudva moxsnilia e.w. YaradeterministulA sasrul avtomatebSi. Tu
aseTi avtomati aris mdgomareobaSi q da kiTxulobs simbolos a, mas SeiZleba hqondes Semdegi mdgo-
mareobebis arCevis ramodenime varianti raRaca simravlidan {q1, q2, ..., ql}. arCevis meqanizmi aradetermin-
istulia (ar aris calsaxad gansazRvruli), ris gamoc aseT avtomatebs aradeterministuls uwodeben.
qveda naxazSi moyvanilia aradeterministuli avtomati, romelic zemoT moyvanili deterministuli
sasruli avtomatis tolfasia -- igive enas gansazRvravs. advili dasanaxia, rom L = (ab ∪ aba)∗ enaSi Se-
mavali yvela sityvisaTvis arsebobs raRaca gza sawyisi mdgomareobidan saboloo mdgomareobamde da
yvela sityvisaTvis, romelic am enaSi ar Sedis, aseTi gza ar arsebobs. aq iCens Tavs deterministul da
aradeterministul avtomatTa ZiriTadi gansxvaveba: Tu deterministulSi erTaderTi aseTi gza unda
arsebobdes, aradeterministulSi sakmarisia raime gzis arseboba.

aRsaniSnavia, rom Semomavali sityvis aso-aso wakiTxvisas aradeterministul avtomatSi Cven gzas ver
ganvsazRvravT, radgan, magaliTad, ar viciT, Tu romel mdgomareobaSi unda gadavideT q1-dan, Tu wavikiTxeT
simbolos b -- q2 Tu q0 mdgomareobaSi? es, albaT, imis bralia, rom adamianebic deterministulad
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nax. 4: aradeterministuli sasruli avtomatis diagrama

azrovneben da, aqedan gamomdinare, aradeterministuli avtomatis Teoriuli modelis SerCevis meqanizmi
CvenTvis ucnobi darCeba. magram mTavaria is faqti, rom Cven aradeterministuli avtomatebis sasruli
eniT aRwera SegviZlia:

aradeterministuli sasruli avtomati M = (K,Σ, s, F,∆) aRiwereba Semdegi xuTeuliT:

K aris sasruli avtomatis mdgomareobaTa sasruli simravle;

Σ aris anbani;

s ∈ K aris sawyisi mdgomareoba;

F ⊂ K aris saboloo mdgomareobaTa simravle;

∆ ⊂ K × (Σ ∪ {e})×K aris mdgomareobaTa gadasvlis mimarTeba.

zemoT moyvanil magaliTSi
K = {q0, q1, q2}, Σ = {a, b}, s = q0, F = {q0},
∆ = {(q0, a, q1), (q1, b, q0), (q1, b, q2), (q2, a, q0)}. aq (q1, b, q0), (q1, b, q2) niSnavs, rom Tu avtomati aris mdgomare-
obaSi q1 da waikiTxavs simbolos b, igi gadava an q0 an q2 mdgomareobaSi.
nax. 4-Si moyvanilia aradeterministuli sasruli avtomatis gamoTvlis diagrama Semavali sityvisaT-
vis ”ababa”. t0 momentSi avtomatis mdgomareobaa q0. Tu igi kiTxulobs asos a, igi calsaxad gadadis
mdgomareobaSi q1, xolo Tu waikiTxavs b, misTvis gadasasvleli diagrama ar iarsebebs da gamoTvlis
procesi SeCerdeba uaryofiTi SedegiT (avtomati sityvas ar miiRebs).
Cvens magaliTSi avtomati kiTxulobs simbolos a da gadadis mdgomareobaSi q1. Semdeg bijSi, Tu av-
tomati kiTxulobs simbolos a, aqac ar iarsebebs gadasvlis saSualeba da avtomati Cerdeba uaryofiTi
SedegiT. Tu waikiTxavs simbolos b, arsebobs ori varianti: an gadadis mdgomareobaSi q1, an mdgomare-
obaSi q2. es aris aradeterministuli gadasvlis momenti, romlis drosac Cven paralelurad orive
SemTxvevas ganxixilavT. SemdgomSi avtomati analogiurad agrZelebs muSaobas.
aradeterministuli avtomatis gamoTvlis bijebis dasaTvlelad Cven zemoT moyvanili xis siRrmes
viTvliT, xolo imis dasadgenad, miiRebs Tu ara es avtomati ama Tu im sityvas, unda davadginoT, ar-
sebobs Tu ara aseTi xis fesvidan gza iseT foTlamde, romelic avtomatis sasrul mdgomareobas aR-
niSnavs.
aq iCens Tavs aradeterministulobis ZiriTadi upiratesoba: YgaparalelebisA Tviseba. avtomati alter-
natiul gzebs erTdroulad ganixilavs da iqidan erT-erTs irCevs.
Cvens zemoT moyvanil magaliTSi, deterministuli avtomatisagan gansxvavebiT, q0 mdgomareobidan ar
arsebobs b simboloTi aRniSnuli mimarTuli wibo, rac imas niSnavs, rom Tu am mdgomareobaSi myofi
avtomati waikiTxavs b simbolos, igi Semaval sityvas ar miiRebs.
amas garda, aradeterministuli avtomati SeiZleba erTi mdgomareobidan meoreze YgadaxtesA simbolos
wakiTxvis gareSe --- am SemTxvevaSi ityvian, rom Semovida carieli simbolo e.
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magaliTisaTvis ganvixiloT Semdegi ena:
mocemulia anbani Σ = {a1, ..., an}. L = {w | ∃ai ∈ Σ, ai /∈ w}. Tu aviRebT sam elementian anbans Σ = {a1, a2, a3},
Sesabamisi enis ganmsazRvreli aradeterministuli sasruli avtomati qveda naxazSia naCvenebi. misi
analogiuri deterministuli avtomati ki sakmaod rTulia.

nax. 5: aradeterministuli sasruli avtomatis diagrama

WeSmaritia Semdegi Teorema: SesaZlebelia nebismieri aradeterministuli sasruli avtomatis Ygade-
terministulebaA, anu yvela aradeterministul avtomats erTi mainc deterministuli Seesabameba, ro-
melic igive enas gansazRvravs.
es umniSvnelovanesi Sedegi imis mauwyebelia, rom TviT iseTi Zlieri aparati, rogoricaa aradeter-
ministuloba, umTavres Sedegze -- enaTa amocnobaze -- gavlenas ver axdens. problema mxolod imaSi
mdgomareobs, rom gadeterministulebis yvela meTodSi, romelic dReisaTvis arsebobs, mdgomareobaTa
ricxvi eqsponenciurad izrdeba -- Tu aradeterministul avtomats n sxvadasxva mdgomareoba aqvs, mis
eqvivalentur deterministul avtomats 2n mdgomareoba SeiZleba hqondes, anu aradeterministuli av-
tomati zogadad eqsponenciuri rigiT ufro swrafi da patara SeiZleba iyos.
imis saCveneblad, Tu ramdenad SeiZleba garTuldes aradeterministuli avtomati determinizaciis
procesis Semdeg, ganvixiloTraime anbaniA = {a1, a2, ..., ap}, sityvaTa raRaca simravle V = {V1, V2, ..., Vn | Vi ∈
A∗} da ena L = {W | W sityva V simravlidan erT sityvas mainc Seicavs}. am enis ganmsazRvreli arade-
terministuli sasruli avtomati qveda naxatSia moyvanili. aq V1 = (w1,1, ..., w1,k), V2 = (w2,1, ..., w2,l), ..., Vn =
(wn,1, ..., wn,m).

nax. 6: aradeterministuli sasruli avtomatis magaliTi

nax. 7-Si naCvenebia konkretuli magaliTi ori avtomatisa -- aradeterministulis da deterministulis,
romelic qarTul anbanze agebuli monacemisaTvis gagvcems pasuxs SekiTxvaze, Seicavs Tu ara es monacemi
sityvebs YTivaA an YaTiA? aq A qarTuli nbania, xolo /a niSnavs a simbolos garda nebismier asos.
aRsaniSnavia is umniSvnelovanesi garemoeba, rom Cven aradeterministuli avtomatis muSaobis process
ver aRvwerT -- ver davadgenT, Tu rogor irCevs aradeterministuli sistema ramodenime swori gzidan
saWiro gzas. CvenTvis mTavaria, rom aseT sistemas amis gakeTeba SeuZlia (aseTi gza arsebobs).
mniSvnelovania isic, rom aradeterministuli avtomati arasimetriulia, anu, Tu deterministuli av-
tomati rekursiul gamoTvlad amocanebze aucileblad Cerdeba raRaca pasuxiT, aradeterministuli
Cerdeba dadebiT pasuxze, xolo uaryofiTze SeiZleba ar gaCerdes -- Tu Cvens magaliTSi Semovida sityva
YTiTiA, aradeterministuli avtomati YCarCebaA mdgomareobaSi 0.

rogorc aRmoCnda, regularul enaTa klasi zustad emTxveva sasrul avtomatTa mier gansazRvrul
enaTa klass: nebismieri regularuli enisaTvis moiZebneba sasruli avtomati, romelic am enas gan-
sazRvravs da piriqiT -- nebismieri sasruli avtomatis mier gansazRvruli ena regularulia. ese igi,
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nax. 7: erTi da igive enis ganmsazRvreli aradeterministuli da deterministuli avtomati

mocemuli ena regularulia maSin da mxolod maSin, Tu moiZebneba iseTi sasruli avtomati, romelic
am enas gansazRvravs.

arsebobs usasrulod bevri regulruli ena, magram agreTve usasrulod bevri (araTvladi simZlavris)
araregularuli ena. aseTi enis magaliTia anbn, sadac n ∈ N. aq problema is aris, rom sasrulma av-
tomatma Tavisi SezRuduli resursiT nebismierad didi raodenobis informacia unda daixsomos -- n
xarisxi ragind didi SeiZleba iyos (es mkacrad e.w. pamping lemis - Pumping Lemma - saSualebiT mtki-
cdeba). igive problema SeiZleba wamoiWras Cvens garSemo arsebul kompiuterebSic -- sakmarisad didi
n-Tvis nebismieri mexsiereba gadaitvirTeba. am problemis mosagvareblad Semoitanes usasrulod didi
mexsiereba -- sasrul avtomats daumates e.w. LIFO (last-in-first-out) steki (bolos Cawerili informacia
pirvel rigSi ikiTxeba) da miiRes stekiani avtomati, romelic e.w. ukontqsto enaTa klass da maT Soris
zemoT aRniSnul enasac gansazRvravs.

iseTi enebis magaliTebad, romlebic araa ukonteqsto, SeiZleba moviyvanoT:

{ap | p martivi ricxvia}; {an
2

| n ≥ 0}; {www | w ∈ {a, b}∗}; {anbncn | n ≥ 0}.

es magaliTebi imaze migvaniSnebs, rom mxolod usasrulo mexsierebis damateba araa sakmarisi amo-
canaTa didi klasis gadaWrisaTvis, radgan SeuZlebelia iseTi martivi enis gansazRvra, rogoricaa
{anbncn | n ≥ 0}. am problemis dasaZlevad SeimuSaves e.w. tiuringis manqanebi, romlebic, principSi,
sasruli avtomatis msgavsad moqmedeben, magram damatebiT usasrulod didi mexsiereba aqvT, romli-
dan wakiTsva an Cewera yovelgvari SezRudvis gareSe SeuZlia (stekiani avtomatebisagan gansxvavebiT,
romlebsac erT jerze mxolod bolos Cawerili informaciis wakiTxva SeuZliaT).
erTi SexedviT tiuringis manqanebi sakmaod promitiulad SeiZleba mogveCvenos, magram, rogorc aRmoC-
nda, maTi gaZlierebis mcdelobas aranairi sagrZnobi upiratesoba ar moaqvs -- gaZlierebuli manqanebic
zustad imve klasis enebs gansazRvravs, rac Cveulebrivvi manqana, Tanac TiTqmis imave siswrafiT. ro-
gorc varaudoben (CerCis Tezisi), tiuringis manqanebiT gamoTvlil enaTa klasSi yvela gamoTvladi ena
unda Sediodes, rac imas niSnavs, rom tiuringis manqanisa da algoriTmis cneba erTi da igivea.

ZiriTadad tiuringis manqanebi sam kriteriums akmayofileben:

(a) tiuringis manqanebi unda akmayofilebdnen sasruli avtomatebis ZiriTad principebs;

(b) tiuringis manqanebis formaluri aRwera da principi unda iyos martivi;

(g) tiuringis manqana unda iyos zogadi da aRwerdes rac SeiZleba met gamoTvlad enas.

zogadad, tiuringis manqana igive sasruli avtomatia, romelsac damatebuli aqvs usasrulod grZeli
mexsierebis kvali (tape) da e.w. wamkiTxav-Camweri Tavaki. mexsierebis kvali dayofilia ujredebad.
TiToeul ujredSi Cawerilia Σ anbanis raime elementi an carieli simbolo (xarvezi) t, an mexsierebis
yvelaze marcxena ujredSi kvalis marcxena bolos simbolo B. amrigad, mexsierebis kvali marcxnidan
SezRudulia, xolo marjvniv ki usasrulod grZeldeba. manqanis Semavali monacemi uSualod B simbo-
los marjvniv weria da misi bolo carieli simboloa (mexsierebis yvela danarCeni ujredic am carieli
simboloTia Sevsebuli. muSaobis dawyebis win wamkiTxavi Tavaki mexsierebis marxena kidesTan, Semavali
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monacemis pirvel simboloze dgas (Tu monacemebi ar aris, anu mexsierebis yvela ujredi carielia, maSin
pirvel cariel ujredze).
sasruli avtomatis msgavsad, tiuringis manqanac TiTo bijSi erTi mdgomareobidan meoreSi gadadis.
amas garda, Camwer-wamkiTxavi Tavaki mexsierebis erT-erT ujredzea gaCerebuli. Tu ra mdgomareobaSi
gadava igi TiToeul bijSi, es imazea damokidebuli, Tu romel mdgomareobaSia manqana da ra simbo-
los kiTxulobs Camwer-wamkiTxavi Tavaki (ra simbolo weria im ujredSi, sadac es Tavakia gaCere-
buli). erTi mdgomareobidan meoreSi gadasvlis garda, manqana Σ anbanis raRaca garkveul simbolos
Cawers mexsierebis im ujraSi, sadac Camwer-wamkiTxavi Tavakia gaCerebuli da Tavaks an datovebs igive
ujredze, an gawevs an marcxena, an marjvena ujredze.
rogorc aRvniSneT, mexsierebis kvali marcxnidan Semofarglulia. imisaTvis, rom tiuringis manqana
mixvdes, sadaa mexsierebis marcxena bolo, mas specialuri simboloTi aRniSnaven: B. rogorc ki Camwer-
wamkiTxavi Tavaki am simbolos waikiTxavs, manqana Tavaks erTi ujrediT marjvniv gawevs. manqanaSi Se-
mavali monacemebi uSualod marcxena bolos simbolos Semdeg iwereba, xolo danarCeni ujredebi ki t
carieli simboloTia Sevsebuli. gamoTvlebisas SesaZlebelia monacemebis adgilas sxva simboloebis
Cawera da usasrulod bevri mexsierebis gamoyeneba.

maTematikur terminebSi tiuringis manqana TM = (K,Σ, δ, s,H), sadac

K aris tiuringis manqanis mdgomareobaTa sasruli simravle;

Σ aris anbani, romelic Seicavs xarvezs t da marcxena bolos simbolos B, magram ar Seicavs
somboloebs ←, → da ↑ (Tavaki gawie marcxniv, gawie marjvniv, datove adgilze);

s ∈ K aris sawyisi mdgomareoba;

H ⊂ K aris saboloo mdgomareobaTa simravle (Tu manqana am mdgomareobaSi gadava, muSaoba Se-
Cerdeba);

δ : (K −H)× Σ→ K × Σ× {←,→, ↑} aris mdgomareobaTa funqcia, romlisTvisac

(a) ∀q ∈ K−H , Tu δ(q,B) = (p,B,→) (Tu manqana imyofeba mdgomareobaSi q da mivaRwieT mexsierebis
marcxena zRvars, erTi ujrediT marjvniv gadmovdivarT);

(b) ∀q ∈ K−H da a ∈ Σ, Tu δ(q, a) = (p, b, {←,→, ↑}), maSin b 6= B (Tu manqana imyofeba mdgomareobaSi q
da Tavakma waikiTxa Σ anbanis raRaca simbolo, Sesabamis ujredSi Caiwereba raRaca simbolo,
romelic ar SeiZleba iyos mexsierebis marcxena zRvaris simbolo, Semdeg Tavaki gadadis an
marcxniv, an marjvniv, an rCeba adgilze da manqana gadadis raRaca mdgomareobaSi p).

tiuringis manqanis erT-erTi yvelaze martivi magaliTia Ykentobis SemowmebisA avtomati (parity checker),
romelic orobiT kodSi Cawerili ricxvisaTvis bitebis orobiT jams iTvlis: Tu erTianebis rodenoba
kentia, pasuxia 1, winaaRmdeg SemTxvevaSi ki -- 0 (aseTi algoriTmi sasruli avtomatiT zemoT ganvix-
ileT).

