
fundamenturi algoriTmebi

aleqsandre gamyreliZe

1 qveS miweriT mimatebis meTodi

mocemulia ori n bitiani ricxvi x = (xn−1, ..., x0) da y = (yn−1, ..., y0). imisaTvis, rom gamoviangariSoT
am ricxvTa jami z = (zn, ..., z0) = x + y, saWiroa Semdegi operaciebis Catareba:

xn−1 ... x1 x0

yn−1 ... y1 y0
zn−1 ... z1 z0

zi = xi ⊕ yi ⊕ ci,
ci+1 = xy ∨ (xi ⊕ yi)ci.

magaliTi:

7 6 5 4 3 2 1 0

x 1 1 0 0 1 0 0 1
y 1 1 1 1 0 0 1 0
z 1 0 1 1 1 0 1 1
c 1 1 0 0 0 0 0 0

zemoT moyvanili bulis algebris formulebi grafikuladac SeiZleba gamovsaxoT:

nax. 1: logikuri operaciebis grafikuli gamosaxva

aqedan gamomdinare, SegviZlia SevadginoT zi da ci cvladebis gamosaTvleli sqema:

nax. 2: zi da ci+1 cvladebis gamosaTvleli sqema
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Tu Cven am sqemas aRvniSnavT rogorc FA (inglisuri Full Adder, anu sruli Semkrebi), maSin ori n
bitiani ricxvis SekrebisaTvis saWiro sqema Semdegnairi iqneba:

nax. 3: ori n bitiani ricxvis SekrebisaTvis saWiro sqema CRAn

savarjiSo 1.1: gamoiangariSeT, risi tolia T (FA) (anu im bijebis raodenoba, rac saWiroa FA sqemis

yvela Sedegis gamosaangariSeblad) da C(FA) (anu FA sqemaSi arsebuli elementebis raodenoba), Tu
T (&) = T (∨) = T (¬) = 1, T (⊕) = 3 da C(&) = C(∨) = C(¬) = 1, C(⊕) = 5.

SeniSvna: xSirad iReben T (¬) = 0 da C(¬) = 0, anu sqemebSi uaryofis elementebs ugulebelyofen imis
gamo, rom maTi realizacia sxva elementebis realizaciasTan SedarebiT sakmaod mcirea da, amave dros,
uaryofebs xSirad iyeneben damxmare elementebad (sxvadasxva teqnikuri mizezebiT or erTmaneTze miyo-
lebul uaryofas svamen xolme). amas garda, T (¬(ab)) = T (ab), T (¬(a ∨ b)) = T (a ∨ b), T (¬ab) = T (ab), T (¬a ∨
b) = T (¬a ∨ b).

savarjiSo 1.2: gamoiangariSeT, risi tolia T (⊕), C(⊕) da, aqedan gamomdinare, T (FA) imis gaTvaliswi-

nebiT, rom T (¬) = C(¬) = 0.
zemoT moyvanil sqemas vuwodebT CRAn.

advili dasanaxia, rom z1 cvladi ar gamoiTvleba, sanam ar iqneba gamoTvlili c1 da, zogadad, zi
cvladis gamoTvla ar SeiZleba, sanam ar iqneba gamoTvlili ci−1. aqedan gamomdinare, T (CRAn) = 4n,
C(CRAn) = 9n (aq da SemdgomSi davuSvebT, rom T (¬) = C(¬) = 0).

savarjiSo 1.3: daamtkiceT T (CRAn) = 4n da C(CRAn) = 9n tolobebi.

bunebrivia Semdegi SekiTxva: SesaZlebelia Tu ara bijebis raodenobisa da elementebis ricxvis Sem-
cireba?
Tu davakvirdebiT nax. 4 (a)-Si pirvelor FA elements, davinaxavT Semdeg mniSvnelovan faqts: marcxena

FA elementi, romelic z1 da c1 cvladebs iTvlis, YelodebaA c0 cvladis gamoTvlas.

nax. 4:
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imis gamo, rom mas SeiZleba miewodos mxolod c1 = 0 an c1 = 1, Cven SegviZlia erTdroulad gamoviT-
valoT z1 da c2 im SemTxvevisaTvis, rodesac c1 = 0 (z01 , c

0
2) da im SemTxvevisaTvis, rodesac c1 = 1 (z11 ,

c12).Semdeg, rodesac c1 gamoTvlili iqneba, SeiZleba am ori saSualedo Sedegidan erT-erTis arCeva (nax.
4 (b)).
am naxazSi gvxvdeba axali elementi Mux2, romlis muSaobis Sedegebi Semdegi cxriliT SeiZleba

gamoisaxos:

z1 =

{
z01 , Tu c1 = 0,
z11 , Tu c1 = 1

c2 =

{
c02, Tu c1 = 0,
c12, Tu c1 = 1.

zogadad, Muxn Semdegnairad SeiZleba aRiweros (nax. 5) :

nax. 5:

zi =

{
bi, Tu c = 0,
ai, Tu c = 1.

i = 1;n + 1.

nax. 4 -Si moyvanil sqemas uwodeben CSA2. igi or 2 bitian ricxvs a = (a1, a0) da b = (b1, b0) Sekrebs da 3
bitian ricxvs z = (c2, z1, z0) mogvcems pasuxad.

zogadad, CSA2n+1 , romelic or 2n+1 bitian ricxvs A = (a2n−1, ..., a0) da B = (b2n−1, ..., b0) Sekrebs da
2n+1 + 1 bitian ricxvs z = (c2n , z2n−1, ..., z0) mogvcems pasuxad, Semdegnairad aRiwereba (nax. 6):

nax. 6:

CSA1, anu ori erTbitiani ricxvis Semkrebi aris zemoT ganxiluli sqema FA.
ZiriTadi idea Ydayavi da ibatoneA paradigmazea agebuli: monacemebi or nawilad iyofa —

A1 = (a2n+1−1...a2n) A0 = (a2n−1...a0)
B1 = (b2n+1−1...b2n) B0 = (b2n−1...b0)
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Semdeg gamoiTvleba Z0 = A0 +B0 da amavdroulad Z0
1 = A1 +B1 + 0 da Z1

