
7 grafTa Teoriis elementebi

7.1 grafebis gansazRvreba

yvela drois erT-erTma udidesma maTematikosma leonard eilerma, romelic erTi xani qalaq kionigs-
bergSi (axlandel kaliningradSi) cxovrobda, Semdegi amocana dasva:

eileris amocana xidebis Sesaxeb: qalaqSi moedineba mdinare, romelic mas or nawilad hyofs. amas
garda, TviTon mdinareSi ori kunZulia (nax. 34). xmeleTis nawilebi, romlebic naxazze laTinuri
asoebiTaa aRniSnuli, erTmaneTTan SeerTebulia xidebiT. SeiZleba Tu ara qalaqs SemovuaroT ise, rom
yvela xidze gadavideT erTxel da mxolod erTxel?

nax. 34: kionigsbergis mdinare da xidebi

aRsaniSnavia, rom mocemuli suraTis saCveneblad xatva sulac araa saWiro: sakmarisia xmeleTis nawi-
lebi aRvniSnoT wertilebiT, xolo maTi SemaerTebeli xidebi ki xazebiT (nax. 35).

nax. 35: kionigsbergis xidebis amocanis grafebi

aseT struqturas - wertilebs da maT SemaerTebel xazebs - grafi ewodeba. zemoT moyvanili orive
naxazi (a) da (b) erTsa da imave grafs aRwers, imis da miuxedavad, rom erTi SexedviT naxazebi sxvada-
sxvaa: grafSi mTavaria imis Sesaxeb informaciis miReba, Tu romeli wertili romel sxva wertilebTanaa
SeerTebuli.
grafis wertilebs misi kvanZebi ewodeba, xolo xazebs ki - wiboebi.
formalurad grafi Semdegnairadac SegviZlia aRvweroT:
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mocemulia wveroTa simravle V = {A,B,C,D}da wiboebiE = {(A,B), (B,A), (A,D), (B,C), (C,B), (B,D), (C,D)}.
aqedan gamomdinare, grafis naxazis daxazva sulac araa aucilebeli: igi wveroTa da wiboTa simravleebiTac
SeiZleba srulfasovnad aRiweros. mTavaria imis codna, Tu ra wveroebia mocemuli da romeli wveroe-
bia wiboebiT SeerTebuli.
ase rom, grafi G SeiZleba ganvsazRvroT, rogorc ori simravlisagan Semdgari struqtura: G = (V,E).

magaliTisaTvis moviyvanoT grafi, romelic naCvenebia qveda naxazSi.

nax. 36: erTi da igive grafis sxvadasxva grafikuli warmodgena

advili dasanaxi araa, rom (a) da (b) naxazebSi erTi da igive grafia naCvenebi. magram Tu wveroebs sax-
elebs davarqmevT da gadavamowmebT, Tu romeli wveroa romelTan SeerTebuli, maT eqvivalenturobas
(tolobas) wveroebisa da wiboebis simravleebis tolobiT davamtkicebT.

nax. 37: erTi da igive grafis sxvadasxva grafikuli warmodgena

savarjiSo 7.1: aRwereT 37 (a) da 37 (b) naxazebSi moyvanili grafebis wveroebisa da wiboebis simravleebi
da daamtkiceT maTi toloba.

zemoT moyvanil grafebSi arsebobs e.w. izolirebuli wvero - anu iseTi, romelic sxva wveroebTan araa
dakavSirebuli. SeiZleba arsebobdes iseTi grafebic, romlebic ori nawilisgan (grafisgan) Sedgeba.
aseT grafebs ara bmuli ewodebaT. Cven ZiriTadad bmul grafebs ganvixilavT, anu iseTebs, sadac
nebismier or wveros Soris SemaerTebeli gza arsebobs.

rogorc vnaxeT, erTi da igive grafi SeiZleba sxvadasxvanairad davxazoT. zogadad, grafis daxazvas
mniSvneloba ar aqvs. mTavaria gvqondes informacia imis Sesaxeb, Tu romeli wvero romelTanaa SeerTe-
buli.
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nax. 38-Si naCvenebia, Tu rogor SeiZleba daixazos grafi ise, rom erT wiboze orjer ar gadaviaroT.

nax. 38: grafis daxatvis etapebi

sityvierad es Semdegnairad SeiZleba gamovTqvaT: YA wverodan xazi gaavle B wveroSi, iqidan E-Si,
Semdeg C-Si, D-Si, isev A-Si, Semdeg C-Si, B-Si da bolos isev D-SiA.
ufro formalurad es Semdegi sityviT SeiZleba gamovsaxoT:

ABECDACBD.

grafis daxazvis procesi SeiZleba SevadaroT grafze YsiarulsA: erTi wverodan meoreSi wibos gavleba
am wverodan meoreSi YgadasvlisA tolfasia.