1
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1
1

1

0

0
0

0 1

> q
1

H

0

nax. 8: Ykentobis SemowmebisA tiuringis manqana
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muSaobis dawyebisas Semomavali monacemi (orobiTi ricxvi) mexsiererebis kvalis ukidures marcxena
nawilSi weria (mis marcxniv mexsierebis kvalis dasawyisis maCvenebeli simboloa B). sawyisi mdgo-
mareobaa q0. manqana isea mowyobili, rom Tu misi mdgomareobaa q0, es imas niSnavs, rom man aqamde luwi
raodenobis 1 waikiTxa. Tu mdgomareobaa q1, maSin mas aqamde kenti raodenobis 1 waukiTxavs. yoveli 1-is
wakiTxvisas manqana mdgomareobas icvlis.
yovel bijze manqana kiTxulobs aqtualur ujredSi Caweril monacems, am monacemisa da aqtualuri
mdgomareobis mixedviT wers ujredSi garkveul simbolos, amoZravebs Tavaks garkveuli mimarTulebiT
da gadadis Sesabamis mdgomareobaSi.

Cvens magaliTSi, im SemTxvevaSi, Tu

• manqanis mdgomareobaa q0:

– Tu manqanam waikiTxa simbolo 0 (wakiTxuli simbolo weria Sesabamisi gamomavali isris da-
sawyisSi), Sesabamis ujraSi iwereba simbolo 0 (anu, faqtiurad, igive rCeba -- Cawerili sim-
bolo weria gardamavali isris SuaSi), manqanac rCeba mdgomareobaSi q0 (romelic wreSia Cawe-
rili) da Tavaki moZraobs marjvniv (emzadeba Semdegi simbolos wasakiTxad -- Tavakis moZrao-
bis mimarTuleba aRniSnulia Casaweri simbolos gverdiT).

– Tu wakiTxuli simboloa 1, maSin manqana wers simbolos 1, Tavaks amoZravebs marjvniv da
gadadis mdgomareobaSi q1. Tu wakiTxuli simboloa t (rac Semomavali ricxvis bolos niSnavs),
maSin iwereba simbolo 0, Tavaki moZraobs marjvniv, manqana gadadis saboloo mdgomareobaSi
H da Cerdeba.

• manqanis mdgomareobaa q1:

– Tu manqanam waikiTxa simbolo 0, Sesabamis ujraSi iwereba simbolo 0, manqanac rCeba mdgomare-
obaSi q1 da Tavaki moZraobs marjvniv.

– Tu wakiTxuli simboloa 1, maSin manqana wers simbolos 1, Tavaks amoZravebs marjvniv da
gadadis mdgomareobaSi q0. Tu wakiTxuli simboloa t, maSin iwereba simbolo 1, Tavaki moZraobs
marjvniv, manqana gadadis saboloo mdgomareobaSi H da Cerdeba.

manqanis SeCerebis Semdeg saboloo pasuxi im ujredSi weria, sadac gaCerebulia Tavaki.

formalurad zemoT moyvanili manqana Semdegnairad Caiwereba:

K = {q0, q1, H} --- mdgomareobaTa simravle;

Σ = {t,B, 0, 1} --- anbani;

s = q0 --- sawyisi mdgomareoba;

H --- saboloo mdgomareoba;

δ : (q0, 0) 7→ (q0, 0,→)

δ : (q0, 1) 7→ (q1, 1,→)

δ : (q0,t) 7→ (H, 0, ↑)

δ : (q1, 0) 7→ (q1, 0,→)

δ : (q1, 1) 7→ (q0, 1,→)

δ : (q1,t) 7→ (H, 1, ↑)

SedarebiT ufro rTuli manqanis magaliTia e.w. brCxilebis dasmis Semowmebis avtomati, romelic br-
Cxilebis dasmis sintaqss amowmebs. magaliTad, Y(()()" arasworadaa dasmuli, xolo Y(()(()())()(()())A ki --
sworad.
sityvierad amis algoriTmi Semdegnairad aRiwereba: imoZrave marjvniv pirvel daxurul brCxilamde
Y)A an cariel simbolomde t, romelic Semomavali monacemis bolos aRniSnavs. Secvale pirvelive
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daxuruli brCxili simboloTi X . amis Semdeg imoZrave marcxniv pirvel gaxsnil brCxilamde Y(A an
mexsierebis kvalis marcxena kidemde B. jer marjvena da mere marcxena brCxilis X simboloTi Secvla
brCxilebis Sesabamisi wyvilis moSlas niSnavs da darCenil brCxilebs Soris unda Semowmdes siswore.
Tu marcxniv moZraobisas gaxsnili brCxili ar Segvxvda, Secdomaa (imitom, rom daxuruli brCxili
arsebobda, mis marcxniv gaxsnili ki -- ara). Tu Sesabamisad marjvniv moZraobisas daxuruli brCxili
aRar Segvxvda (mivaRwieT monacemis bolos -- cariel simbolos), maSin es imas niSnavs, rom yvela daxu-
ruli brCxili Seicvala X simboloTi da mxolod imis gadamowmebaa saWiro, gvxvdeba Tu ara darCenil
simboloTa Soris X simbolos garda gaxsnili brCxili? Tu gvxvdeba, maSin daSvebuli iyo Secdoma,
manqana beWdavs 0 da Cerdeba. Tu ara, maSin Secdoma daSvebuli ar iyo, manqana beWdavs 1 da Cerdeba. orive
SemTxvevaSi pasuxi im adgilas iqneba dawerili, sadac Tavaki sabolood gaCerdeba. nax. 9-Si moyvanilia
YdabrCxilvis SemowmebisA tiuringis manqana.

nax. 9: YdabrCxilvis SemowmebisA tiuringis manqana

radgan tiuringis manqanas aqvs usasrulod didi mexsierebis kvali, mas SeuZlia usasrulod didi
sityvis Cawera da, aqedan gamomdinare, metis gakeTeba, vidre mxolod YkiA an YaraA pasuxis gacema sx-
vadasxva SekiTxvaze.
Tu mocemulia raime anbani Σ da funqcia f : Σ∗ → Σ∗, maSin SeiZleba arsebobdes iseTi tiuringis
manqanaM , romelic am funqcias YgamoiTvlisA, anu ∀w ∈ Σ∗, w monacemiT gaSvebuliM tiuringis manqana
gamoTvlas sasrul droSi daamTavrebs da misi mexsierebis kvalze ewereba Bf(w)t. iseT funqciebs,
romelTaTvisac amdagvari tiuringis manqanebi arsebobs, rekursiuli ewodeba.
Tu mocemulia raRaca Σ anbanze arsebuli ena L da raRaca sityva w ∈ Σ∗, SesaZlebelia arsebobdes
iseTi tiuringis manqana T , romelic ∀w ∈ L, w monacemze Cerdeba da iZleva dadebiT pasuxs, xolo Tu
w /∈ L SeiZleba arc SeCerdes da usasrulod gaagrZelos gamoTvla (am SemTxvevaSi ityvian, rom T naw-
ilobriv gansazRvravs L enas). aseT enebs rekursiulad gadaTvladi ewodeba. Tu T SeCerdeba agreTve
im SemTxvevaSi, Tu w /∈ L da mogvcems uaryofiT pasuxs, aseT enas rekursiuls uwodeben. cxadia, rom
rekursiulad gadaTvladi enebis simravle rekursiul enaTa simravles moicavs. sainteresoa Semdegi
SekiTxva: SeiZleba Tu ara iseTi manqanis gardaqmna, romelic raRaca enas nawilobriv gansazRvravs,
ise, rom miviRoT iseTi tiuringis manqana, romelic igive enas gansazRvravs? sxva sityvebiT rom vTqvaT,
iarsebebs Tu ara iseTi algoriTmi, romelic yvela rekursiulad gadaTvladi enisaTvis yovelTvis Se-
Cerdeba? rogorc aRmoCnda, arsebobs iseTi rekursiulad gadaTvladi enebi, romelic araa rekursiuli,
anu aseTi algoriTmis Sedgena SeuZlebelia. es aris algoriTmebis Teoriis erT-erTi centraluri
Sedegi.
rogorc sasrul avtomatebSi, aseve tiuringis manqanebSi, yoveli amocanisaTvis calke unda Seiqmnas
manqana an avtomati (iseve, rogorc calkeuli amocanisaTvis calkeuli programa da algoriTmi unda
Seiqmnas). magram arsebobs agreTve e.w. universaluri tiuringis manqana, romesac nebismieri sxva tiu-
ringis manqanis simulacia SeuZlia: igi monacemebTan erTad im manqanis aRwerilobas iRebs, romlis
simulaciacaa saWiro da SemdgomSi nebismieri monacemisaTvis am manqanasaviT moiqceva -- amis analo-
gia kompilatorebi da Cvens garSemo arsebuli kompiuterebi, romlebic programebis saSualebiT sx-
vadasxva funqciebs iTvlian.
SemdgomlSi Cven aseT universalur manqanebs ganvixilavT.
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rogorc aRmoCnda, gamomTvlelis zemoT moyvanili YprimitiuliA modelis bevrad gaumjobeseba ar Sei-
Zleba: mexsierebis paraleluri kvalebis damateba, mexsierebis nebismier ujraze erT bijSi gadasvlis
SesaZlebloba (Cvens garSemo arsebul kompiuterTa RAM modelis SemoReba), ormxrivad SeuzRudavi
mexsiereba, organzomilebiani mexsierebis damateba da sxva meTodebi raime sagrZnob upiratesobas ar gv-
matebs: gamoTvlad funqciaTa klasi igive rCeba da siswrafe mxolod polinomiuri faqtoriT izrdeba,
rac imas niSnavs, rom eqsponenciuri zrdis rigis mqone algoriTmebi iseve eqsponenciuri rCeba, xolo
polinomiuri -- iseve polinomiuri.

magram Tvisobrivad gansxvavebul upiratesobas n sigrZis monacemze gamoTvlisaTvis saWiro bijebis
TvalsazrisiT aradeterministuloba matebs -- iseTi, rogoric Cven sasrul avtomatebSi ganvixileT.
amis sademonstraciod ganvixiloT mogzauri biznesmenis amocana (Traveling Salesman Problem, mokled
TSP), romelSic mocemulia Sewonili grafi G da raRaca naturaluri ricxvi K . arsebobs Tu ara
am grafSi iseTi gza, romelic gaivlis yvela kvanZze da gavlili wiboebis wonaTa jami S ≤ K? (Tu
ganvixilavT grafs, rogorc qalaqebs da maT Soris gzebs Sesabamisi manZilebiT, daadgineT, SeuZlia
Tu ara biznesmens, Semoiaros yvela qalaqi ise, rom K kilometrze naklebi manZili gaiaros?)
es klasikuri amocana (rogorc mravali sxva) imis magaliTia, Tu rogori efeqturi SeiZleba iyos arade-
terministuli manqana deterministulTan SedarebiT.
Tu tiuringis manqana monacemad iRebs grafis aRwerilobas GW (kvanZebis simravle V = {v1, ..., vn} da
wiboebis simravle E Tavisi Sesabamisi woniT), misi sigrZe iqneba |GW | = O(n2). ganvixiloT {v1, ..., vn}
ricxvebis permutaciebis (gadanacvlebebis) simravle S = {S1, ..., Sn!} (TiToeuli aseTi permutaciis
Canaweris sigrZe ar aRemateba n2, anu TviT monacemis sigrZes |GW |.
aradeterministuli manqana waikiTxavs monacems da daadgens grafSi wveroebis raodenobas. n wvero-
saTvis igi nax. 10-Si moyvanili tiuringis manqanis simulacias daiwyebs:

nax. 10: TSP amocanis aradeterministuli tiuringis manqanis diagrama

dasawyisSi manqanis mdgomareobaa q0 da igi carieli sityviT aradeterministulad gadaxteba erT-erT
mdgomareobaSi qi, romelSic mexsierebaSi Cawers Si permutacias. Semdeg gadava mdgomareobaSi p da
Seamowmebs, aris Tu ara es permutacia rame Sekruli gza grafSi (Semouvlis Tu ara yvela wveros). Tu
ara, gadava saboloo mdgomareobaSi YaraA. Tu ki, Seamowmebs, aris Tu ara am gzis sigrZe naklebi an toki
K . Tu ki, gadava mdgomareobaSi YkiA, winaagmdeg SemTxvevaSi -- mdgomareobaSi YaraA. advili sanaxavia,
rom yvela SesaZlo gzisaTvis, romlis zomacaa naklebi an toli K , es manqana gadava mdgomareobaSi
YkiA. imis gamo, rom operaciebi YCawere SiA da YSeamowme gzaA orkvalian tiuringis manqanaze O(|GW |2)
droSi xerxdeba, mTeli gamoTvlis procesic am droSi Caeteva.
aRsaniSnavia, rom, sasruli avtomatebis msgavsad, zemoT naxsenebi aradeterministuli asimetriuloba
tiuringis manqanebSic iCens Tavs.