1 = A1 +B1 + 1. amis Semdeg, c2n
signalis meSveobiT, amoirCeva

Z1 =

{
Z0
1 , Tu c2n = 0,

Z1
1 , Tu c2n = 1

c2n+1 =

{
c02n+1 , Tu c2n = 0,
c12n+1 , Tu c2n = 1

aq Z0 = (z2n−1, ..., z0) da Z1 = (z2n+1−1, ..., z2n).

advili dasamtkicebelia am sqemis siswore maTematikur induqciaze dayrdnobiT:

• induqciis Semowmeba: Tu n = 0, cxadia, rom CSA1 = FA da igi or erT bitian ricxvs sworad Sekrebs;

• induqciis daSveba: davuSvaT, CSA2n sworad Sekrebs or 2n bitian ricxvs;

• induqciis biji: davamtkicoT, rom CSA2n+1 sworad Sekrebs or 2n+1 bitian ricxvs.

savarjiSo 1.4: daamtkiceT, rom Tu CSA2n sworad Sekrebs or 2n bitian ricxvs, maSin CSA2n+1 sworad

Sekrebs or 2n+1 bitian ricxvs.

rac Seexeba am algoriTmis bijebis raodenobas T (CSA2n+1), misi gamoTvla Semdegnairad SeiZleba:
upirvelesad yovlisa, unda gamoviTvaloT cvladebi Z0, Z

0
1 da Z1

1 , rac erTdroulad SeiZleba moxdes
T (CSA2n) bijSi. amis Semdeg unda avirCioT Z0

1 da Z1
1 cvladebidan erT-erTi Mux2n+1 sqemis saSualebiT,

rac T (Mux2n+1) = 2 bijSia SesaZlebeli.
aqedan gamomdinare, T (CSA2n+1) = T (CSA2n) + T (Mux2n+1) = T (CSA2n) + 2. am rekursiuli formulis

gaxsnis Semdeg miviRebT:

T (CSA2n+1) = O(log n).

savarjiSo 1.5: daamtkiceT toloba T (Mux2n+1) = 2 (gamoiyeneT nax. 5-Si moyvanili rekursiuli sqema).

C(CSA2n+1) operaciaTa raodenobis gamosaTvlelad gamoviyenoT formula:

C(CSA2n+1) = 3 · C(CSA2n) + C(Mux2n+1).

savarjiSo 1.6: daamtkiceT, rom C(CSA2n+1) marTlac am rekursiuli formuliT gamoiTvleba da gamoiT-
valeT misi mniSvneloba.

rogorc vxedavT, paraleluri algoriTmebiT SeiZleba Sekrebis amocanis swrafad gadaWra: ori n
bitiani ricxvisaTvis ara O(n), aramed O(log n) bijia saWiro, samagierod izrdeba elementebis raode-
noba. es gasakviri ar aris: met operacias vatarebT, oRond erTdroulad da amis xarjze vigebT dros.

2 paraleluri prefiqsis gamoTvlis meTodi

davuSvaT, mocemulia raime asociaciuri operatori ◦, anu gansazRvrulia x ◦ y da (x ◦ y) ◦ z = x ◦ (y ◦ z)
(konkretulad ◦ SegviZlia aviRoT, rogorc oris moduliT mimateba: x⊕ y).

prefiqsis amocana Semdegnairad ganisazRvreba:

ganmarteba 2.1: mocemulia polinomi P (xn−1, ..., x0) = xn ◦ xn−1 ◦ · · · ◦ x2 ◦ x1. am polinomisaTvis prefiqsis

gamoTvla ewodeba Semdegi veqtoris gamoTvlas: (P (xn, ..., x1), P (xn−1, ..., x1), P (xn−2, ..., x1), P (x2, x1), P (x1)).

imisaTvis, rom gavigoT, Tu ra kavSiri aqvs prefiqsis gamoTvlis amocanas mimatebis amocanasTan, kidev
erTxel ganvixiloT CRAn:
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nax. 7: ori n bitiani ricxvis SekrebisaTvis saWiro sqema CRAn

radgan (zn−1, ..., z0) Sedegis veqtoris gamosaTvlelad saWiroa ci mniSvnelobis codna, es amocana (cn, ..., c1)
veqtoris swraf gamoTvlaze SeiZleba daviyvanoT.
aRsaniSnavia, rom ci = 1, Tu: ai · bi = 1, an (ai ⊕ bi) · ci−1 = 1. es ori faqti sityvierad ase SeiZleba

Caiweros:
ci = 1, Tu Sesabamis FA sqemaSi ai · bi = 1 (imis da miuxedavad, Tu risi tolia ci−1), an ai ⊕ bi = 1 da

ci−1 = 1.
garda amisa, Tu ai = bi = 0, maSin ci = 0 imis da miuxedavad, Tu risi tolia ci−1.

aqedan gamomdinare, SeiZleba vTqvaT, rom:

CRAn jaWvis yoveli FA gansaRvravs funqcias Pi imis da mixedviT, Tu risi tolia (ai, bi).

• Tu ai ∨ bi = 0, maSin ci = Pi(ci−1) = 0;

• Tu ai · bi = 1, maSin ci = Pi(ci−1) = 1;

• Tu ai ⊕ bi = 1, maSin ci = Pi(ci−1) = ci−1.

rogorc zemoT aRvniSneT, Tu ai = bi = 0, maSin Pi = 0 imis da miuxedavad, Tu ra aris ci−1; Tu ai = bi = 1,
maSin Pi = 1 imis da miuxedavad, Tu ra aris ci−1; Tu ai = 1, bi = 0 an ai = 0, bi = 1, maSin Pi = ci−1.

aqedan gamomdinare, SegviZlia davweroT:

ci = Pi(ci−1) ◦ Pi−1(ci−2) ◦ · · · ◦ P2(c1) ◦ P1(0).

aq operacia ◦ funqciaTa kompoziciaa, rac Tavis Tavad asociaciuria. amasTan erTad unda aRiniSnos,
rom:

• Tu Pi(ci−1) = 0, maSin Pi ◦ Pi−1 = Pi (pasuxad isev 0 miviRebT);

• Tu Pi(ci−1) = 1, maSin Pi ◦ Pi−1 = Pi (pasuxad isev 1 miviRebT);

• Tu Pi(ci−1) = ci−1, maSin Pi ◦ Pi−1 = Pi−1 (pasuxad isev Pi−1(ci−2) miviRebT).