1.6 araamoxsnadi amocanebi

rogorc zemoT aRvniSneT, arsebobs rekursiulad gadaTvladi enebi, anu iseTi enebi, romlis ganm-
sazRvreli tiuringis manqana SeCerdeba maSin, Tu misi monacemi am enis sityvaa da SeiZleba saerTod
ar SeCerdes, Tu misi monacemi am enis sityva araa. aqedan gamomdinare, SeiZleba moxdes iseTi ram, rom
mocemuli tiuringis manqana TM raRaca monacemebze SeCerdes, raRacaze ki -- ara.
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bunebrivia Semdegi SekiTxva: SesaZlebelia Tu ara iseTi algoriTmis Seqmna, romelic monacemad mi-
iRebs raime T tiuringis manqanis aRwerilobas, raime monacems X da sasrul droSi gansazRvravs,
SeCerdeba Tu ara T manqana X monacemze.
zog SemTxvevaSi amis gakeTeba did siZneles ar warmoadgens -- garkveuli analiziT SeiZleba imis dad-
gena, Cavardeba Tu ara konkretuli programa usasrulo ciklSi, magram problema isaa, rom usasrulod
bevr amocanas Taviseburi midgoma Wirdeba.

imis dasamtkiceblad, rom aseTi zogadi algoriTmi ar arsebobs, davuSvaT sawinaaRmdego: mocemulia
tiuringis manqana H , romelic nebismieri sxva tiuringis manqanisaTvis TM da monacemisaTvis X iZleva
pasuxs SekiTxvaze, SeCerdeba Tu ara TM manqana X monacemze: Cven mas vaZlevT TM manqanis aRwerilobas
da monacems X : YTM,XA, H(YTM,XA) gvaZlevs pasuxs YkiA an YaraA.

qvemoT moyvanilia damtkicebis ZiriTadi idea:

davuSvaT, rom arsebobs meore tiuringis manqanaN , romelic igive monacemze SeCerdeba maSin da mxolod
maSin, Tu H am monacemze gvaZlevs pasuxs YaraA:

• Tu TM SeCerdeba monacemze X , anu H(TM,X) =YkiA ⇒ N(X) ar SeCerdeba;

• Tu TM ar SeCerdeba monacemze X , anu H(TM,X) =YaraA ⇒ N(X) SeCerdeba.

cxadia, rom am N manqanasac Tavisi aRweriloba unda hqondes: YWNA.

axla davsvaT Semdegi amocana: SeCerdeba Tu ara N(WN ) ?

- Tu N(WN ) SeCerdeba, es imas niSnavs, rom H(N,WN ) ar SeCerdeba da, H manqanis gansazRvrebis
Tanaxmad, N(WN ) ar SeCerdeba.

- Tu N(WN ) ar SeCerdeba, es imas niSnavs, rom H(N,WN ) SeCerdeba da, H manqanis gansazRvrebis
Tanaxmad, N(WN ) SeCerdeba.

orive SemTxvevaSi vawydebiT winaaRmdegobas.

araamoxsnad amocanaTa ramodenime magaliTad SegviZlia moviyvanoT:

informatikidan:

• nebismieri tiuringis manqanisaTvis gansazRvreT, SeCerdeba Tu ara igi carieli mexsierebiT gaSve-
bisas (Tu Semavali monacemi ar arsebobs)?

• mocemulia ori tiuringis manqana M1 da M2. L(M1) = L(M2)?

• nebismieri tiuringis manqanisaTvis gansazRvreT, SeCerdeba Tu ara igi yvela monacemze?

• nebismieri tiuringis manqanisaTvis gansazRvreT, SeCerdeba Tu ara igi raime monacemze?

• mocemulia tiuringis manqana M . rogoria mis mier nawilobriv gansazRvruli ena -- regularuli,
ukontqsto, Tu rekursiuli?

• aris Tu ara mocemuli programa yvelaze mokle im programaTa Soris, romelic erTsa da imave
monacemze erTnair pasuxs gvaZlevs?

maTematikidan:

• sityvis amocana jgufebsa da naxevarjgufebSi;

• sasrulad aRwerili 4 ganzomilebiani mravalnairobebis eqvivalenturoba;

• aRwers Tu ara mimarTebaTa ori simravle erTsa da imave jgufs an naxevarjgufs?

• aqvs Tu ara realuri fesvi iseT gamosaxulebas, romelic trigonometriul da algebrul funq-
ciebs Seicavs?
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mniSvnelovania Semdegi Sedegi: Tu Σ anbanze Seqmnili L1 ena araamoxsnadia (anu ar arsebobs tiuringis
manqana, romelic mas gansazRvravs) da igi rekursiulad daiyvaneba amave anbanze Seqmnil L2 enaze (anu
arsebobs iseTi rekursiuli funqcia τ : Σ∗ → Σ∗, rom w ∈ L1 ⇒ τ(w) ∈ L2), maSin L2 araa amoxsnadi.

savarjiSo 1.1: daamtkiceT zemoT Camoyalibebuli debuleba

bevri amocanis araamoxsnadoba e.w. raisis Teoremidan gamomdinareobs (Rice theorem), romlis mixedviTac
turingis manqanebis Sesaxeb mniSvnelovans verafers davamtkicebT. rogorc Cans, raisis Teorema fun-
damenturia im TvalsazrisiT, rom adamianis mier YmniSvnelovaniA sakiTxebis gadaWris SeuZleblobas
exeba.

1.7 raisis Teorema araamoxsnadobis Sesaxeb

raisis Teorema (zogierT wyaroSi rais-mihil-Sapiros Teorema - Rice-Myhill-Shapiro theorem) gveubneba,
rom ar arsebobs zogadi meTodi, romliTac nebismieri algoriTmisTvis (tiuringis manqanisTvis)
davadgenT, iTvlis Tu ara igi raime konkretul, winaswar gansazRvrul Sedegs (anu gamoiTvlis Tu
ara mocemuli programa mocemul funqcias) garda ori trivialuri magaliTisa. es ki imas niSnavs, rom
yovel algoriTms (an algoriTmTa klass) calke meTodi unda movuZebnoT, Tu rogor gavaanalizoT
misi funqcia.
garda imisa, rom am Teoremis Sedegad Zalian bevri araamoxsnadi amocana aRmoaCines, misi Sedegebi ufro
Rrama da erTob filosofiuria: adamianis azrovneba mniSvnelovan (globalur) sakiTxebs ver Cawvdeba.

1.7.1 gansazRvreba da ZiriTadi Sedegebi

ganmarteba 1.1: mocemuli TM tiuringis manqanis aRweriloba orobiT anbanze aRvniSnoT rogorc 〈TM〉.
LTM = {〈M〉 |M tiuringis manqanaa} yvela arsebuli tiuringis manqanis aRwerilobaa.
Tu C enaTa raRac simravlea, LC = {〈M〉 |L(M) ∈ C} iseT tiuringis manqanaTa aRwerilobebis simravlea,
romlebic C simravlis enebs gansazRvraven.
aseT LC simravles (enas) ewodeba trivialuri tiuringis manqanaTa Sesaxeb, Tu LC = ∅ an LC = LTM .
winaaRmdeg SemTxvevaSi mas tiuringis manqanaTa Sesaxeb aratrivialuri ena ewodeba.

sxva sityvebiT rom vTqvaT, ena aratrivialuria, Tu arsebobs ori iseTi tiuringis manqana, romelTagan
erTi am simravles ekuTvnis da meore ki - ara.

savarjiSo 1.2: ganixileT zemoT moyvanili gansazRvreba LC = {〈M〉 |L(M) ∈ C}. risi toli unda iyos C,
rom LC = LTM?

magaliTi 1.1: aratrivialuri enebia

LReg = {〈M〉 |L(M) regularulia}
L∅ = {〈M〉 |L(M) = {∅} (carieli ena)}
LΣ = {〈M〉 |L(M) = {Σ∗} (mocemul Σ anbanze Sedgenil yvela sityvaTa simravle)}
Lε = {〈M〉 | ε ∈ L(M)}
LCF = {〈M〉 |L(M) ukonteqstoa}

savarjiSo 1.3: daamtkiceT zemoT moyvanil enaTa aratrivialuroba.

raisis Teorema 1.1: nebismieri S aratrivialuri ena tiuringis manqanebis Sesaxeb ar aris gamoTvladi.

raisis TeoremiT mtkicdeba, rom Tu mocemulia raime sityva, masze mxolod imis dadgena SegviZlia, aris
Tu ara igi tiuringis manqanis aRwera. imis dadgena, Tu ras gamoiTvlis mocemuli tiuringis manqana an
gamoiTvlis Tu ara mocemuli algoriTmi raime konkretul funqcias, SeuZlebelia.

damtkiceba: ZiriTadi idea sityvis amocanis am problemaze dayvanaa: Tu mocemulia 〈M,w〉 raime tiurin-

gis manqanis da misi monacemis aRwera, avagebT iseT tiuringis manqanas M ′, rom w ∈ L(M)⇔ L(M ′) ∈ S .

18



radgan S aratrivialuria, unda arsebobdes ori ena L1 ∈ S da L2 6∈ S . zogadobis SeuzRudavad SegviZlia
davaskvnaT, rom L2 = ∅, radgan Tu ∅ ∈ S , aratrivialur enad SegviZlia gamovacxadoT S .
ganvixiloT tiuringis manqana ML iseTi, rom L(ML) = L1. misi da 〈M,w〉 aRwerilobis gamoyenebiT
SevqmnaT axali tiuringis manqana M ′, romelic Semdeg operaciebs atarebs:

M ′ monacemiT x

• moaxdine M manqanis simulacia w monacemze;

• Tu M miiRebs w sityvas, moaxdine ML manqanis simulacia x monacemze;

• Tu ML miiRebs x sityvas, gadadi mdgomareobaSi ”YES” (miiRe w sityva)

SeniSnva: mocemul aRwerilobaSi mniSvnelovania, rom TuM manqana sasrul droSi miiRebs w sityvas da

amavdroulad ML manqanac sasrul droSi miiRebs x sityvas, maSin M ′ manqana miiRebs sityvas x. winaaR-
mdeg SemTxvevaSi misi gamoTvlis procesi usasrulod gagrZeldeba.

ganvixiloT SemTxveva, rodesacM manqana w sityvas miiRebs. maSinM ′ miiRebs sityvas x maSin da mxolod
maSin, Tu ML miRebs sityvas x. aqedan gamomdinare, L(M ′) = L1 ∈ S .
magram Tu M manqana w sityvas ar miiRebs, maSin M ′ verc erT sityvas ver miiRebs, radgan ML manqanis
simulacia ar moxdeba da, aqedan gamomdinare, L(M ′) = ∅ 6∈ S .

zemoT Tqmulidan advilad SeiZleba davinaxoT, rom TuM ′ manqana S simravlis enas gansazRvravs, maSin
M manqana SeCerebula x monacemze da TuM ′ S simravlis enas (am SemTxvevaSi cariel enas) gansazRvravs,
M manqana x monacemze ar SeCerebula. aqedan gamomdinare, tiuringis manqanebze aratrivialuri enis
gansazRvra rom yofiliyo SesaZlebeli, zemoT aRwerili meTodebiT M manqanidan M ′ manqanas Sevqmni-
diT da L(M ′) ∈ S sakiTxis amoxsniT M manqanis SeCerebis sakiTxic amoxsnadi iqneboda, riTac winaaR-
mdegobas viRebT.

r.d.g.

raisis Teoremis Sedegebi: Semdegi amocanebi araamoxsnadia:

• mocemulia ori tiuringis manqana M1 da M2. L(M1) = L(M2)? SeniSvna: es e.w. raisis gafartoebuli

Teoremis Sedegia, romelic SemdgomSi iqneba Camoyalibebuli

• mocemulia ori formaluri gramatika G1 da G2. L(G1) = L(G2)? SeniSvna: igive, rac zemoT

• mocemuli tiuringis manqanisTvis gaarkvieT, Tu romel enas gamoiTvlis igi

• eqneba mocemuli tiuringis manqanis mier gamoTvlil funqcias raime monacemze mniSvneloba 1?

• gamoiTvlis Tu ara mocemuli tiuringis manqana erTsa da imave Sedegs yovel monacemze?

• miiRebs Tu ara mocemuli tiuringis manqana yvela monacems?

• mocemuli L enisTvis gansazRvreT, aris Tu ara igi regularuli

• mocemuli L enisTvis gansazRvreT, aris Tu ara igi ukonteqsto

• mocemuli L enisTvis gansazRvreT, gansazRvravs Tu ara mas romelime tiuringis manqana

magaliTi 1.2: ganvixiloT Semdegi amocana: mocemulia tiuringis manqana M . aris Tu ara L(M) palin-

dromebis ena (w ∈ L(M)⇔ w = wR)?
raisis Teoremis gamosayeneblad es sakiTxi Sesabamis terminebSi unda CamovayaliboT. pirvel rigSi
CamovayaliboT palindromuli ena

Pal = {〈M〉 |L(M) Seicavs yvela palindroms}

cxadia, rom es ena araa trivialuri da raisis Teoremis Tanaxmad araamoxsnadi unda iyos.
r.d.g.
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savarjiSo 1.4: daamtkiceT, rom zemoT moyvanili ena araa trivialuri (miniSneba: moiyvaneT ori tiurin-

gis manqanis magaliTi. erTi iRebs mxolod palindromebs da meore iseT sityvasac, romelic palindromi
ar aris).

savarjiSo 1.5: daamtkiceT zemoT moyvanili amocanebis araamoxsnadoba.

magaliTi 1.3: raisis Teoremis meSveobiT imis Cvenebac SeiZleba, rom amocanaTa sirTulis avtomaturi
mtkiceba SeuZlebelia. ganvixiloT enaTa Semdegi klasi:

P = {L|L ena amoixsneba deterministuli tiuringis manqanis mier polinomur droSi}

savarjiSo 1.6: CawereT am amocanis piroba raisis Teoremis terminebSi da daamtkiceT P klasis araamoxs-
nadoba.

aqedan gamomdinare, araamoxsnadia Semdegi amocana:

mocemulia tiuringis manqana M . SeiZleba Tu ara L(M) enis polinomur droSi gansazRvra?

1.7.2 gasaTvaliswinebeli problemebi

SesaZlebelia iseTi amocanebis wamoWra, romlebsac raisis Teorema ar esadageba, Tumca amis danaxva
martivi araa. aseT SemTxvevebSi miRebuli mtkiceba an mTlianad arasworia, an garkveul uzustobebs
Seicavs. amdagvari problemebis Tavidan asacileblad ganvixiloT ramodenime konkretuli magaliTi.

magaliTi 1.4: tiuringis manqanis mdgomareobas, romelic araa samizne, vuwodoT "Cveulebrivi". ganvix-
iloT Semdegi gadawyvetilebis amocana:
mocemuliM tiuringis manqanisTvis daadgineT, arsebobs Tu ara iseTi monacemi w, romliTacM manqana
gamoTvlis procesSi yvela Cveulebriv mdgomareobas erTxel mainc gaivlis.

SeiZleba vifiqroT, rom Tviseba Yromelime w monacemisTvisM manqana gamoTvlis procesSi yvela Cveule-
briv mdgomareobas erTxel mainc gaivlisA araa trivialuri da raisis Teoremis Tanaxmad es amocana
ar unda iyos gamoTvladi.
imis miuxedavad, rom es amocana marTlac araa amoxsnadi, es faqti raisis Teoremis pirobebSi ver jdeba:
TviT Tvisebis koncefcia aq arasworadaa gamoyenebuli.
es gadawyvetilebis amocana SeiZleba Semdegi enis saxiT CamovayaliboT:

TTM =

 romelime w monacemisTvis M manqana
〈M〉 gamoTvlis procesSi yvela Cveulebriv

mdgomareobas erTxel mainc gaivlis


zemoT naxsenebi gamonaTqvami ar aRwers enaTa klass tiuringis manqanaTa Sesaxeb, rac raisis Teoremis
pirobis aucilebeli nawilia. es ufro tiuringis manqanis konkretuli Tvisebis gamomxatvelia. sxva
sityvebiT rom vTqvaT, laparakia ara enaTa klasis, aramed tiuringis manqanebis konkretul klasze.
Cven imis damtkicebac SegviZlia, rom enaTa klasi, romelic am Tvisebas gamoxatavs, ar arsebobs. amisaTvis
sakmarisia ori M1 da M2 tiuringis manqanis povna, romlisTvisac L(M1) = L(M2), magram 〈M1〉 ∈ TTM da
〈M2〉 6∈ TTM .

q
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1 1
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N q
0

X
X

M1 M2

nax. 11: L(M1) = L(M2), magram 〈M1〉 ∈ TTM da 〈M2〉 6∈ TTM
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savarjiSo 1.7: daamtkiceT, rom nax. ??-Si moyvanili tiuringis manqanebisTvis L(M1) = L(M2), magram

〈M1〉 ∈ TTM da 〈M2〉 6∈ TTM .

savarjiSo 1.8: daamtkiceT TTM enis araamoxsnadoba masze SeCerebis amocanis dayvaniT.

magaliTi 1.5: mocemulia ori tiuringis manqana M1 da M2. L(M1) = L(M2)?

arc aq SeiZleba raisis Teoremis gamoyeneba im saxiT, romliTac is zemoT iqna Camoyalibebuli, radgan
aq or enazea laparaki. am amocanis gadasaWrelad raisis Teoremis ganvrcobaa saWiro.

ganmarteba 1.2: tiuringis manqanebis mier amocnobad enaTa wyvilebis simravles

S = {(L1, L2)|L1, L2 tiuringis manqanebis mier amocnobadi enebia}

enaTa wyvilebis Tviseba ewodeba. S Tviseba aratrivialuria, Tu arsebobs amocnobad enaTa iseTi ori
wyvili (L1, L2) da (L3, L4), rom (L1, L2) ∈ S da (L3, L4) 6∈ S.

Teorema 1.2: (raisis gafarToebuli Teorema enaTa wyvilebisTvis) Tu enaTa wyvilebis Tviseba S ara-
trivialuria, maSin

LS = {〈M1,M2〉 |(L(M1), L(M2)) ∈ S}

ena araamoxsnadia.

savarjiSo 1.9: daamtkiceT zemoT moyvanili Teorema.

savarjiSo 1.10: gamoiyeneT zemoT Camoyalibebuli Teorema imis dasamtkiceblad, romM1 daM2 tiurin-

gis manqanebisTvis L(M1) = L(M2) dadgena SeuZlebelia.

1.8 sirTulis P da NP klasebi

Tu mocemulia rekursiuli funqcia f : Σ∗ → Σ∗, maSin unda arsebobdes erTi mainc tiuringis manqana
M , romelic am funqcias gamoiTvlis: M(w) niSnavs, rom w monacemiT gaSvebul M -s gaCerebis Semdeg
mexsierebis kvalze eqneba dawerili f(w). ra Tqma unda, sxvadasxva sigrZis w sityvisaTvisM gamoTvlas
sxvadasxva dros moandomebs, romelsac Semdegnairad aRvniSnavT: T ′(M(w)). SeiZleba ise aRmoCndes, rom
w1 6= w2 da |w1| = |w2|, magram T ′(M(w1)) 6= T ′(M(w2)). amitom ganixilaven SemTxvevebs, rodesac

Wn = {w1, ..., wk ∈ Σ∗ : |wi| = n, 1 ≤ i ≤ k} da TM (n) = max
1≤i≤k

{T ′(w) | |w| = n}.

es imas niSnavs, rom Tu tiuringis manqana M monacemad n sigrZis sityvas miiRebs, misi muSaobis drod
yvela SesaZlo SemTxvevidan maqsimalurs iReben. TM (n) Tavis mxriv n cvladze, anu monacemis sigrZeze
damokidebuli funqciaa. sirTulis TeoriaSi ainteresebT am funqciis zrdis rigi O(TM (n)). amiTi
konkretuli tiuringis manqanis gamoTvlis siswafis zrdis rigi fasdeba.
Tu ganvixilavT yvela tiuringis manqanas, romelic mocemul f funqcias gamoiTvlis, maSin SeiZleba
zogadad funqciis gamoTvlis siswrafis Sefaseba: qveda zRvris gamoTvla. Tu

L(f(n)) = min
1≤i<∞

{TMi
(n) |Mi tiuringis manqanaa, romelic f funqcias gamoiTvlis},

maSin Ω(L(f(n))) am funqciis gamoTvlis qveda zRvars gviCvenebs.

amrigad, raRaca amocanis qveda zRvari imas gviCvenebs, Tu ra siswrafis SeiZleba iyos am amocanis gada-
saWrelad SemoTavazebuli yvelaze swrafi algoriTmi, anu am qveda zRvarze ufro swrafi algoriTmi
ar arsebobs. zeda zRvari ki am funqciis gamosaTvlelad SemoTavazebuli konkretuli algoriTmis
bijebis maqsimalur raodenobas gviCvenebs.

21



rogorc zemoT aRiniSna, Tu raime amocanis amosaxsnelad moiZebneba deterministuli tiuringis manqana
M , romelic polinomiur droSi amoxsnis am amocanas, anu TM (w) = O(|w|c), c = const, am amocanas Ypoli-
nomiur droSi amoxsnadsA uwodeben. polinomiur droSi amoxsnad amocanaTa simravles aRniSnaven P -Ti
(polynomial-time).
Tu raime amocanis gadasaWrelad arsebobs iseTi aradeterministuli manqana ND, romelic polinomiur
droSi amoxsnis am amocanas, anu TND(|w|) = O(|w|c), c = const, am amocanas Yaradeterministulad poli-
nomiur droSi amoxsnadsA uwodeben. aradeterministulad polinomiur droSi amoxsnad amocanaTa sim-
ravles aRniSnaven simboloTi NP (non-deterministic polynomial-time).
cxadia, rom P ⊂ NP , radgan deterministuli tiuringis manqanebi aradeterministulis kerZo SemTxve-
vaa, sadac yovel bijSi moqmedeba calsaxadaa gansazRvruli raime arCevanis saSualebis gareSe.
magram araa gacemuli pasuxi informatikis umniSvnelovanes SekiTxvaze: P = NP ? anu arsebobs Tu ara
aradeterministuli manqanis gadeterministulobis zogadi meTodi, romlis Sedegadac mdgomareobaTa
simravle eqsponenciurad ar gaizrdeba?

ityvian, rom amocana A amocana B-ze daiyvaneba polinomiur droSi (A ≤P B), Tu arsebobs ori tiurin-
gis manqana M1 (romelic A amocanas xsnis) da M2 (romelic B amocanas xsnis) da polinomiur droSi
gamoTvladi rekursiuli funqcia τ : Σ∗ → Σ∗ iseTi, rom w ∈ L(M1)⇒ τ(w) ∈ L(M2).
NP simravlisaTvis gamoyofen e.w. YrTulA amocanaTa klass, anu iseT amocanaTa simravles, romle-
bzedac am simravlis yvela danarCeni amocana polinomiur droSi daiyvaneba.
sxva sityvebiT rom vTqvaT, A amocana NP-rTulia, Tu

∀B ∈ NP, B ≤P A.

Tu raime NP rTuli amocana TviTonac NP klass ekuTvnis, maSin amboben, rom es amocana NP-srulia.

mniSvnelovania is faqti, rom amocanaTa polinomiur droSi dayvanis procesi tranzitulia:

A ≤P B, B ≤P C ⇒ A ≤P C.

es ki imas niSnavs, rom Tu erTi NP sruli amocanisTvis mainc aRmoCnda polinomiur droSi momuSave
algoriTmi, aseTi algoriTmi NP simravlis yvela amocanisTvis aRmoCndeba da P = NP --- nebismieri
amocana YrealurA (polinomiur) droSi amoixsneba. magram Tu aRmoCndeba iseTi NP sruli amocana, ro-
melic polinomiur droSi ver amoixsneba (anu misi qveda zRvari iqneba Ω(2n)), maSin damtkicdeba P 6= NP
--- NP simravleSi iarsebebs iseTi amocanebi, romlebic deterministuli manqaniT realur droSi ver
amoixsneba.

aTasobiT NP sruli amocanis ramodenime magaliTia:

• hamiltonis cikli grafSi

• mTel ricxvTa dayofa: mocemulia mTel ricxvTa simravle A. SeiZleba Tu ara es simravle davyoT
or diskretul qvesimravled A1, A2 (A1 ∪A2 = A, A1 ∩A2 = ∅) ise, rom Σa∈A1a = Σb∈A2b?

• zurgCanTis amocana

• qvegrafis amocana: mocemulia ori grafi. gaarkvieT, aris Tu ara erTi grafi meores qvegrafi

• umoklesi manZili grafis wveroebs Soris: mocemulia Sewonili grafi da misi or wvero. daadgineT
am or wveros Soris umoklesi gza.

• Staineris xe: mocemulia grafi. daxaze minimaluri xe, romelic am grafis yvela wveros aerTebs
(aRsaniSnavia, rom Staineris xeSi damatebiTi kvanZebic SeiZleba arsebobdes -- iseTebi, romlebic
ar gvxvdeba mocemul grafSi)

• grafis SeRebva: mocemulia grafi. daadgineT, sul cota ramdeni feria saWiro imisaTvis, rom am
grafis yoveli wvero SeiRebos raRaca frad ise, rom yovel or wveros, romelic wiboTia SeerTe-
buli, sxvadasxva feri hqondes

ra Tqma unda, arsebobs NP rTuli amocanebic, romlebic araa NP sruli, anu ar SeiZleba maTi aradeter-
ministuli manqanebiT polinomur droSi amoxsna (rac imas niSnavs, rom araa SesaZlebeli maTi SesaZlo
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amonaxsnis polinomiur droSi gadamowmeba), magram yvela amocana NP simravlidan masze daiyvaneba.
aseTi amocanis magaliTia tiuringis manqanaTa SeCerebis amocana, romelic Cven zemoT ganvixileT:
yvela amocana NP-dan masze daiyvaneba, magram TviTon igi ver iqneba NP simravleSi, radgan amouxsnadia.
bunebrivad ismis SekiTxva: arsebobs gamoTvladi NP rTuli funqciebi, anu iseTebi, romelTa gamo-
Tvlac aradeterministuli manqanebiT ar SeiZleba polinomiur droSi, magram romelzedac yvela da-
narCeni funqcia NP simravlidan daiyvaneba? sxva sityvebiT rom vTqvaT, Tu mocemulia gamoTvladi
funqcia f , romelzedac polinomiur droSi daiyvaneba yvela funqcia NP simravlidan da ori sityva
w, v, imis dadgena, WeSmaritia Tu ara f(w) = v, SeuZlebelia polinomiur droSi.
aseTi funqciebis simravle kontinuumis simZlavrisaa, magram praqtikaSi arc Tu ise mravlad aris cno-
bili. Tumca magaliTebi mainc arsebobs: mocemul TamaSSi daadgineT, momgebiania Tu ara raRaca konkre-
tuli strategia? yovelTvis amis polinomiur droSi gadamowmeba araa SesaZlebeli.

1.9 Teorema saSualedo enis arsebobis Sesaxeb

rogorc aqamde vnaxeT, NP simravleSi gvxvdeba YadviladA, anu polinomiur droSi amoxsnadi amocanebi
da YrTuliA, anu NP sruli amocanebi. Tanmedrove mecnierebis erT-erTi yvelaze mniSvnelovani amo-
canaa P vs. NP sakiTxi, anu emTxveva Tu ara es ori simravle erTmaneTs. im SemTxvevaSi, Tu P = NP , nebis-
mieri amocana, romlis pasuxis gadamowmebac (sertificireba) SesaZlebeli iqneba polinomiur droSi,
polinomiur droSi amoxsnadi iqneboda. magram Tu P 6= NP , maSin ori SesaZlebloba arsebobs: an NP
simravle zustad or P da NPC klasebad iyofa, an unda arsebobdes iseTi ena (amocana), romelic ar
amoixsneba polinomiur droSi da arc NP srulia.
Semdegi Teorema swored am faqts amtkicebs.

Teorema 1.3: Tu P 6= NP , maSin arsebobs iseTi ena NP simravleSi, romelic ar ekuTvnis P simravles da
amavdroulad ar aris NP sruli.

damtkiceba: rogorc cnobilia, SesaZlebelia yvela iseTi M1,M2, ... tiuringis manqanis gadanomvra, ro-

melTa muSaobis dro zemodan polinomiuri funqciiTaa SemosazRvruli. aseve SeiZleba R1, R2, ... poli-
nomiur droSi dayvanaTa algoriTmebis gadanomrac. radgan es SesaZlebelia, unda arsebobdes tiurin-
gis manqana TM1, romelic rig-rigobiT mogvcems aseT Mi mimdevrobas; analogiurad unda arsebobdes
TM2 tiuringis manqanac, romelic rig-rigobiT mogvcems Ri mimdevrobas.

SeniSvna: aRsaniSnavia, rom amdagvari gadaTvlis povna enaTa yvela klasisTvis SesaZlebeli araa. ar-
sebobs iseT enaTa klasic, romelTaTvisac gadaTvlis povna SesaZlebeli, magram Zalian Znelia.

amas garda, TS iyos iseTi tiuringis manqana, romelic gadaWris SAT amocanas (radgan davuSviT, rom
P 6= NP , es manqana pasuxs eqsponenciur droSi gamoiangariSebs).
axla ki aRvweroT iseTi L ena, romelic ar iqneba P simravleSi da arc NP srulia. aseT enas Cven
pirdapir ver aRvwerT, amitom moviyvanT iseTi tiuringis manqanis magaliTs, romelic mas gadawyvets
(mxolod mis sityvebs miiRebs), riTac davamtkicebT, rom aseTi ena unda arsebobdes.
Tu mocemulia specialuri funqcia f : N → N (romlis gansazRvrac Teoremis damtkicebis mTavari
nawilia), zemoT aRniSnuli tiuringis manqana TK Semdegnairad ganisazRvreba:

TK(x) : Tu TS(x) = ”yes” da amavdroulad f(x) luwia, maSin miiRe x, winaaRmdeg SemTxvevaSi ar miiRo x.

sxva sityvebiT rom vTqvaT, TK mxolod maSin iRebs x sityvas, Tu x mocemulia koniunqciuri norma-
luri formiT, cvladebis romelime kombinaciaze igi 1 xdeba (sruldeba) da mis sigrZeze gamoTvlili
f funqcia luwia.
rac Seexeba f funqcias, igi monotonurad zrdadia, anu f(n+ 1) ≥ f(n). Tanac f Zalian nela izrdeba.
ganvsazRvroT tiuringis manqana TF , romelic am funqcias gamoiTvlis. pirvel rigSi aRvniSnoT, rom
misi monacemi n kodirebulia rogorc 1n (n cali 1). TF or etapad muSaobs, Tanac yoveli etapi n bijs
grZeldeba.
SeiZleba CavTvaloT, rom es tiuringis manqana Tavs amoZravebs marjvniv, sanam ar Sexvdeba pirveli
carieli simbolo da gzadagza raRacas iTvlis. Semdeg - meore stadiaze - igi Tavs marcxniv amoZravebs,
sanam ar Sexvdeba mexsierebis dasawyisis simbolo B da aseve gzaSi raRacas iTvlis.
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pirvel fazaSi TF cdilobs maqsimalurad bevri f(0), f(1), f(2), ... gamoangariSebas (ramdensac moaswrebs
n bijSi). davuSvaT, rom bolos gamoTvlili sidide iyo f(i) = k. f(n) sidide iqneba an k, an k + 1 imis
mixedviT, Tu rogor ganviTardeba gamoTvla meore fazaSi.
meore fazaSi muSaoba imazea damokidebuli, pirvel fazaSi gamoTvlili k ricxvi kentia Tu luwi.
davuSvaT, rom k = 2i luwia. maSin TF iTvlis Mi(z), S(z) da TF (|z|), sadac z rig-rigobiT gairbens
leqsikografiulad dalagebuli Σ∗ simravlis yvela elements da SeCerdeba maSin da mxolod maSin, Tu
aRmoaCens iseT z sityvas, rom

TK(z) 6= Mi(z),

sadac TK aris L enis ganmsazRvreli tiuringis manqana.
TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• Mi(z) =YkiA da S(z) =YaraA an f(|z|) kentia;

• Mi(z) =YaraA da S(z) =YkiA da f(|z|) luwia.

aqac gamoTvla n bijis Semdeg wydeba da Tu aseTi z ar aRmoCnda, f(n) = k. Tu am n bijSi aseTi z aRmoCnda,
maSin f(n) = k + 1.