ese igi, ci cvladis gamosaangariSeblad sakmarisia Ai = Pi ◦ · · · ◦ P1 funqciis gamoTvla da misTvis
Ai(c0) mniSvnelobis gamoangariSeba.

aqedan gamomdinare, ci cvladebis gamoTvla (i ∈ {0, ..., n−1}) daiyvaneba prefiqsis amocanaze garkveuli
funqciebisaTvis.

prefiqsis swrafi gamoTvlisaTvis gamoiyeneba e.w. paraleluri prefiqsis algoriTmi, romelic SemdegSi
mdgomareobs:
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nax. 8: prefiqsebis gamoangariSebisaTvis saWiro paraleluri sqema PaP2n+1

ori funqciis kompozicia gamoiTvleba sqemiT, romelsac Cven vuwodebT PaP2 (konkretulad rogori
iqneba es sqema, damokidebulia mocemul amocanaze - sxvadasxva amocanisaTvis sxvadasxva sqema iqneba
saWiro). davuSvaT, rom gvaqvs ori sqema PaP2n da PaP2n−1 .

PaP2n+1 funqciis gamosaangariSeblad pirvel rigSi gamoviangariSebT wyvilebs P2n−1 ◦ P2n−2, P2n−3 ◦
P2n−4, ..., P1 ◦P0 da Semdgom am monacemebiT, PaP2n−1 sqemis meSveobiT, B2n−1 = P2n−1 ◦P2n−2 ◦ · · · ◦P0, B2n−3 =
P2n−3 ◦ P2n−4 ◦ · · · ◦ P0, ..., B1 = P1 ◦ P0, e. i., prefiqsebs kenti indeqsis mqone funqciebamde, gansakuTrebiT
ki B2n−1 = P2n−1 ◦ P2n−2 ◦ · · · ◦ P0, rac maRali indeqsis mqone prefiqsebis gamoTvlisTvisaa saWiro.
amavdroulad, PaP2n sqemis meSveobiT, vangariSobT prefiqsebs L2n+1−1 = P2n+1−1 ◦ · · · ◦ P2n , L2n+1−2 =

P2n+1−2 ◦ · · · ◦ P2n , ..., L2n+1 = P2n+1 ◦ P2n , L2n = P2n .

bolos, erTdroulad vangariSobT prefiqsis im elementebs, romlebic gvaklia:

B2n+1−1 = L2n+1−1 ◦B2n−1 = P2n+1−1 ◦ · · · ◦ P0,
B2n+1−2 = L2n+1−2 ◦B2n−1 = P2n+1−2 ◦ · · · ◦ P0,
...
B2n = L2n ◦B2n−1 = P2n ◦ · · · ◦ P0,
B2n−2 = P2n−2 ◦B2n−3 = P2n−2 ◦ · · · ◦ P0,
B2n−4 = P2n−4 ◦B2n−5 = P2n−4 ◦ · · · ◦ P0,
...
B2 = P2 ·B1 = P2 ◦ P1 ◦ P0.

amiT gamoTvlili gveqneba yvela Bi = Pi ◦ · · · ◦ P0, ∀i ∈ {0, ..., 2n+1 − 1}.

savarjiSo 2.7: daamtkiceT, rom T (PaPk) = O(log k) da C(PaPk) = O(k).

imisaTvis, rom konkretulad ganvsazRvroT, Tu rogori unda iyos ◦ elementi swrafi mimatebis sqemi-
saTvis, jer unda ganvsazRvroT Pi funqciaTa kodireba:

Tu Pi ≡ 0, igi CavweroT rogorc (0, 0);
Tu Pi ≡ 1, igi CavweroT rogorc (0, 1);
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Tu Pi = ci, igi CavweroT rogorc (1, 0).

aqedan gamomdinare, viRebT:

(0, 0) ◦ (0, 0) = (0, 0) ◦ (0, 1) = (0, 0) ◦ (1, 0) = (0, 0);
(0, 1) ◦ (0, 0) = (0, 1) ◦ (0, 1) = (0, 1) ◦ (1, 0) = (0, 1);
(1, 0) ◦ (0, 0) = (0, 0);
(1, 0) ◦ (0, 1) = (0, 1);
(1, 0) ◦ (1, 0) = (1, 0).

da misi zogadi formula iqneba:

(x1, y1) ◦ (x2, y2) = (z1, z2).

zemoT moyvanili tolobebis Tanaxmad viRebT:

z1 = x1 · x2,
z2 = x1 · y2 ∨ y1.

am formulebis realizacias vuwodoT ©.

savarjiSo 2.8: gamoiTvaleT, risi tolia T (©) da C(©).

miniSneba: gamoyaviT is nawilebi, romlebic erTmaneTisgan damoukideblad da, aqedan gamomdinare,
erTdroulad SeiZleba gamovTvaloT.

savarjiSo 2.9: ra sqemiT SeiZleba Pi funqciis makodirebeli (xi, yi) cvladebis gamoTvla?

miniSneba: rogorc zemoT iyo aRniSnuli, Pi funqcia ai da bi cvladebiT ganisazRvreba.

aqedan gamomdinare, ci = Pi◦· · ·◦P0(0) (i = 1;n) SeiZleba gamoviTvaloTO(log n) bijsa daO(n) operaciaSi.

zemoT aRwerili meTodi pirvelad germanelma maTematikosebma ladnerma da fiSerma (Ladner, Fischer)
gamoaqveynes [3] da mis safuZvelze swrafi da mcire zomis algoriTmi LFn aages, romelic or n bitian
ricxvs krebs.

misi ZiriTadi nawili amave maTematikosebis mier SemuSavebul e.w. paralel prefiqs algoriTmzea
dayrdnobili Parallel Prefix), romelic Cven zemoT aRvwereT.

3 swrafi da mcire zomis Semkrebi algoriTmi

ladnerisa da fiSeris meTodze agebuli Semkrebi algoriTmi Teoriul qveda zRvars aRwevs, rac imas
niSnavs, rom ver iarsebebs sxva algoriTmi, romlis bijebis raodenobisa da operaciaTa ricxvis asimp-
toturi zrdis rigi ukeTesi iqneboda.

magram Tu gamoviangariSebT bijebisa da operaciaTa ricxvis zust raodenobas, davinaxavT, rom maTi
gaumjobeseba Teoriulad SesaZlebelia.