Tu pirvel fazaSi gamoTvlili k = 2i+ 1 kentia, maSin meore faza Semdegnairad viTardeba: TF iTvlis
Ri(z), (z), S(Ri(z)) da F (|Ti(z))|), sadac z aseveleqsikografiulad garbis Σ∗ simravlis yvela mniSvnelobas.
aq ukve TF eZebs iseT z sityvas, romlisTvisac

K(Ri(z)) 6= S(z)

unda aRiniSnos, rom Ri dayvanaa da, aqedan gamomdinare, sityvas iZleva.

TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• S(z) =YkiA da an S(Ri(z)) =YaraA an f(|z|) kentia;

• S(z) =YaraA da S(Ri(z)) =YkiA da f(|z|) luwia.

Tu gamoTvlisTvis gamoyofil n bijSi aseTi z moiZebna, maSin f(n) = k + 1. winaaRmdeg SemTxvevaSi
f(n) = k.

aRsaniSnavia, rom TF mkacrad gansazRvruli manqanaa da O(n) bijSi gamoiTvlis f(n) funqcias.
aqedan gamomdinare, aseve TK , romelic L enas gansazRvravs, iqneba mkacrad gansazRvruli.
advili saCvenebelia, rom L ∈ NP : nebismier x monacemze Cven jer SAT (x) da mere f(|x|) unda gamoviT-
valoT, rac aradeterministulad polinomiur droSia SesaZlebeli.

axla davuSvaT, rom L ∈ P . maSin iarsebebs iseTi Mi dasawyisSi naxsenebi gadanomvris mixedviT, rom-
lisTvisac TK(z) = Mi(z),∀z (sxva sityvebiT rom vTqvaT, TK manqana am siaSi Segvxvdeba). magram aseT
SemTxvevaSi TF manqanis meore fazaSi ar aRmoCndeba iseTi z, romlisTvisac TK(z) 6= Mi(z) da f(n) fun-
qcia aRar gaizrdeba da f(n) = 2i,∀n > n0. es ki imas niSnavs, rom dawyebuli raRac adgilidan L ena
YgadaizrdebaA SAT amocanaSi da, aqedan gamomdinare, iqneba NP sruli, rac mas P 6= NP daSvebiT P
simravlidan gamoricxavs.

axla davuSvaT, rom L ∈ NPC . maSin unda arsebobdes dayvana Ri SAT amocanidan L enaze, rac imas
niSnavs, rom TK(Ri(z)) = S(z),∀z. aqedan gamomdinare, TF manqanis meore fazaSi k = 2i+1 SemTxvevisaTvis
Sesabamisi z ar moiZebneba, ris Sedegadac dawyebuli raRac adgilidan f(n) ar gaizrdeba da darCeba
kenti. aqedan gamomdinare, L ena sasruli gamova, anu L 6∈ NPC .

orive daSvebas (L ∈ P da L ∈ NPC) winaaRmdegobamde mivyavarT. aqedan gamomdinare, L YsaSualedoA unda
iyos, anu L 6∈ P da L ∈ NPC .

r.d.g.

savarjiSo 1.11: daamtkiceT, rom nebismieri sasruli ena P simravles ekuTvnis.

savarjiSo 1.12: zeda Teoremis damtkicebis romel adgilebSi gamoviyeneT P 6= NP ?
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P 6= NP SemTxvevaSi Sualeduri enebis arseboba Zalian mniSvnelovania praqtikaSic. magaliTad, natu-
ralur ricxvTa faqtorizaciis an grafTa izomorfizmis amocnisTvis jer-jerobiT veravin moifiqra
polinomiuri algoriTmi da verc imisi NP srulobis damtkiceba SeZlo. aman gaaCina safuZvliani eWvi,
rom es ori amocana swored aseT saSualedo klass unda ekuTvnodes, magram es mxolod im pirobiT, rom
P 6= NP .

1.10 sirTulis Teoriidan gamotanili daskvnebi

rogorc vnaxeT, amocanebi ramodenime ZiriTad klasad SeiZleba daiyos: gamoTvladi da aragamoTvladi,
P da NP. arsebobs kidev mravali amocanaTa klasi, magaliTad iseTis, romlis amoxsnac (gaparalelebis
Sedegad) logariTmul droSi O(log n) SeiZleba (daxarisxeba, ariTmetikuli operaciebi da a.S.).
aseT amocanaTa klass Ynikis klassA uwodeben da aRniSnaven rogorc NC . dReisaTvis erT-erTi Zalian
mniSvnelovani sakiTxia, SesaZlebelia Tu ara P klasSi myofi yvela amocanis ise gaparaleleba, rom

misi gamoTvlis dro polinomiuridan poli-logariTmulze davides, anu zeda zRvari gaxdes O(logk n)
gavrcelebulia eWvi, rom ori naturaluri ricxvis udidesi saerTo gamyofis amocana ar ekuTvnis NC
klass: evklides algoriTmis principuli gaumjobeseba ukve ramodenime aTasi welia ver moxerxda.
aqedan gamomdinare, evklides algoriTmis Seswavla sirTulis Teoriis TvalsazrisiT Zalian sain-
tereso unda iyos.

bunebrivad ismis SekiTxva, raSi gvexmareba sirTulis Teoria? ras gvmatebs aradeterministuli av-
tomatebis Seqmna, romlis aramc Tu praqtikuli realizacia, aramed gamoTvlis procesis gagebac ki
SeuZlebelia?
am SekiTxvaze SesaZlo pasuxi maTematikuri analizis paraleliT SeiZleba: raSi gvWirdeba namdvil
ricxvTa simravle, Tu mis udides nawils saerTod verc ki warmovidgenT? magram am ricxvTa SemoRe-
bam sagrZnoblad gaaadvila kalkulusis da, saerTod, maTematikis ganviTareba, TeoremaTa mtkiceba da
realur cxovrebaSi arsebuli problemebis klasifikacia. rogorc cnobilia, analizis ageba transcen-
dentulricxvTa gareSec SeiZleba, magram am SemTxvevaSi TeoremaTa mtkiceba warmoudgenlad Zneldeba.
asea informatikaSic: aradeterministul manqanaTa hipoTeturi modelis Semotana TeoremaTa mtkice-
baSi, amocanaTa klasifikaciaSi da saTanado daskvnebis gamotanaSi gviwyobs xels.

Tu gvxvdeba axali amocana, pirvelrigSi unda davadginoT, SeiZleba Tu ara misi algoriTmulad amoxsna.
Tu amoxsnadia, unda davadginoT, aris Tu ara igi NP sruli. radgan NP sruli amocanebisaTvis araa
cnobili efeqturi amonaxsni da Teoriuli Sedegebic imaze migviTiTebs, rom aseTi algoriTmis povna
praqtikaSi Zalian Zneli an SeuZlebeli unda iyos, amitom ar eZeben aseTi amocanebis zust algoriT-
mebs (uxeSad rom vTqvaT, ZebnaSi dros ar kargaven). NP sruli amocanebisaTvis swrafi algoriTmebis
povnis uimedobas aZlierebs Semdegi Sedegi:

ar arsebobs iseTi polinomiuri algoriTmi, romelic nebismieri aradeterministuli sasruli avtoma-
tisaTvis mis eqvivalentur minimaluri mdgomareobebis mqone deterministul sasrul avtomats Sead-
gens.

erTad-erTi imedi aris is, rom es Teorema erTi raime universaluri meTodis arsebobas gamoricxavs.
calkeul SemTxvevebSi araa gamoricxuli optimaluri zomis deterministuli sasruli avtomatis Sed-
gena da Tu es zoma polinomiuri aRmoCnda, P = NP damtkiceba.

algoriTmebis Sedgenisas unda gaviTvaliswinoT sami aspeqti (ra Tqma unda, yvela es sakiTxi aRar iqneba
aqtualuri, Tu P = NP ):

1. siswrafe: Sedgenili algoriTmi CvenTvis damakmayofilebeli siswrafiT unda muSaobdes

2. monacemTa sisrule: algoriTmi unda iTvlides Sedegs mTels gansazRvris areze

3. sizuste: yovel monacemze algoriTmi zustad im Sedegs unda iZleodes, rogoric mas moeTxoveba

dReisaTvis araa cnobili, SeiZleba Tu ara NP sruli amocanebisaTvis samive punqtis erTdroulad
Sesruleba (P = NP problema). amitom aseTi amocanebisaTvis eZeben iseT algoriTmebs, romlebic erT-
erT punqts ar asrulebs:
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pirvel rigSi unda ganvsazRvroT, saWiroa Tu ara amocanis amoxsna yvela im monacemze, rac Teori-
ulad moeTxoveba -- xSirad TeoriaSi moTxovnili bevri monacemi praqtikaSi srulebiT ar gvxvdeba.
magaliTad, grafis SeRebvis amocana advilad gadaiWreba, Tu ar ganvixilavT nebismier grafs da mxo-
lod planarulebiT SemovifarglebiT: am SemTxvevaSi sakmarisia 4 feri. amas garda, araorientirebul
grafebze dasmuli TiTqmis yvela amocana efeqturad gadaiWreba, Tu nebismieri grafis magivrad ganvi-
xilavT xeebs (aciklur grafebs). amiTi aixsneba matroidebze agebul algoriTmTa efeqturobac.

miaxloebiTi algoriTmebi: yovel monacemze miRebuli Sedegi zusti Sedegis δ siaxloveSia. amis maga-
liTad grafis wiboebiT gadafarvis zemoT naxsenebi amocanis amoxsna SeiZleba moviyvanoT. mocemuli
grafisaTvis SemTxveviTi principiT airCie erTi wibo, CarTe misi orive wvero saZiebel simravleSi da
grafSi waSale yvela is wibo, romelic dakavSirebulia am wveroebTan. Tu am operaciebis Semdeg miRe-
buli grafi carielia, algoriTmi daasrule. Tu ara da igive gaimeore.
advili saCvenebelia, rom am algoriTmis gaSvebis Semdeg miRebuli Sedegi maqsimum orjer Tu aWarbebs
optimalur Sedegs (dReisaTvis es yvelaze efeqturi algoriTmia am amocanisaTvis).

ganmarteba 1.3: mocemulia raRac amocana, romlis x monacemze optimaluri amoxsnaa Opt(x) ∈ R da al-

goriTmi A, romlis Sedegi x monacemze aris A(x) ∈ R. ityvian, rom am algoriTmis Sedegi amocanis
optimaluri Sedegis 0 < δ ≤ 1 siaxloveSia, Tu sruldeba Semdegi utoloba:

|A(x)−Opt(x)|
max{A(x), Opt(x)}

≤ δ.

Tu raime amocanas moeZebneba iseTi algoriTmi, romelic optimaluri Sedegis δ siaxloveSia, mas δ-
miaxloebadi amocana ewodeba.

aseTi gansazRvrebiT grafebis gadafarvis amocanis zemoT moyvanili algoriTmi optimaluri Sedegis
δ = 1

2 siaxloveSia.

gadafarvis amocana e.w. Ynawilobriv miaxlovebadA amocanaTa klasSi Sedis: iseTi amocanebisa, romleb-
sac nebismieri sizustiT ver mivuaxlovdebiT, magram garkveuli sizustiT -- ki.

ganmarteba 1.4: amocana nawilobriv miaxloebadia, Tu winaswar fiqsirebuli 0 < δ ≤ 1 ricxvisTvis
arsebobs δ-miaxloebadi algoriTmi.

arsebobs agreTve amocanebi, romlisTvisac SeiZleba erTi raime miaxloebiTi algoriTmis dawera, ro-
melic nebismieri winaswar fiqsirebuli δ sizustiT miuaxlovdeba optimalur Sedegs. aseT amocanebs
srulad miaxlovebadi ewodeba. sxva sityvebiT rom vTqvaT, daiwereba algoriTmi, romelic monacemad
rogorc sawyisi amocanis monacems, aseve δ sizustes miiRebs da Sesabamisi sizustis pasuxs gamoiTvlis.

ganmarteba 1.5: amocana srulad miaxloebadia, Tu arsebobs algoriTmiB(x, δ), romelic yovel monacemze
am amocanis optimaluri amoxsnis δ siaxloveSi myof pasuxs gamoiTvlis.

aseTi srulad miaxloebadi amocanis magaliTia zurgCanTis amocana.

1.10.1 Teorema TSP amocanis aramiaxloebadobis Sesaxeb da misgan gamomdinare Sedegebi

damtkicebulia, rom TSP amocanaSi aseTi miaxloebebi SeuZlebelia: nebismieri δ > 0 ricxvisaTvis
moiZebneba iseTi konkretuli monacemi, romlisTvisac nebismieri miaxloebiTi algoriTmis Sedegi zu-
sti Sedegis δ midamoSi ar iqneba, magram am amocanis kerZo SemTxvevebis ganxilva viTarebas cvlis:
Tu damatebiT moviTxovT, rom mocemul grafSi samkuTxedis utoloba sruldebodes, aseTi amocana
nawilobriv miaxlovebadi xdeba. Tu kidev davadebT SezRudvas, rom grafi iyos mocemuli evklidur
sibrtyeze, maSin igi srulad miaxlovebadi xdeba.