T (LFn) = 2 log n + 2, C(LFn) ≤ 15n− 18
√
n− 1.

am TavSi Cven erT meTods warmovadgenT, romlis safuZvelzedac dReisaTvis cnobili yvelaze swrafi
Sekrebis algoriTmis Seqmnaa SesaZlebeli. am meTodis monacemTa dayofis idea pirvelad aRwerili iyo
naSromSi [1] da Semdeg gavrcobili da gamoyenebuli simetriuli da rekursiuli sqemis Sesaqmnelad
naSromSi [8].

aq Cven am algoriTmis ZiriTad ideas warmovadgenT.
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rogorc wina TavSi aRiniSna, ori ricxvis jamis swrafad gamoTvlisaTvis sakmarisia ci signalebis
swrafi gamoTvla (i = 1;n). Tu davuSvebT, rom ui = ai ·bi da vi = ai⊕bi, advili dasanaxia, rom ci signalebi
Semdegi sqemiT gamoiTvleba:

nax. 9: ci signalebis gamosaTvleli mimdevrobiTi sqema

rogorc wina TavSi aRiniSna, aq moyvanili sqemis TiTo nawili garkveul funqcias gansazRvravs:
Tu davakvirdebiT am sqemaSi mocemuli jaWvis erT nawils, davinaxavT, rom igi ϕui,vi(ci−1) 7→ ci funq-

ciebs gansazRvravs, romlebic ui, vi cvladebiT ganisazRvreba.

Generate : ci = 1 (ui = 1, vi = 0);
Propagate : ci = ci−1 (ui = 0, vi = 1);
Eliminate : ci = 0 (ui = 0, vi = 0).

(analogiurad wina TavSi ganxiluli funqciebisa).

c2n cvladisaTvis viRebT: c2n = u2n ∨ v2n · c2n−1. am formulis iteraciis Sedegad viRebT:

c2n = u2n ∨ v2n · u2n−1 ∨ · · · ∨ (v2n · · · v2n−i) · u2n−i−1 ∨ · · · ∨ (v2n · · · v2) · u1

(aq c0 = 0).

Tu am tolobis marjvena mxares f2n(u2n , v2n , ..., u2, v2, u1) funqciad ganvixilavT, miviRebT:

f2n(u2n , ..., u1) = f2n−1(u2n , ..., u2n−1+1) ∨ (v2n · · · v2n−1+1)f2n−1(u2n−1 , ..., u1).

am formulis r siRrmemde iteraciis Sedegad viRebT:

f2n(u2n , ..., u1) = f2r (u2n , ..., u2n−2r+1) ∨ (v2n · · · v2n−2r+1) · f2r (u2n−2r , ..., u2n−2·2r+1) ∨ · · · ∨
(v2n · · · v2n−k·2r+1) · f2r (u2n−k·2r , ..., u2n−(k+1)·2r+1) ∨ · · · ∨
(v2n · · · v2r+1) · f2r (u2r , ..., u1).

cxadia, rom am formulis gamosaTvlelad saWiro bijebis raodenobaa

T (f2n) = max{T (f2r ), T (v2n · · · v2r+1)}+ n− r + 1.
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Tu ganvsazRvravT mimdevrobas (mi)
∞
i=1:

m1 = 0, mi = mi−1 + (i− 1) =
i · (i− 1)

2

da zeda formulaSi CavsvamT n = mi, r = mi−1, miviRebT:

T (f2mi ) = max{T (f2mi−1 ), T (v2mi · · · v2mi−1+1)}+ (mi −mi−1) + 1.

SeniSvna: induqciis daxmarebiT advilad mtkicdeba Semdegi utoloba:

T (f2mi ) ≤ mi+1 ∀i ∈ N.

Tu m ∈ N da r = mt−1 < m ≤ mt, miviRebT:

T (f2m) = T (f2mt−1 ) + (m−mt−1) + 1 ≤ mt + m−mt−1 + 1 = (t− 1) + m + 1 = t + m.

mt−1 < m utolobidan gamomdinareobs:

(t− 1) · (t− 2)

2
< m.

am utolobis amoxsnis Sedegad viRebT:

t <
3 +
√

8m + 1

2
= 1.5 +

√
2m + 0.25.

aqedan gamomdinareobs

T (f2m) < 1.5 +
√

2m + 0.25 + m.

igive formula SegviZlia Semdegnairadac CavweroT:

T (fn) < log n +
√

2 · log n + 0.25 + 1.5 (aq n = 2m).

analogiurad SeiZleba gamoviTvaloT danarCeni ci signalebic, ris Sedegadac ori n bitiani ricxvis
Sekrebis swrafi algoriTmis Sedgena moxerxdeba.

am meTodiT Sedgenili sqema ladnerisa da fiSeris sqemaze ufro swrafia, radgan igi 2 log n bijis
nacvlad log n + O(

√
log n) bijs iyenebs.

mokle daskvna

ariTmetikis (da ara marto ariTmetikis) algoriTmebis daCqareba maTi gaparalelebis Sedegadaa Sesa-
Zlebeli. gaparalelebis dros gamoiyeneba e.w. Ygayavi da ibatoneA paradigma: Semomavali monacemebi or
an ramodenime nawilad iyofa, TiToeuli nawili sxvisgan damoukideblad da masTan erTad muSavdeba,
ris Semdegadac saSualedo monacemebi ise muSavdeba, rom sabolood saWiro Sedegi miviRoT.

zogjer kargia yvela SesaZlo variantis gamoTvla, rogorc es CSAn sqemaSi gavakeTeT, rom Semdeg
erT-erTi saWiro Sedegi amovirCioT.
xSirad monacemebi or tol nawilad iyofa (mag. CSAn, an LFn), zogSi ki orze met nawilad (rogorc

bolo magaliTSi), Tanac am nawilebis zomebi iteraciis bijzea damokidebuli.
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magram yvela meTodSi moqmedebs erTi principi:

monacemebi daanawevre, erTmaneTisagan damoukideblad da erTdroulad daamuSave, Semdeg miRebuli
saSualedo Sedegebi Seajame ise, rom saboloo sasurveli Sedegi miiRo.
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4 qveS miweriT gamravlebis meTodi

mocemulia ori n bitiani ricxvi x = (xn−1, ..., x0) da y = (yn−1, ..., y0). imisaTvis, rom gamoviangariSoT
am ricxvTa namravli z = (z2n−1, ..., z0) = x · y, saWiroa Semdegi Mn algoriTmis Catareba:

1. gamoiangariSe ci = (xn−1 · yi, xn−2 · yi, ..., x0 · yi), ∀i ∈ {0;n− 1};

2. gamoiangariSe x · y = z =
∑n−1

i=0 ci · 2i.

savarjiSo 4.1: daamtkiceT, rom ori n bitiani ricxvis gamravlebis Sedegad SesaZlebelia 2n bitiani
ricxvis miReba.

savarjiSo 4.2: daamtkiceT, rom zemoT moyvanili algoriTmis Catarebis Semdeg marTlac x da y ricxve-
bis namravls miviRebT.

magaliTi:

7 6 5 4 3 2 1 0

x 1 1 0 0 1 0 0 1
y 1 1 1 1 0 0 1 0

1 1 1 1 0 0 1 0
0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0
1 1 1 1 0 0 1 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

1 1 1 1 0 0 1 0
1 1 1 1 0 0 1 0

z 1 0 1 1 1 1 1 0 0 0 0 0 0 0 1 0

savarjiSo 4.3: daamtkiceT, rom C(Mn) = O(n2). rogor SeiZleba T (Mn) sididis asimptoturi Sefaseba ?

bunebrivia Semdegi SekiTxva: SeiZleba Tu ara T (Mn) = n2 da C(Mn) = n2 sidideebis Semcireba?

simartivisaTvis davuSvaT, rom n = 2k (Tu gvaqvs 2k−1 < n < 2k SemTxveva, SegviZlia 2k bitiani ricxvis
ganxilva, romelSic 2k − n ufrosi biti iqneba 0).

Tu mocemulia ori n bitiani ricxvi x da y, pirvel rigSi gavyoT maTi orobiTi warmodgena or tol
nawilad:

x = (x′, x′′) da y = (y′, y′′).

aRsaniSnavia, rom x′, x′′, y′, y′′ Tavis mxriv 2
n
2 bitiani ricxvebia.

radgan x = x′ · 2n
2 + x′′ da y = y′ · 2n−1 + y′′,

x · y = (x′ · 2n
2 + x′′) · (y′ · 2n

2 + y′′) = x′ · y′ · 2n + (x′ · y′′ + x′′ · y′) · 2n
2 + x′′ · y′′. (1)

Tavis mxriv,

x′ · y′′ + x′′ · y′ = (x′ + x′′)(y′ + y′′)− (x′ · y′ + x′′ · y′′)

da, aqedan gamomdinare,

x · y = x′ · y′ · 2n + [(x′ + x′′)(y′ + y′′)− (x′ · y′ + x′′ · y′′)] · 2n
2 + x′′ · y′′. (2)
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sanam konkretuli algoriTmis Camoyalibebaze gadavalT, SemovitanoT ramodenime aRniSnva:

• ori n bitiani x da y ricxvis Sekrebis algoriTmi aRvniSnoT rogorc ADDn(x, y);

• ori n bitiani x da y ricxvis gamravlebis algoriTmi aRvniSnoT rogorc MULn(x, y);

• ori n bitiani x da y ricxvis gamoklebis algoriTmi aRvniSnoT rogorc SUBn(x, y).

maTi gamoyenebiT ori n bitiani x da y ricxvis gamravlebis algoriTmi Semdegnairad SeiZleba Cai-
weros:

algoriTmi MULn(x, y)

1. paralelurad gamoiangariSe A = x′ · y′, B = x′′ · y′′, C = x′ + x′′ da D = y′ + y′′ ;
aq viyenebT algoriTmebs MULn

2
(x′, y′), MULn

2
(x′′, y′′), ADDn

2
(x′, x′′), ADDn

2
(y′, y′′)

2. paralelurad gamoiangariSe E = A + B da F = C ·D ;
aq viyenebT algoriTmebs ADDn(A,B) da MULn

2 +1(C,D)

3. gamoiangariSe G = F − E ;
aq viyenebT algoriTms SUBn+2(F,E)

4. gamoiangariSe A · 2n + G · 2n
2 + B ;

aq unda aRiniSnos, rom X · 2i aranairi operaciis Catarebas ar moiTxovs – es mxolod X ricxvis i
bitiT marcxniv YCaCoCebaaA.

nax. 10:
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es algoriTmi pirvelad 1963 wels karacubam da ofmanma warmoadgines.

savarjiSo 4.4: daamtkiceT, rom T (MULn) = O(log2 n) da C(MULn) = O(nlog 3).

savarjiSo 4.5: gaaanalizeT, Tu ratom gamoiyeneba karacubasa da ofmanis algoriTmSi zemoT moyvanili
toloba (2) da ara ufro martivi toloba (1).

karacubasa da ofmanis algoriTmic Ygahyavi da ibatoneA paradigmazea agebuli. rogorc zemoT gan-
xiluli sxva algoriTmebi, isic monacemebs hyofs or nawilad, maT cal-calke amuSavebs da Semdeg
miRebul Sedegs ajamebs.
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5 Sonhagesa da Strasenis gamravlebis meTodi

gamravlebis amocanis sirTule dReisaTvis bolomde Seswavlili ar aris. ori n bitiani ricxvis gam-
ravlebisaTvis saWiro operaciebis raodenobis Teoriuli qveda zRvaria Ω(n), rac imas niSnavs, rom
araa gamoricxuli iseTi algoriTmis Seqmna, romlis operaciaTa raodenoba O(n) iqneba.
magram dReisaTvis cnobili yvelaze efeqturi - Sonhagesa da Strasenis algoriTmi - O(log n) bijsa da

O(n · log n · log log n) operaciaTa raodenobas moiTxovs ([2]).
amis gaTvaliswinebiT SeiZleba iTqvas, rom Teoriuli kvlevis Sedegad SesaZlebelia an qveda zRvris

gaumjobeseba, an amaze ufro efeqturi algoriTmis Seqmna.