Teorema 1.4: Tu P 6= NP , maSin TSP ar aris miaxloebadi polinomiur droSi.

damtkiceba: davamtkicoT, rom amocana YgamoiangariSeT TSP ε miaxloebiTA NP srulia, rac P 6= NP
pirobiT Teoremas daamtkicebs.
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am amocanaze daviyvanoT hamiltonis ciklis amocana. Tu mocemulia nebismieri grafi G = {V,E}, Se-
vadginoT Sewonili grafi G′ = {V ′, E′, w}, romelSic V ′ = V , u, v ∈ V ′ ⇒ (u, v) ∈ E′ da w(u, v) = 1, Tu

(u, v) ∈ E, w(u, v) = |V |
ε , Tu (u, v) 6∈ E (nax. 12).
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nax. 12: HC da TSP amocanebis grafebi

cxadia, Tu G grafSi arsebobs hamiltonis cikli, G′ grafze ε sizustiT amoxsnili TSP mogvcems pasuxs

A, romelic |V | ricxvis ε midamoSi iqneba: A−|V |A ≤ ε.
Tu G grafSi hamiltonis cikli ar arsebobs, maSin optimaluri marSruti Opt ≥ |V | + |V |

ε . aqedan gamom-

dinare, misi ε sizustiT gamoTvlili pasuxi A ≥ |V |+ |V |
ε , rac |V | amonaxsnis ε midamoSi veRar iqneba.

ese igi, Tu G′ grafze amovxsniT TSP amocanas ε sizustiT, calsaxaT SevZlebT imis dadgenas, arsebobs
Tu ara hamiltonis cikli G grafSi da TSP amocanis ε sizustiT amoxsna NP srulis gamodis.

r.d.g.

amrigad, NP sruli amocanebi sam klasad SeiZleba daiyos:

1. srulad miaxlovebad amocanaTa klasi --- samwuxarod Zalian viwro. masSi Sedis, magaliTad, davale-
baTa Sesrulebis amocana or procesorze

2. nawilobriv miaxlovebad amocanaTa klasi --- agreTve mcire, magram pirvelze ufro farTo, romel-
Sic, magaliTad, grafTa gadafarvis amocana Sedis

3. aramiaxlovebad amocanaTa klasi --- yvelaze farTo klasi, romelSic Sedis TSP, grafebSi damou-
kidebel wveroTa simravlis amocana, sruli qvegrafis gamoyofis amocana da sxva.

aRsaniSnavia is garemoeba, rom araamoxsnad amocanebSic SeiZleba monacemTa simravlis an pirobis ise
SezRudva, rom igi amoxsnadad gadaiqces (rogorc, magaliTad, TSP amocanaSi monacemTa SezRudvisas
igi nawilobriv miaxlovebadi an srulad miaxlovebadic ki xdeboda).
sainteresoa, rom aseT SemTxvevebSi Secvlili amocanebi xSirad NP sruli xdeba. amis sailustraciod
ganvixiloT YfarTobis dafarvisA amocana:

mocemulia n sxvadasxva tipis erTnairi zomis kvadrtuli figura a1, a2, ..., an (TiTo tipis figuris rao-
denoba usasruloa). mocemulia agreTve wesebi, Tu ra tipis kvadratebis dadeba SeiZleba erTmaneTis
gverdiT da ra tipisa -- erTmaneTis zemoT da qvemoT. amas garda, figuraTa datrialeba ar SeiZleba.
daadgineT, SeiZleba Tu ara mocemuli kvadratebiTa da wesebiT nebismierad didi farTobis mqone kvad-
ratis ageba, Tu am kvadratis marcxena qveda kuTxeSi ganTavsebuli kvadratuli figuris tipi winaswaraa
mocemuli. nax. 13-Si marcxniv naCvenebia am amocanis erTi magaliTi: moyvanilia sami tipis kvadratuli
figura A,B,C , romelTa gverdebi raRaca feradaa SeRebili. ori figuris erTmaneTze mideba SeiZleba
maSin da mxolod maSin, Tu am figurebis Sesabamis gverdebze ferebi erTnairia.
advili dasamtkicebelia, rom A,B,C figurebiTa da A figuris marcxena qveda kuTxeSi dadebiT nebis-
mieri farTobis kvadratis ageba SeiZleba. magram Tu aviRebT D,E, F figurebs, maSin SeiZleba mxolod
2× 2 kvadratis ageba, isic im pirobiT, Tu marcxena qveda kuTxeSi D figuras davdebT.
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nax. 13: farTobis dafarvis amocana

damtkicebulia, rom am amocanisaTvis algoriTmuli amoxsna ar arsebobs. magram Tu pirobas SevcvliT
da vikiTxavT, SeiZleba Tu ara raRaca k × k (k ∈ N) kvadratis dafarva (usasrulod didis magivrad),
maSin es amocana NP sruli xdeba.

1.11 aragamoTvlad funqciaTa praqtikaSi gamoyenebis magaliTi

yoveli zemoT Tqmulis Semdeg SeiZleba gagviCndes logikuri SekiTxva: rogor SeiZleba konkretuli
Teoriuli Sedegebis praqtikaSi gamoyeneba? erT-erTi aseTi gamoyenebis sademonstraciod ganvixiloT
e.w. Ysaqmiani TaxvisA amocana.
rogorc cnobilia, Taxvebi uaRresad bejiTi cxovelebi arian: gadadian tyeSi, iReben morebs, mdina-
reSi micuraven da wyalsagubeblebs aSeneben. aseT iqiT-aqeT sirbils Taxvi Tavs ar anebebs, sanam Tavis
samuSaos bolomde ar daasrulebs. Taxvebis msgavsad moqmedebs tiuringis manqanac: gamoTvlis pro-
cesSi Tavaki iqiT-aqeT darbis da mexsierebis kvalze garkveul simboloebs wers.
1962 wels ungrelma maTematikosma tibor radom wamoayena Ysaqmiani TaxvisA amocana: mocemulia n md-
gomareobiani tiuringis manqana anbaniT {0, 1}, romelic muSaobas carieli mexsierebis kvaliT iwyebs
da rodesRac Cerdeba. ramdeni 1 iqneba dawerili mexsierebis kvalze manqanis gaCerebis Semdeg? da zo-
gadad: maqsimum ramdeni 1 SeiZleba daweros n mdgomareobis mqone tiuringis manqanam gaCerebamde, Tu
igi muSaobas carieli mexsierebiT daiwyebs? am ricxvs gamosaxaven Σ(n) funqciiT, romelsac rados
funqcias uwodeben. analogiurad SeiZleba davsvaT SekiTxva: maqsimum ramdeni bijis Semdeg gaCerdeba
n mdgomareobis mqone tiuringis manqana? mdgomareobis es ricxvi aRiniSneba funqciiT S(n) (Tu tiu-
ringis manqana ar SeCerdeba, maSin S(n) = 0). rogorc damtkicebulia, es orive funqcia ufro swrafad
izrdeba, vidre nebismieri gamoTvladi funqcia, anu orive aragamoTvladia:

n 1 2 3 4 5 6

Σ(n) 1 4 6 13 ≥ 4098 ≥ 101439

S(n) 1 6 21 107 ≥ 47.176.870 ≥ 102879

magram, amis da miuxedavad, uaRresad didi mniSvneloba aqvs maT daTvlas konkretuli n-Tvis. maga-
liTad, Tu SevadgenT zemoT naxseneb tiuringis manqanas, romelic rig-rigobiT gadaamowmebs natura-
lur ricxvebs da gaCerdeba maSin da mxolod maSin, Tu iseT luw ricxvs aRmoaCens, romelic ar war-
modgeba ori martivi ricxvis jamis saxiT, maSin SeiZleba goldbaxis hipoTezis Semowmeba: daviTvliT
am manqanis mdgomareobaTa raodenobas n, gamoviTvliT S(n) funqcias da am manqanas vamuSavebT S(n) bi-
jis ganmavlobaSi. Tu igi am droSi ar SeCerda, ese igi aRarasdros SeCerdeba da Cven ricxvTa Teoriis
erT-erT umniSvnelovanes sakiTxs gadavWriT.
magram, samwuxarod, jer-jerobiT aseTi perspeqtiva sakmaod bundovania.

1.12 mokle daskvna algoriTmebis Teoriis TvalsazrisiT

axali amocanis dasmisas unda gavarkvioT, SeiZleba Tu ara misi algoriTmulad gadaWra. Tu aseTi ram
SeuZlebelia, unda ganvsazRvroT, ra damatebiTi SezRudvaa saWiro monacemebsa da pirobaze, rom igi
amoxsnadi gaxdes.
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amoxsnadia?

ki
��

ara // gadaakeTe

��
NP-srulia?

ara
��

ki
// gadaakeTe

tt
amoxseni

aRsaniSnavia, rom xSir SemTxvevaSi araamoxsnadi amocanis gadakeTebis Semdeg igi NP sruli xdeba.
dRevandeli midgomiT, Tu raime amocanaze damtkicda, rom igiNP srulia, mis zust amoxsnaze dros aRar
kargaven da gadaWris alternatiul gzebs eZeben: unda ganisazRvros, ra damatebiTi SezRudvaa saWiro
monacemebsa da pirobaze, rom igi polinomur droSi amoxsnadi gaxdes, an rogor SeiZleba misi amonaxs-
nis raRaca δ sizustiT gamoTvla -- aris Tu ara igi srulad miaxlovebadi, nawilobriv miaxlovebadi an
aramiaxlovebadi. amas garda, SesaZlebelia amocanaTa albaTuri meTodebiT gadaWra: iseTi algoriT-
mis dawera, rom pasuxi xSir SemTxvevaSi swori iyos. ra Tqma unda, ase miRebul pasuxze darwmunebiT
ver vityviT, rim dasmuli amocanis amoxsnas gvaZlevs, magram Tu mas bevrjer gavuSvebT da miRebuli pa-
suxebidan iseTs avarCevT, romelic yvelaze xSirad gvxvdeba, didi albaTobiT SegviZlia vivaraudoT,
rom es zust amoxsnas daemTxveva.

amdagvari YevristikebisA Sedgenasa da amocanaTa klasifikaciaSi gvexmareba sirTulis Teoria, romlis
gareSec aseTi ram SeuZlebeli iqneboda.
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2 sirTulis Teoriis gamoyenebis magaliTi: giodelis Teorema ariT-
metikis arasrulobis Sesaxeb

2.1 damtkicebis sistemebi

cnobili avstrieli mecnieris kurt giodelis (Kurt Gödel) mier meoce saukunis 30an wlebSi damtkice-
buli Teoremebi Tamamad SeiZleba miviCnioT kacobriobis azrovnebaSi Setanil gardatexad. Tu kla-
sikuri periodidan moyolebuli mecniereba nebismieri gamonaTqvamis logikuri msjelobiT damtkice-
basa an uaryofas gulisxmobda, aRmoCnda, rom adamiani mis mierve Seqmnil sistemebSic ki ver SeZlebs
bolomde garkvevas: ariTmetikaSi arsebobs iseTi gamonaTqvamebi, romelTa arc damtkiceba da arc uar-
yofa ar SeiZleba. maTematika arasrulyofili aRmoCnda.
winamdebare teqsti giodelis Teoremebis mtkicebis saintereso variants aRwers, romelic gamomTvleli
manqanebis (tiuringis manqanebis) Teorias eyrdnoba.
teqsti efuZneba cnobili germaneli mecnieris volfgang paulis saxelmZRvanelos Prof. Dr. Wolfgang J.
Paul, Komplexitätstheorie, Teubner Verlag, 1978. did madlobas vuxdiT prof. roland omanaZes koreqciisa
da kritikuli SeniSvnebisTvis.

2.2 damtkicebis sistemebi

ganmarteba 2.6: damtkicebis sistema aRiwereba W = (Σ, L,A, S) oTxeuliT, sadac

• Σ sasruli anbania;

• L ⊂ Σ∗ gamoTvladi simravlea, romelsac W sistemis ena ewodeba;

• yoveli w ∈ L sityva raime maTematikuri obieqtis Sesaxeb gamonaTqvamis calsaxad aRmweri unda
iyos;

• A ⊂ L gamoTvladi simravlea, romelsac W sistemis aqsiomebis simravle ewodeba;

• S warmoadgens gamoTvlad simravles, romelsac Ydaskvnis kanonebisA simravle ewodeba da Semdegi
tipis sityvebisagan Sedgeba:

w1#w2#...#wr, sadac wi ∈ L da # 6∈ L.
Tu w1#w2#...#wr ∈ S, maSin amboben, rom wr pirdapir gamomdinareobs w1, w2, ..., wr−1-dan.

ganmarteba 2.7: W = (Σ, L,A, S) damtkicebis sistemaSi ws gamonaTqvamis damtkiceba ewodeba mimdevrobas

b = w1#...#ws, Tu yvela i ≤ s indeqsisTvis WeSmaritia: wi ∈ A an ∃i1, ..., ir < i iseTi, rom wi1#...#wir#wi ∈ S.

Tu arsebobs w gamonaTqvamis damtkiceba W sistemaSi, maSin amboben, rom w gamoyvanadia W sistemaSi.
cxadia, radgan A da S gamoTvladia, aseve SesaZlebeli iqneba iseTi algoriTmis ageba, romelic nebis-
mierad mocemuli b ∈ {Σ ∪ {#}}∗ sityvisTvis gansazRvravs, aris Tu Tu ara b damtkiceba W sistemaSi.

aqedan gamomdinare, miviReT

lema 2.1: Tu W damtkicebis sistemaa, {b : b damtkicebaa W sistemaSi} simravle gamoTvladia.

savarjiSo 2.13: daamtkiceT zemoT moyvanili lema.

Sedegi: nebismieri W damtkicebis sistemisaTvis simravle {w : w gamoyvanadia W sistemaSi} rekursiu-
lad gadaTvladia.

damtkiceba: w0 iyos W sistemaSi raime gamoyvanadi gamonaTqvami. M iyos iseTi tiuringis manqana, rome-

lic b monacemisTvis amowmebs, aris Tu ara igi damtkiceba mocemul W sistemaSi. Tu es asea, M beWdavs
b-s mier damtkicebul gamonaTqvams, winaaRmdeg SemTxvevaSi ki dabeWdavs w0 gamonaTqvams. cxadia,
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{w : w gamoyvanadia W sistemaSi} = {fM (x) : x ∈ {Σ ∪ {#}}∗}
r.d.g.

2.2.1 damtkicebis sistemis magaliTi

magaliTisaTvis moviyvanoT elementaruli ricxvTa Teoriis damtkicebis sistema.

ZE = (ΣE , LE , AE , SE), sadac

ΣE = {0, 1, x, (, ), t, ·,=,∨,∧,¬,→,∀,∃},

V = {xw : w ∈ {0, 1}+} cvladebis simravlea.

ganmarteba 2.8: termebis simravle ewodeba iseT umcires T simravles, romlisTvisac WeSmaritia:

1. 0 ∈ T , 1 ∈ T , V ⊂ T ;

2. Tu a, b ∈ T termia, aseve termi iqneba (a+ b) da (a · b).

magaliTad, termia ((x10 + 1) · 1).

ganmarteba 2.9: ariTmetikul predikatTa simravle iseT umcires P simravles ewodeba, romlisTvisac
WeSmaritia:

1. nebismieri ori a, b termisTvis (a = b) ∈ P ;

2. Tu A,B ∈ P predikatebia, aseve predikati iqneba (¬A), (A ∨B), (A ∧B), (A→ B);

3. Tu y ∈ V da A ∈ P , maSin (∃yA), (∀yA) ∈ P .

magaliTad (∀x0(∀x1((x0 + x1) = ((x1 + x0) + x10)))) ariTmetikuli predikatia.

ganmarteba 2.10: y iyos raime cvladi.

1. Tu a da b termebia da Tu y cvladi am romelime termSi gvxvdeba, maSin (a = b) predikatSi igive y
gvxvdeba rogorc Tavisufali cvladi;

2. Tu y cvladi raime A ariTmetikul predikatSi gvxvdeba, igive cvladi (∃yA) da (∀yA) predikatebSi
dabmuli cvladad gvxvdeba;

3. Tu A,B ariTmetikuli predikatebia da y cvladi maTSi Tavisuflad an dabmulad gvxvdeba, maSin
igive y cvladi (A ∨ B), (A ∧ B), (A→ B) da (¬A) termebSi iseve Tavisufal an, Sesabamisad, dabmul
cvladad gvxvdeba.

zeda magaliTSi x0 da x1 cvladebi dabmulad, x10 ki rogorc Tavisufali cvladi gvxvdeba.
aRsaniSnavia, rom Cveni gansazRvrebebiT dasaSvebia, rom erTi da igive cvladi sxvadasxva kvantorSi
dabmul cvladad gvxvdebodes. igive cvladi SeiZleba erT predikatSi sxvadasxva adgilze Tavisufal
an dabmul cvladebad gvxvdebodes.
SemdgomSi A(x1, ..., xn) iseT predikats aRniSnavs, romelSic x1, ..., xn cvladi Tavisuflad gvxvdeba.
iseT ariTmetikul predikats, romelSic Tavisufali cvladi ar gvxvdeba, ariTmetikuli gamonaTqvami
ewodeba.

lema 2.2: simravle LE = {A : A ariTmetikuli predikatia} gamoTvladia.

savarjiSo 2.14: dawereT programa, romelic w ∈ Σ∗E sityvisaTvis gansazRvravs, aris Tu ara igi ariT-
metikuli predikati zemoT moyvanili ganmartebis mixedviT.

aqamde Cven mxolod simboloTa mimdevrobebis garkveuli simravleebi ganvsazRvreT. axla ki unda da-
vadginoT, ra SemTxvevaSi iqneba aseTi mimdevroba (sityva) WeSmariti.
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Semdegi gansazRvreba termebSi cvladebis konkretuli mniSvnelobebis Casmis procesis formalizaciis
saSualebas gvaZlevs.

ganmarteba 2.11: cvladebis Casma ewodeba funqcias φ : V → N. Tu raime t termSi φ funqciis mixedviT

cvladebis Sesabamis mniSvnelobebs CavsvamT, es aRiniSneba rogorc φ(t) da rekursiulad Semdegnairad
ganisazRvreba:

φ(0) = 0, φ(1) = 1, φ(a+ b) = φ(a) + φ(b), φ(a · b) = φ(a) · φ(b).

magaliTi: mocemulia termi t = ((x0 + x1) · (x0 + x1)) da φ(x0) = 1, φ(x1) = 2.

maSin φ(t) = φ(x0 + x1) · φ(x0 + x1) = (φ(x0) + φ(x1)) · (φ(x0) + φ(x1)) = (1 + 2) · (1 + 2) = 9.

A predikatis, x cvladisa da t termebisTvis SemovitanoT aRniSvna A|x=t iseTi predikatisTvis, romelic
A predikatSi yovel Tavisufal x cvlads t termebiT SevcvliT.
A(x1, ..., xn)|x1=t1,...,xn=tn termi SemoklebiT CavweroT rogorc A(t1, ..., tn).

n ∈ N ricxvisTvis n aRniSnavs terms (1 + (...+ 1)...)︸ ︷︷ ︸
n

.

ganmarteba 2.12: nebismieri a, b termisaTvis, A,B predikatisTvis da x cvladisTvis WeSmaritia:

• a = b WeSmaritia, Tu φ(a) = φ(b) ∀φ CasmisTvis;

• A ∨B WeSmaritia, Tu A an B (erTi mainc) WeSmaritia;

• A ∧B WeSmaritia, Tu A,B orive WeSmaritia;

• ¬A WeSmaritia, Tu A ar aris WeSmariti;

• A→ B WeSmaritia, Tu (B ∨ (¬A)) WeSmaritia;

• ∃xA WeSmaritia, Tu arsebobs raime n ∈ N iseTi, rom A|x=n WeSmaritia;

• ∀xA WeSmaritia, Tu A|x=n WeSmaritia yvela n ∈ N-Tvis.

magaliTi: Semdegi predikatebi WeSmaritia:

((x0 + x1) · (x0 + x1)) = ((x0 · x0) + (((1 + 1) · (x0 · x1)) + (x1 · x1)));

(∃x1((x0 + x1) = x0)).

SeniSvna: simartivisaTvis Semdgom formulebSi ar gamoviyenebT frCxilebis dasmas, operaciaTa prior-

itetuli ierarqia ki Semdegnairi iqneba:

·,+,=,∀,∃,¬,∧,∨,→

ganmarteba 2.13: logikur operaciaTa aqsiomebi da gamoyvanis wesebi

A,B da C ariTmetikuli predikatebisTvis gamoyvanis wesebi da aqsiomebia:

1. (a) A→ (B → A)

1. (b) (A→ B)→ ((A→ (B → C))→ (A→ C))

2. A#A→ B#B (daskvna)

3. A→ (B → A ∧B)

4. (a) A ∧B → A

4. (b) A ∧B → B

5. (a) A→ A ∨B
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5. (b) B → A ∨B

6. (A→ C)→ ((B → C)→ (A ∨B → C))

7. (A→ B)→ ((A→ ¬B)→ ¬A)

8. ¬¬A→ A

t terms ewodeba Tavisufali y cvladis mimarT A(y) predikatSi, Tu A(t)-Si t termSi Semavali yvela
cvladi Tavisufalia (sxva sityvebiT rom vTqvaT, A predikatSi t termis Casmis Semdeg iseT predikats
viRebT, romelSic t termis yvela cvladi Tavisufalia).

magaliTi:

A(x1) = (∃x0(1 + 1 + x0 = x1))→ (∃x0(1 + x0 = x1))

predikatSi termebi 1, 1 + 1 da x10 Tavisufalia x1 cvladis mimarT, xolo x0, 1 + 1 + x0 ki ara.

SeniSvna: Tu t ar aris Tavisufali y cvladis mimarT A(y) predikatSi, maSin A(t) SeiZleba mcdari gaxdes

im SemTxvevaSic ki, Tu A(y) WeSmaritia. zemoT moyvanili A(y) WeSmaritia, magram A(1 + 1 +x0) ki mcdaria.

ganmarteba 2.14: aqsiomebi da gamoTvlis wesebi kvantorebisaTvis

nebismieri A(y) (romelSic y Tavisufalia) predikatis, t (romelic y cvladis mimarT Tavisufalia A(y)-
Si) termisa da C predikatisTvis (romelSic y araa Tavisufali) gamoTvlis wesi da aqsiomaa:

9. C → A(y)#C → ∀yA(y)

10. ∀yA(y)→ A(t)

11. A(t)→ ∃yA(y)

12. A(y)→ C#∃yA(y)→ C

ganmarteba 2.15: naturalur ricxvTa aqsiomebi

nebismieri A(y) (romelSic y Tavisufalia) predikatisa da a, b termisTvis aqsiomebia

13. A(0) ∧ ∀y(A(y)→ A(y + 1))→ A(y) induqciis aqsioma
14. a+ 1 = b+ 1→ a = b
15. ¬(a+ 1 = 0)
16. a = b→ (a = c→ b = c)
17. a = b→ a+ 1 = b+ 1

18. a+ 0 = a
19. a+ (b+ 1) = (a+ b) + 1

}
mimatebis aqsiomebi

20. a · 0
21. a · (b+ 1) = a · b+ a

}
gamravlebis aqsiomebi

AE ganvsazRvroT, rogorc 1, 3 − 8, 10 − 11, 13 − 21 aqsiomebis Canawerebi, xolo SE ki rogorc 2, 9 da 12
wesebis Canawerebi.

advilad SeiZleba programebis dawera, romliTac nebismieri w sityvisTvis davadgenT, aris Tu ara igi
AE an SE simravleSi.
lema 1.2-dan gamomdinare (romlis mixedviTac ZE gamoTvladia), SesaZlebelia zemoT Camoyalibebuli
principebis mqone ZE = (ΣE , LE , AE , SE) gamoTvladi damtkicebis sistemis ageba.

magaliTi: ganvixiloT x0 = x0 predikatis damtkicebis jaWvi ZE sistemaSi.

1. x0 = x1→ (x0 = x10→ x1 = x10)# (aqsioma 16)

2. 0 = 0→ (0 = 0→ 0 = 0)# (aqsioma 1 (a) )
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3. (x0 = x1→ (x0 = x10→ x1 = x10))→ ((0 = 0→ (0 = 0→ 0 = 0))→
(x0 = x1→ (x0 = x10→ x1 = x10)))# (aqsioma 1 (a) )

4. (0 = 0→ (0 = 0→ 0 = 0))→ (x0 = x1→ (x0 = x10→ x1 = x10))# (wesi 2)

5. (0 = 0→ (0 = 0→ 0 = 0))→ ∀x10(x0 = x1→ (x0 = x10→ x1 = x10))# (aqsioma 9)

6. (0 = 0→ (0 = 0→ 0 = 0))→ ∀x1∀x10(x0 = x1→ (x0 = x10→ x1 = x10))# (aqsioma 9)

7. (0 = 0→ (0 = 0→ 0 = 0))→ ∀x0∀x1∀x10(x0 = x1→ (x0 = x10→ x1 = x10))# (aqsioma 9)

8. ∀x0∀x1∀x10(x0 = x1→ (x0 = x10→ x1 = x10))# (wesi 2)

9. ∀x0∀x1∀x10(x0 = x1→ (x0 = x10→ x1 = x10))→
∀x1∀x10(x0 + 0 = x1→ (x0 + 0 = x10→ x1 = x10))# (aqsioma 10)

10. ∀x1∀x10(x0 + 0 = x1→ (x0 + 0 = x10→ x1 = x10))# (wesi 2)

11. ∀x1∀x10(x0 + 0 = x1→ (x0 + 0 = x10→ x1 = x10))→
∀x10(x0 + 0 = x0→ (x0 + 0 = x10→ x0 = x10))# (aqsioma 10)

12. ∀x10(x0 + 0 = x0→ (x0 + 0 = x10→ x0 = x10))# (wesi 2)

13. ∀x10(x0 + 0 = x0→ (x0 + 0 = x10→ x0 = x10))→ (x0 + 0 = x0→ (x0 + 0 = x0→ x0 = x0))# (aqsioma 10)

14. x0 + 0 = x0→ (x0 + 0 = x0→ x0 = x0)# (wesi 2)

15. x0 + 0 = x0# (aqsioma 18)

16. x0 + 0 = x0→ x0 = x0# (wesi 2)

17. x0 = x0# (wesi 2)

am magaliTidan Cans, rom TviT umartivesi termebisTvisac ki damtkicebis jaWvi sakmaod grZeli Sei-
Zleba iyos, magram am formalizmSi martivi wesebis meSveobiT sakmaod rTuli Teoremebis damtkiceba
SeiZleba (magaliTad SesaZlebelia elementaruli ricxvTa Teoriis leqciebSi moyvanili yvela Teo-
remis damtkiceba). tiuringis manqanebis msgavsad aqac formalizmi sakmaod rTulad SeiZleba mogveCvenos,
magram garkveuli varjiSis Semdeg intuicia viTardeba, riTac formaluri jaWvebis agebis gareSe Sei-
Zleba mivxvdeT, damtkicebadia Tu ara raime gamonaTqvami (aseve garkveuli SeCvevis Semdeg tiuringis
manqanebis konkretulad agebis gareSe SegviZlia mivxvdeT, gamoTvladia Tu ara raime amocana).
aqve unda aRiniSnos, rom Cven konkretuli termis damtkiceba moviyvaneT da gadavamowmeT. sxva sakiTxia,
Tu ogor SeiZleba raime termis damtkicebis povna, rac zogad SemTxvevaSi araamoxsnadi da xSir konkre-
tul SemTxvevaSi sakmaod rTulia.

2.3 WeSmariteba, arawinaaRmdegobrivoba da sisrule

ganmarteba 2.16: nebismieri damtkicebis sistema W = (Σ, L,A, S) aris WeSmariti, Tu yvela masSi gamoy-

vanadi gamonaTqvami WeSmaritia; arawinaaRmdegobrivi, Tu arc erTi w ∈ L sityvisTvis rogorc w, aseve
misi uaryofis ¬w gamoyvana ar SeiZleba; sruli, Tu nebismieri w ∈ L sityvisTvis an w an misi uaryofa
¬w gamoyvanadia.
nebismieri WeSmariti sistema amavdroulad arawinaaRmdegobrivi unda iyos. WeSmaritebisgan gansx-
vavebiT arawinaaRmdegobrivoba ar ganixilavs termTa WeSmaritebis an mniSvnelobis sakiTxebs, aramed
damtkicebis sistemebis wminda kombinatoruli problemaa. aqedan gamomdinare, es sakiTxi formaluri
sistemebisTvis ufro advili gadasaWrelia, vidre WeSmariteba.
intuiciurad raime W sistemis koreqtuloba Semdegnairad SeiZleba damtkicdes:

• vaCvenoT, rom W sistemis aqsiomebi WeSmaritia;

• vaCvenoT, rom W sistemis gamoTvlis wesebi WeSmaritia;
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• zeda ori debulebidan induqciiT gamomdinareobs, rom W sistemis yvela gamoyvanili termi WeS-
maritia.

aRsaniSnavia, rom aqsiomaTa da gamoyvanis wesebis WeSmaritebis intuiciurad dajereba SeiZleba aras-
woric aRmoCndes: ramodenime cnobili sistema, romlebic didwilad WeSmaritad iyo miCneuli, sabolood
mcdari aRmoCnda (ix. raselis paradoqsi).
zemoT moyvanili ZE sistema bevri (magram ara yvela) mecnieris mier WeSmaritadaa miCneuli (davis
sagania aqsioma ¬¬A→ A).
nebismier WeSmarit da srulyofil sistemaSi nebismieri am sistemis enaze formulirebuli termis WeS-
maritebis dadgena algoriTmulad SeiZleba:

lema 2.3: nebismier WeSmarit da srul W = (Σ, L,A, S) damtkicebis sistemaSi simravle {w ∈ L : w

WeSmaritia} gamoTvladia.

damtkiceba: dasamtkiceblad moviyvanoT algoriTmi, romelic am simravles gamoiTvlis. pirvel rigSi

unda aRiniSnos, rom (yovelive zemoT Tqmulidan gamomdinare) nebismieri b ∈ (Σ∪{#})∗ termisTvis Sesa-
Zlebelia imis gadamowmeba, aris Tu ara igi raime termis WeSmaritebis damtkiceba. aqedan gamomdinare
SeiZleba (Σ∪{#})∗ simravlis dalageba da nebismieri w ∈ L monacemisTvis imis dadgena, misi damtkiceba
arsebobs sistemaSi Tu misi ¬w uaryofis (amisaTvis saWiroa mxolod dalagebuli simravlis sityve-
bis rig-rigobiT gadamowmeba). radgan Tavdapirveli damtkicebis sistema srulia, nebismieri w ∈ L
gamonaTqvami masSi an WeSmaritia, an mcdari da, aqedan gamomdinare, iarsebebs an misi, an misi uaryofis
damtkiceba da Cveni algoriTmic yovelTvis gaCerdeba. radgan pirobis Tanaxmad W sistema WeSmaritia,
Cveni algoriTmic swor pasuxs daabrunebs.

r.d.g.