Sonhagesa da Strasenis algoriTmi dafuZnebulia e.w. Cinur Teoremaze naSTebis Sesaxeb, romelic
saSualebas gvaZlevs, gamoTvlebi did Zm rgolSi daviyvanoT paralelur gamoTvlebze patara Zmi

rgolebSi, sadac mimdevroba (mi)
k
i=1 garkveul moTxovnebs unda akmayofilebdes.

Teorema 5.1: mocemulia m = m1 · · ·mk, sadac nebismieri ori elementi mi da mj urTierTmartivia. davuS-

vaT, rj = m
mj

da sj = r−1j mod mj . maSin gantolebaTa sistemas a ≡ ai mod mi aqvs calsaxa amonaxsni Zm

rgolSi:

a ≡
∑

1≤i≤k

ai · si · ri mod m.

damtkiceba: pirobis Tanaxmad, mj da
m
mj

urTierTmartivia. aqedan gamomdinare, sj = r−1j mod mj calsaxad

unda arsebobdes (cnobili faqti algebridan).
pirvel rigSi unda vaCvenoT, rom a zemoT moyvanili gantolebaTa sistemis amonaxsnia (da Semdeg

misi erTad-erToba davamtkicoT). nebismieri i 6= j ricxvebisaTvis rj aris mi ricxvis jeradi da, aqedan
gamomdinare, rj ≡ 0 mod mi. radgan ri · si ≡ 1 mod mi, WeSmaritia Semdegi toloba: a ≡ ai · ri · si ≡ ai mod mi.
Tu romelime ricxvi b 6= a aseve am sistemis amonaxsnia, maSin a−b ≡ 0 mod mi, 1 ≤ i ≤ k, rac imas niSnavs,

rom a − b aris mi ricxvis jeradi. magram radgan mi da mj urTierTmartivebia ∀i 6= j, a − b unda iyos m
ricxvis jeradi da, aqedan gamomdinare, an a /∈ {0, ...,m − 1}, an b /∈ {0, ...,m − 1}, rasac winaaRmdegobamde
mivyavarT.

Q.E.D.

aqedan gamomdinare, Tu gvinda gamoviTvaloT c = a · b mod m raRaca didi m ricxvisaTvis, SesaZlebe-
lia ci = a · b mod mi, 1 ≤ i ≤ k gamoTvla patara rgolebSi mi (Tu es ricxvebi Cinuri Teoremis pirobebs
akmayofilebs) da miRebuli saSualedo Sedegebidan ci saboloo Sedegis advilad miReba SeiZleba.
aq mTavaria, rom mcire zomis rgolebSi ariTmetikuli operaciebis Catareba ufro advilia, vidre

didi zomis rgolSi.

savarjiSo 5.1: formalurad aCveneT, rom Tu rj ≡ 0 mod mi da ri · si ≡ 1 mod mi, WeSmaritia Semdegi
toloba: a ≡ ai · ri · si ≡ ai mod mi.

Cinur TeoremasTan erTad gamoiyeneba e.w. furies diskretuli gardaqmna da misi Sebrunebuli:

ganmarteba 5.1: mocemulia komutaciuri rgoli R erTeulovani elementiT e da misi n rigis primitiuli

erTeulovani fesvi w (anu wn = e). amas garda, mocemuliaR rgolze gansazRvruli polinomi k(x) koefi-
cientebiT a = (a0, ..., an−1). furies diskretuli gardaqmna DFTn(a) Semdegnairi veqtoriT ganisazRvreba:

DFTn(a) = (k(w0), ..., k(wn−1)).

aRvniSnoT ramodenime faqti damtkicebis gareSe:

1. furies diskretuli gardaqmnis gamoTvla SesaZlebelia O(log n) bijsa da O(n log n) operaciaSi;

2. furies diskretuli gardaqmnis Sebrunebuli DFT−1n arsebobs, Tu R rgolSi n da w elementebs
Sebrunebuli elementebi moeZebnebaT: ∃n−1, w−1, n · n−1 = e, w · w−1 = e;

3. furies diskretuli gardaqmnis Sebrunebulis — DFT−1n — gamoTvla SesaZlebelia O(log n) bijsa
da O(n log n) operaciaSi.
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aRsaniSnavia, rom Sonhagesa da Strasenis algoriTmi Teoriuli TvalsazrisiT yvela dReisaTvis
cnobil meTods jobia, magram misi praqtikaSi gamoyeneba SeuZlebelia, radgan O(n · log n · log log n) aR-
niSnvaSi mudmivebi Zalian didia.

SemdgomSi davuSvaT, rom n = 2k, k ∈ N da gvinda ori naturaluri ricxvis x, y ∈ {1, ..., 2n} gamravleba,
anu p ≡ x · y mod (2n + 1).

savarjiSo 5.2: aCveneT, rom Tu x ∈ {1, 2n} an y ∈ {1, 2n}, namravlis gamoTvla advilia.

Cven ganvixilavT im SemTxvevas, rodesac 1 < x, y < 2n.
amisaTvis n = 2k bitiani ricxvebi x da y davyoT b = 2bk/2c blokad, romelTa sigrZec iqneba l = n/b =

2dk/2e. Sedegad miviRebT x = (xb−1, ..., x0) da y = (yb−1, ..., b0), sadac xi, yi ∈ {0, 1}l. Tu CavTvliT, rom f da g
(b− 1) rigis polinomebia koeficientebiT x′ = (x0, ..., xb−1) da y′ = (y0, ..., yb−1), maSin x = f(2l) da y = g(2l).
aqedan gamomdinare, p ≡ x · y = h(2l), sadac h(x) = f(x) · g(x). amiT Cven ori ricxvis gamravlebis amo-
cana polinomebis gamravlebaze daviyvaneT, rac, Tavis Tavad, bevr bijs moiTxovs, magram am konkretul
SemTxvevaSi Cven ara h(x) polinomis zogadi saxe, aramed misi mniSvneloba 2l wertilSi gvainteresebs.

amrigad, miRebuli algoriTmi SeiZleba Semdegnairad Caiweros:

1. gamoiangariSe DFT−12n (DFT2n(a) ∗DFT2n(b)) mod (2l + 1);

2. gamoiangariSe DFT−12n (DFT2n(a) ∗DFT2n(b)) mod b;

3. gamoiangariSe DFT−12n (DFT2n(a) ∗DFT2n(b)) mod (2l + 1)b;