2.4 giodelis arasisrulis Teoremebi

Teorema 2.5: W = (Σ, L,A, S) iyos raime damtkicebis sistema da davuSvaT, rom arsebobs gamoTvladi

funqcia H : {0, 1, ||}∗ → L iseTi, rom ∀u, v,∈ {0, 1}∗ sityvisTvis funqcia H(u||v) maSin da mxolod maSin
iZlevaW sistemaSi WeSmarit terms, rodesac erTkvaliani tiuringis manqana Mu gaCerdeba v monacemze.
maSin {h ∈ L : h WeSmaritia} simravle araa gamoTvladi.

damtkiceba: advili saCvenebelia, rom gaCerebis amocana daiyvaneba {h ∈ L : h WeSmaritia} simravleze.

savarjiSo 2.15: daiyvaneT gaCerebis amocana {h ∈ L : h WeSmaritia} simravleze.

SeniSvna: zemoT moyvanili Teoremis piroba gveubneba, rom SesaZlebelia H(u||v) ∈ L gamoTvla, magram
zogad SemTxvevaSi SeuZlebelia imis dadgena, WeSmaritia Tu ara es sityva L enaSi (amiT Teorema ar
ewinaaRmdegeba gaCerebis amocanis gamoTvlis SeuZleblobas).

daskvna: nebismieri WeSmariti damtkicebis sistema W , romelic wina Teoremis pirobebs akmayofilebs,
araa sruli (es wina Teoremisa da lemis Sedegad gamomdinareobs).

lema 2.4: (ZiriTadi lema) ZE asrulebs wina Teoremis pirobebs.

damtkiceba: SemdegSi iqneba moyvanili

amiT mtkicdeba

Teorema 2.6: WeSmarit ariTmetikul gamonaTqvamTa simravle araa gamoTvladi. Tu ZE WeSmaritia, maSin

masSi iarsebebs iseTi gamonaTqvami, romelsac verc davamtkicebT da verc uarvyofT.

SeiZleba imis imedi gvqondes, rom arasrul sistemas (magaliTad ZE) iseTi aqsiomebiT gavafarTovebT,
rom aqamde araamoxsnadi amocanebis gadaWra SevZloT (cxadia, rom aseTi damatebiTi aqsiomebi gamoTvladi
unda iyos).
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ityvian, rom raime sistema W = (Σ, L,A, S) moicavs ZE sistemas, Tu LE ⊂ L, AE ⊂ A da SE ⊂ S. radgan
zemoT moyvanili Teoremebi da maTi Sedegebi yvela sistemisTvisaa WeSmariti, romelic ZE sistemas
moicavs, WeSmaritia Semdegi

Teorema 2.7: nebismieri WeSmariti sistema, romelic ZE sistemas moicavs, araa srulli.

sxva sityvebiT rom vTqvaT, nebismieri arasruli sistemis YSevsebaA SeiZleba aqsiomebiT, romelTa saSu-
alebiT aqamde amouxsnad sakiTxebs gadavWridiT, magram samagierod axali araamoxsnadi gamonaTqvamebi
gagviCndeba.

zemoT moyvanili yvela Sedegi arsebobis Teoremaa - Cven viciT amouxsnadi amocanebis arsebobis Sesaxeb,
magram konkretulad maTi povna SeuZlebelia. erT-erTi amouxsnadi amocanis aRwera SesaZlebelia
giodelis arasisrulis Teoremis meSveobiT:

Teorema 2.8: nebismier WeSmarit W = (Σ, L,A, S) damtkicebis sistemaSi, romelic 1.1 Teoremis pirobebs

akmayofilebs, SeiZleba konkretuli gamonaTqvamebis moyvana, romelTa (am sistemaSi) arc damtkiceba
da arc uaryofaa SesaZlebeli. amas garda, TuW moicavs ZE sistemas, gamonaTqvamis mcdaroba SeiZleba
intuiciurad, anu W sistemis formalizmis gareSe vaCvenoT.

damtkiceba: Q iyos tiuringis manqana, romelic w ∈ {0, 1}∗ monacemiT W sistemis yvela damtkicebas

gadasinjavs da gaCerdeba maSin da mxolod maSin, Tu ipovnis damtkicebas ¬H(w||w) termisTvis. Tu q am
Q manqanis giodelis ricxvia, H(q||q) ar unda iyos gamoTvladi.
marTlac, Tu davuSvebT, rom H(q||q) W sistemaSi damtkicebadia, W sistemis WeSmaritebis da, aqedan
gamomdinare, arawinaaRmdegobrivobis gamo, ¬H(q||q) damtkiceba am sistemaSi ver iarsebebda. magram am
SemTxvevaSi ki Q manqana q monacemiT ar gaCerdeboda (Tavisi konstruqciis gamo - igi ¬H(q||q) mkicebas
ver ipovnida). aqedan gamomdinare, W sistema ar iqneboda WeSmariti, radgan mcdari gamonaTqvami H(q||q)
damtkicebadi gamovidoda.
meores mxriv, Tu davuSvebT, rom ¬H(q||q) damtkicebadia W sistemaSi, Q manqana Tavisi konstruqciis
Tanaxmad q monacemze gaCerdeboda da isev analogiur winaaRmdegobas miviRebT.

SeniSvna: gavixsenoT, rom H(q||q) tolfasia gamonaTqvamisa YQ tiuringis manqana gaCerdeba q monacemzeA

da, Sesabamisad, 6 H(q||q) niSnavs YQ tiuringis manqana ar gaCerdeba q monacemzeA.

Teoremis meore nawilis dasamtkiceblad gamoviyenoT

lema 2.5: Tu H(u||v) WeSmarit gamonaTqvams iZleva, maSin es gamonaTqvami damtkicdeba ZE sistemaSi.

damtkiceba: intuiciurad Mu manqanis mier v monacemiT sasrul bijebSi pasuxis gamoTvla imis das-

turia, rom Mu gaCerdeba v monacemze. aseTi gamoTvlidan SesaZlebelia ZE sistemaSi H(u||v) sisworis
formaluri damtkicebis ageba (amis formalurad damtkiceba sakmaod grZel gamoTvlas moiTxovs).

r.d.g.

am lemidan pirdapir gamomdinareobs giodelis Teoremis meore nawili, radgan Q manqana q monacemze
rom gaCerebuliyo, maSin aseve H(q||q) iqneboda ZE sistemaSi gamoyvanadi, rac amave Teoremis pirveli
nawilis damtkicebiT SeuZlebelia.

r.d.g.

axla ki ganvixiloT arawinaaRmdegobrivobis damtkicebis SesaZleblobis sakiTxi. radgan arawinaaR-
mdegobrivobas aqsiomebisa da gamoyvanis wesebis SinaarsTan kavSiri ar aqvs, SeiZleba imis imedi gvqon-
des, rom SedarebiT martivi sistemebiT (mag. ZE) ufro didi sistemebis (mag. simravleTa Teoriis)
arawinaaRmdegobrivoba davamtkicoT.
es amocana asiode wlis win daisva da Yhilbertis programisA saxeliTaa cnobili. ase pirdapir isic
araa naTeli, SeiZleba Tu ara raime W sistemis farglebSi gamonaTqvamis YW arawinaaRmdegobriviaA
formalurad Camoyalibeba. magram advilad SeiZleba imis Cveneba, rom am gamonaTqvamis formaluri
aRwera ukve ZE sistemaSic ki aris SesaZlebeli.
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lema 2.6: nebismieri W damtkicebis sistemisTvis arsebobs ariTmetikuli termi, romlis mniSvneloba

iqneba YW sistema arawinaaRmdegobriviaA.

damtkiceba: R yios iseTi tiuringis manqana, romelic monacemiT 0 mocemuli W sistemis yvela damt-
kicebas rig-rigobiT gaivlis, axal damtkicebas mexsierebis kvalze Cawers da yovel axal damtkicebas
w aqamde damtkicebulebs Seadarebs. es manqana gaCerdeba maSin da mxolod maSin, Tu aRmoaCens iseT w
da w′ gamonaTqvamTa wyvils, rom w = ¬w′ an w′ = ¬w.
Tu r ricxvi R manqanis giodelizaciaa, maSin gamonaTqvami YW arawinaaRmdegobriviaA formalurad
gamoisaxeba, rogorc ¬H(r||0).

r.d.g.
SeniSvna: simartivisaTvis Y¬H(r||0)A CavweroT rogorc YConsis WA.

axla ki davamtkicoT giodelis arasisrulis meore Teorema.

Teorema 2.9: nebismier arawinaaRmdegobriv damtkicebis sistemaSi W = (Σ, L,A, S), romelic ZE sistemas
moicavs, YConsis WA damtkiceba SeuZlebelia.

damtkiceba: pirveli Teoremis analogiuradQ iyos iseTi tiuringis manqana, romelic w monacemze yvela

damtkicebas gadaiTvlis da gaCerdeba maSin da mxolod maSin, Tu ¬H(w||w) damtkicebas ipovnis. q iyos
misi giodelizacia.

lema 2.7: Tu W arawinaaRmdegobrivia, maSin ¬H(q||q) araa gamoyvanadi W sistemaSi.

damtkiceba: ¬H(q||q) rom yofiliyo gamoyvanadiW sistemaSi, maSinQ manqana q monacemze ipovnida ¬H(q||q)
damtkicebas da gaCerdeboda. magram am SemTxvevaSi 1.5 lemis Tanaxmad agreTve H(q||q) iqneboda ZE da,
aqedan gamomdinare, W sistemaSi gamoyvanadi da W winaaRmdegobrivi gamovidoda.

r.d.g.

aseve WeSmaritia

lema 2.8: nebismieri v ∈ L sityvisaTvis arsebobs ariTmetikuli predikati, romelic aRwers winadadebas
Yv gamoyvanadia W sistemaSiA.

damtkiceba: M iyos iseTi tiuringis manqana, romelic v monacemze W sistemis yvela damtkicebas gada-

arCevs da gaCerdeba maSin da mxolod maSin, Tu aRmoaCens v gamonaTqvamis damtkicebas. Tu m am manqanis
giodelizaciaa, maSin H(m||v) iqneba saZiebo winadadebis ariTmetikuli predikati.

r.d.g.
WeSmaritia Semdegi

lema 2.9:

1. gamonaTqvami YConsisW → (¬H(q||q) araa gamoyvanadiW sistemaSi)A gamoyvanadia ZE (da, aqedan gamom-
dinare, W) sistemaSi.

damtkiceba: wina lemebis damtkicebebis formalizacia ZE sistemaSi.
r.d.g.

YConsis WA gamoyvanadi rom yofiliyo W sistemaSi, wina lemidan davaskvnidiT, rom

2. Y¬H(q||q) ar aris gamoyvanadi W sistemaSiA

da Q manqanis gansazRvrebis gaTvaliscinebiT,

3. Y¬H(q||q)A
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rac aseve ZE sistemaSi iqneba WeSmariti.

lema 2.10: Tu v ∈ L gamoyvanadia W sistemaSi, maSin aseve ZE sistemaSi gamoyvanadi iqneba ariTmetikuli

gamonaTqvami mniSvnelobiT Yv gamoyvanadia W sistemaSiA.

damtkiceba: uSualod gamomdinareobs wina lemebidan.

radgan Y¬H(q||q)A gamoyvanadi iqneboda W sistemaSi, ZE sistemaSi aseve gamoyvanadi iqneboda gamonaTq-
vami

4. Y¬H(q||q) gamoyvanadia W sistemaSiA.

ase rom, (2) da (4) gamoyvanadia W sistemaSi. radgan (2) = ¬(4), W sistemis arawinaaRmdegobrivobis
damtkiceba SeuZlebelia.

r.d.g.
giodelis mier damtkicebuli arasisrulis Teoremebis Semdeg radikalurad Seicvala aTaswleulebis
manZilze arsebuli Sexeduleba mecnierebis mimarT. Tu manamde miCneuli iyo, rom iseT zust mecniere-
baSi, rogoric maTematikaa, SesaZlebelia nebismieri ramis an damtkiceba, an uaryofa, aRmoCnda, rom
TviT ariTmetikaSi - adamianebis mier Seqmnil warmosaxviT samyaroSic ki, sadac adamianebis mierve Se-
motanili wesebi moqmedebs, yvelafris gageba SeuZlebelia.
saintereso faqtia, rom Tu ariTmetikis aqsiomaTa sistemaSi uars vityviT gamravlebis aqsiomebze,
miviRebT e.w. Ypresburgeris ariTmetikasA, romelic misi avtoris - moSe presburgeris saxels atarebs.
rogorc damtkicebulia, es ariTmetika srulyofilia: masSi yvela gamonaTqvamis an damtkiceba, an uar-
yofaa SesaZlebeli, magram am damtkicebis procedura Zalian grZelia. n simboloiani gamonaTqvamis
damtkicebis qveda zRvari ormagad eqsponenciuria: Ω(22cn

), c ∈ N.
filosofiuri TvalsazrisiT es niSnavs, rom adamiani yvelafers ver Cawvdeba. imis gaTvaliswinebiT,
rom aragamoTvlad amocanaTa simravle araa Tvladi, SeiZleba davaskvnaT, rom adamiani movlenaTa ume-
tesobas ver Cawvdeba.

3 daskvna

Man muß die Welt nicht verstehen,
man muß sich nur darin zurechtfinden.

Albert Einstein

samyaros Semecneba ar aris aucilebeli;
sakmarisia masSi orientacia SevZloT.

albert ainStaini

sirTulis Teoriis gamoyenebiT SeiZleba davrwmundeT, rom adamiani mis garSemo arsebul samyaros ver
Cawvdeba. ufro metic: mis mierve gamogonebul sistemebSic ki (magaliTad, maTematikaSi da, aqedan gamom-
dinare, danarCen mecnierebebSi) mniSvnelovan sakiTxebs ver gaarkvevs. magaliTad, fundamentur Seki-
Txvebze pasuxis gacema SeuZlebelia. ufro metic: bevri yoveldRiuri amocana arsebobs Cvens garSemo,
romlis gadaWrac SeuZlebeli an imdenad rTulia, rom praqtikulad SeuZlebeli xdeba. is faqtic ki
araa cnobili, SeZlebs Tu ara vinme maT realur droSi gadaWras. meores mxriv, igive sirTulis Teo-
ria gveubneba, Tu rogor SeiZleba am fundamenturi problemebis gadaWra: miaxloebiTi amoxsnis Zieba,
SemTxveviTi (stoqasturi) algoriTmebis Sedgena, Sesabamisi evristikebis ageba da a. S.
garda aseTi praqtikuli Sedegebisa, sirTulis Teoriaze dayrdnobiT sxvadasxva maTematikuri (lo-
gikuri) Teoremis mtkiceba gacilebiT ufro advili da gasagebi xdeba (magaliTad zemoT garCeuli
giodelis Teoremebi ariTmetikis arasrulyofilebisa da arawinaaRmdegobrivobis damtkicebis Seu-
Zleblobis Sesaxeb).
sirTulis Teoriaze dayrdnobiT aseve damtkicda, rom iseTi amocanebic arsebobs, romelTa amoxsnis
gza Cvens garSemo myof amocanaTa umetesobis pasuxs mogvcemda. aseT amocanebs NP-sruli ewodeba
da maTi amoxsnis gzis codna Cvens codnas YgaanaTebdaA. es raRac TvalsazrisiT zRaprebSi arsebuli
sibrZnis qvis tolfasia, rac realobaSic SesaZlebeli yofila.
mokled rom vTqvaT, sirTulis Teoriis meSveobiT mtkicdeba, rom Cven Cvens samyaros ver CavwvdebiT,
magram amave Teoriis gamoyenebiT masSi orientacia ufro adviladaa SesaZlebeli.
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