4. aqedan saboloo Sedegis gamoangariSeba advilad SeiZleba.

pirvel 2 bijSi gamoiTvleba Sedegi SedarebiT mcire rgolebSi. Semdeg ki Cinur Teoremaze dayrdno-
biT gamoiTvleba saboloo Sedegi.

aRsaniSnavia is faqti, rom am algoriTmSi ara monacemebi iyofa nawilebad, aramed gamoTvlis sivrce.
esec Ydahyavi da ibatoneA paradigmis erT-erTi gamoyenebaa, oRond sruliad gansxvavebuli kuTxiT. s
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6 paraleluri dalageba

6.1 Odd-Even-Merge-Sort

am nawilSi ganxilul dalagebis sqemas Sort[n] ([7]) Semdegi ierarqiuli struqtura aqvs:

nax. 11: sqema Sort[n]

misi ZiriTadi komponentia CMP romelic or ricxvs alagebs da am ierarqiul doneze ar Cans. aSkaraa,
rom CMP = Sort[1]. Tu Sort[n] sqemis ierarqiul struqturas bolomde CavyvebiT, davinaxavT, rom igi
mxolod garkveuli wesiT erTmaneTTan mierTebuli CMP elementebisagan Sedgeba.

savarjiSo 6.1: daxazeT CMP sqema, romelic or erTbitian ricxvs sworad daaxarisxebs.

savarjiSo 6.2:daxazeT Sort[4], Sort[8] da Sort[16] sqemebi gaSlili saxiT (ise, rom mxolod CMP elementebi
gvxvdebodes).

Merge[n] elementebs sworad alagebs, Tu (ai)
2n−1

1 da (bi)
2n−1

1 mimdevrobebi TavianT mxriv sworad iyo
dalagebuli (nax. 12).

nax. 12: sqema Merge[n]

Sort[1] sqemis siswore aSkaraa. davuSvaT, rom Sort[i] WeSmaritia ∀i ∈ {1, ..., n− 1}.
ra tqma unda, Sort[n] sqemis sisworis dasamtkiceblad sakmarisi iqneba Merge[n] swemis sisworis damt-

kiceba.

6.1.1 Merge[n] sqemis sisworis mtkiceba

Merge[n] sqemis rekursiuli struqtura naCvenebia naxazSi 12.
sqema O/E[n] gansazRvrulia naxazSi 13.
Tu am sqemas dasamuSaveblad mivcemT elementebs {ai}2

n

i=1, igi pasuxad marcxena mxares kent, xolo mar-
jvniv ki luw indeqsian elementebs mogvcems.
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nax. 13: O/E[n] sqemis principi

sqema Shuffle[n] zemoT ganxiluli O/E[n] sqemis Sebrunebulia (nax. 14).

nax. 14: sqema Shuffle[n]

bolos, Correct[n] iseTi sqemaa, romelic 2n gverdi-gverd dasmuli CMP elementebisagan Sedgeba da or
mezobel elements axarisxebs (nax. 15).

nax. 15: sqema Correct[n]

savarjiSo 6.3: induqciis gamoyenebiT daamtkiceT O/E[n], Shuffle[n] da Correct[n] sqemebis siswore.

Merge[n] sqemis sisworec induqciaze dayrdnobiT SeiZleba davamtkicoT.
cxadia, rom n = 1 SemTxvevaSi igi sworad muSaobs, radgan erTi CMP elementisagan Sedgeba (romlis

sisworeSic gadamocmebis Sedegad SeiZleba davrwmundeT).

induqciis daSveba: davuSvaT, rom Merge[i] sqema sworad muSaobs i ∈ {1, 2, ..., n− 1} indeqsebisaTvis.

induqciis biji: n −→ n + 1.

SeniSvna: induqciis daSvebis Tanaxmad viRebT: cj ≥ cj+i, dj ≥ dj+i, i + j ∈ {1, ..., 2n}.

Merge[n] sqemas Semdegi mniSvnelovani Tvisebebi aqvs:

• Tu S2j > S2j−1, maSin es Secdoma sqemis bolo nawilSi - Correct[n] sqemaSi gamoswordeba (ix. zemoT
moyvanili konstruqciis sqema);

• davuSvaT, S2j+1 ≤ S2j da S2j+1 = ck, S2j = dl (k, l ∈ N).

axla ki ganvixiloT SemTxveva S2j−m, m ∈ N . arsebobs ori SesaZlebloba:

1. s2j−m = ck−p ≤ ck+1 = s2j+1;
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2. s2j−m = dl−p ≤ dl+1 = s2j+1.

orive SemTxvevaSi viRebT: S2j+1 ≤ S2j .

zemoT Tqmulidan gamomdinareobs, rom Merge[n] sqemis sisworis damtkicebisaTvis unda vaCvenoT utoloba
s2j+1 ≤ s2j .

zogadobis darRvevis gareSe SegviZlia davuSvaT: j = 1, s2 = d1, s3 = c2 (mis Semdeg damtkicebas
advilad ganvavrcobT yvela naturaluri ricxvisaTvis j ∈ N ).

radgan induqciis daSvebis Tanaxmad Merge[i] sqemis yvela nawili sworad muSaobs, viRebT:

c1 ∈ {a1, b2}; d1 ∈ {a2, b1}; c2 ∈ {a1, a3, b2, b4}.

aqedan gamomdinare, mxolod Semdegi SemTxvevebi SeiZleba miviRoT:

• d1 = b1

1. c1 = a1, c2 = a3,=⇒ d1 = b1 ≥ a2 ≥ a3 = c2, ese igi, d1 ≥ c2

2. c1 = a1, c2 = b2 =⇒ d1 = b1 ≥ b2 = c2, ese igi d1 ≥ c2

3. c1 = b2, c2 = a1 =⇒ d1 = b1 ≥ b2 ≥ a1 = c2, ese igi, d1 ≥ c2

4. c1 = b2, c2 = b4 =⇒ d1 = b1 ≥ b4 = c2, ese igi, d1 ≥ c2

SeniSvna: pirvel or SemTxvevaSi gamoricxulia c2 = b4, xolo bolo orSi ki c2 = a3 .

• d1 = a2

1. c1 = a1, c2 = a3 =⇒ d1 = a2 ≥ a3 = c2, ese igi, d1 ≥ c2

2. c1 = a1, c2 = b2 =⇒ d1 = a2 ≥ b1 ≥ b2 = c2, ese igi, d1 ≥ c2

3. c1 = b2, c2 = a1 =⇒ d1 = a2 ≥ di+1 = b1 ≥ b2 ≥ a1, ese igi a2 ≥ a1 da, induqciis daSvebis Tanaxmad,
a2 = a1 (i > 0)

4. c1 = b2, c2 = b4 =⇒ d1 = a2 ≥ b1 ≥ b4 = c2, ese igi, d1 ≥ c2

amiT Merge[n] sqemis siswore srulad damtkicdeba.

savarjiSo 6.4: gamoiangariSeT Merge[n] sqemis bijebisa da elementebis raodenoba.

savarjiSo 6.5: gamoiangariSeT Sort[n] sqemis bijebisa da elementebis raodenoba.

6.2 Column-Sort

axla ki ganvixiloT dalagebis erTi paraleluri algoriTmi Columnsort ([4]), romlis gadatana advilad
SeiZleba sxvadasxva paralelur struqturaze ([6]).
TviT es algoriTmi wina nawilSi ganxiluli dalagebis ganzogadoebaa. misi aRwera SeiZleba matri-

cis elementebis dalagebis magaliTze.

ganvixiloTraRaca mocemuli tipis (mag. k bitiani ricxvebis) r×s matriciQ. ese igi, unda davaxarisxoT
N = r · s elementi, sadac s|r da r ≥ 2(s− 1)2:

Q =


a0,0 a0,1 ... a0,s−1
a1,0 a1,1 ... a1,s−1
. . .
. . .
. . .

ar−1,0 ar−1,1 ... ar−1,s−1
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algoriTmis Sesrulebis Semdeg elementebi zrdadi TanmimdevrobiT ganlagdeba. misi muSaoba rva
ZiriTadi nawilisagan Sedgeba. 1,3,5 da 7 nawilSi paralelurad lagdeba matricis svetebi zrdadi Tan-
mimdevrobiT. xolo 2,4,6 da 8 nawilSi matricis elementebis garkveuli wesebis mixedviT permutacia
xdeba:

bijebi 1, 3, 5, 7: svetebis daxarisxeba

am bijebSi matricis yoveli svetis elementebi paralelurad dalagdeba;

bijebi 2, 4: matricis transponireba (Sesabamisad ukutransponireba):

meore bijSi svetebis elementebi striqonebSi gadanawildeba. meoTxe biji meores Sebrunebulia;


a0,0 a0,1 ... a0,s−1
a1,0 a1,1 ... a1,s−1
. . .
. . .
. . .

ar−1,0 ar−1,1 ... ar−1,s−1


2−−−−−→←−−−−−
4


a0,0 a1,0 ... as−1,0
as,0 as+1,0 ... a2(s−1),0
. . .
. . .
. . .

ar−s,s−1 ar−s+1,s−1 ... ar−1,s−1



es operaciebi mxolod kvadratuli matricis SemTxvevaSi Seesabameba transponirebas, magram ms-
gavsebis gamo Cven maT mainc transponirebasa da ukutransponirebas vuwodebT.

bijebi 6, 8: elementTa b r2c poziciiT cikluri waZvra qvemoT (Sesabamisad zemoT), Tanac bolo svetis
b r2c elementi damatebiT svetSi unda gadavides. waZvris Sedegad gaCenili Tavisufali adgilebi
pirvel da bolo (damatebiT) svetSi −∞ (da Sesabamisad +∞) elementebiT Seivseba:

a0,0 a0,1 ... a0,s−1
. . .
. . .
. . .

ab r2 c−1,0 ab r2 c−1,1 ... ab r2 c−1,s−1

ab r2 c,0 ab r2 c,1 ... ab r2 c,s−1
. . .
. . .
. . .

ar−1,0 ar−1,1 ... ar−1,s−1



6−−−−−→←−−−−−
8



−∞ ab r2 c,0 ... ab r2 c,s−2 ab r2 c,s−1
. . . .
. . . .
. . . .
−∞ ar−1,0 ... ar−1,s−2 ar−1,s−1

a0,0 a0,1 ... a0,s−1 +∞
. . . .
. . . .
. . . .

ab r2 c−1,0 ab r2 c−1,1 ... ab r2 c−1,s−1 +∞



zemoT moyvanili algoriTmi ganvixiloT konkretul magaliTze:
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8 22 6
27 18 21
5 11 24
17 23 2
9 26 19
25 10 3
12 13 7
14 15 4
1 16 20


sortireba
−−−−−−−−→



1 10 2
5 11 3
8 13 4
9 15 6
12 16 7
14 18 19
17 22 20
25 23 21
27 26 24


transponireba
−−−−−−−−−−−−→



1 5 8
9 12 14
17 25 27
10 11 13
15 16 18
22 23 26
2 3 4
6 7 19
20 21 24


sortireba
−−−−−−−−→



1 3 4
2 5 8
6 7 13
9 11 14
10 12 18
15 16 19
17 21 24
20 23 26
22 25 27


uku-
−−−−−→

transponireba



1 9 17
3 11 21
4 14 24
2 10 20
5 12 23
8 18 26
6 15 22
7 16 25
13 19 27


sortireba
−−−−−−−−→



1 9 17
2 10 20
3 11 21
4 12 22
5 14 23
6 15 24
7 16 25
8 18 26
13 19 27


waZvra
−−−−−→



−∞ 6 15 24
−∞ 7 16 25
−∞ 8 18 26
−∞ 13 19 27

1 9 17 +∞
2 10 20 +∞
3 11 21 +∞
4 12 22 +∞
5 14 23 +∞


sortireba
−−−−−−−−→



−∞ 6 15 24
−∞ 7 16 25
−∞ 8 17 26
−∞ 9 18 27

1 10 19 +∞
2 11 20 +∞
3 12 21 +∞
4 13 22 +∞
5 14 23 +∞


uku-
−−−−−→
waZvra



1 10 19
2 11 20
3 12 21
4 13 22
5 14 23
6 15 24
7 16 25
8 17 26
9 18 27


savarjiSo 6.6: gamoiangariSeT zemoT moyvanili algoriTmiT n elementis daxarisxebisaTvis saWiro
bijebis raodenoba.
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