Tu aseTi wesiT erTi wverodan meoreSi gadavalT (ise, rom erTsa da imave wiboze orjer ar gada-
vivliT), ganvlili wiboebis erTobliobas YgzasA vuwodebT. ase, magaliTad, 38 (d) -Si ganvlili gza
iqneba ABECD. im wiboebs, romlebzedac gzis gavlisas gadavivliT, am gziT dafaruli wiboebi
ewodeba.

amrigad, eileris amocanac SeiZleba ase davsvaT: mocemul grafSi arsebobs Tu ara iseTi gza, romelic
yvela wibos (mxolod erTxel) dafaravs? Tu aseTi gza arsebobs, mas eileris cikls uwodeben.
zemoT moyvanili amocana SeiZleba CamovayaliboT aseTnairadac: arsebobs Tu ara mocemul grafSi
eileris cikli?

Tu ganvixilavT or grafs, romelic naCvenebia 39 naxazSi, advilad davrwmundebiT, romABECDACBDFA
gza swored nax. 39(b) grafs zemoT aRwerili pirobebiT gadafaravs, magram nax. 39(a) grafisaTvis aseTi
gzis povna znelia.
bevri cdis Semdeg gaCndeba eWvi, rom aseTi gza saerTod ar arsebobs (anu am grafis erTi xelis mosmiT
daxazva ar SeiZleba, Tu erT wiboze mainc orjer ar gadavivliT.

nax. 39: ori grafis magaliTi
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imis dasadgenad, Tu romeli grafis Semovla SeiZleba ise, rom yvela wibo daifaros mxolod erTxel,
SemovitanoT Semdegi ganmarteba:

Tu mocemulia grafi G = {V,E}, misi nebismieri v ∈ V wveros rigi deg(v) ewodeba masTan mierTebul
wiboTa raodenobas. cxadia, rom nebismieri grafis wveros rigi SeiZleba iyos an kenti, an luwi. Tu
wveros rigia luwi, mas YluwianA, winaaRmdeg SemTxvevaSi ki YkentianA wveros vuwodebT.

39 (b) naxazSi moyvanili grafisaTvis deg(A) = 4, xolo deg(F ) = 2.

qvemoT moyvanilia grafi, romlis kentiani wveroebi TeTradaa naCvenebi, xolo luwiani ki - Savad.

nax. 40: kentiani da luwiani wveroebi grafSi

am ganmartebaze dayrdnobiT SeiZleba SemovitanoT eileris ciklis arsebobis kriteriumi, romelic
eileris Teoremis saxeliTaa cnobili:

Teorema 7.1: (eileris Teorema grafSi ciklebis arsebobis Sesaxeb)
nebismier grafSi eileris cikli iarsebebs maSin da mxolod maSin, Tu masSi kentiani wveroebis rao-
denoba ar aWarbebs ors.
Tu grafSi kentiani wvero ar arsebobs, maSin masSi moiZebneba eileris Caketili cikli: romeli wvero-
danac daviwyebT Semovlas, imaSive davamTavrebT.
SeniSvna: Tu grafSi kentiani wveroebis raodenobaa ori, maSin masSi iarsebebs eileris Ria cikli:
erTi kentiani wverodan Semovlas viwyebT da meoreSi vamTavrebT.

savarjiSo 7.2: nax. 41-Si naCvenebi grafebidan romels SeiZleba hqondes eileris cikli?
miTiTeba: daiTvaleT kentiani wveroebis raodenoba.

nax. 41: grafebis magaliTebi

52



savarjiSo 7.3: nax. 41-Si naCveneb grafebSi daiTvaleT yoveli wveros rigis jami (maTematikur enaze es

Semdegnairad Caiwereba: mocemuli G = (V,E) grafisaTvis

σ(G) =
∑
v∈V

deg(v).

es ricxvi SeadareT imave grafis wiboebis raodenobas. ra kanonzomiereba SeiZleba davadginoT wveroTa
rigebis jamsa da wiboebis raodenobas Soris? maTematikur enaze rom vTqvaT, ra damokidebulebaa σ(G)
da |E| ricxvebs Soris? (aq |E| aris E simravlis elementebis raodenoba, rac grafis wiboTa ricxvis
tolia.)

savarjiSo 7.4: daamtkiceT, rom nebismieri G = (V,E) grafisaTvis σ(G) = 2|E|.

savarjiSo 7.5: daamtkiceT, rom ar iarsebebs iseTi grafi, romelSic kentiani wveroebis raodenoba

iqneba kenti ricxvi (anu yvela grafSi kentiani wveroebis raodenobaluwia: ∀G = (V,E),∃i ∈ N, σ(G) = 2·i).

savarjiSo 7.6: daxazeT grafi, romelic warmoiSveba nax. 42 naCvenebi grafidan (a) ABCD, (b) ABECA,
(g) BEC da (d) FDBCE gzebis amogdebis Sedegad.

nax. 42: grafis magaliTi

axla ki SegviZlia eileris Teoremis damtkiceba:
jer davamtkicoT, rom Tu kentiani wveroebis raodenoba aWarbebs ors, aseTi cikli ver iarsebebs.
rodesac viwyebT grafze Semovlas, cxavdia, rom erTi wverodan unda daviwyoT da meoreSi unda davam-
TavroT. yvela danarCen wveroSi ramdenjerac SevalT, zustad imdenjer unda gamovideT. aqedan gamom-
dinare, masTan mierTebul wiboTa raodenoba unda iyos luwi. ese igi, Tu kentian wveroTa raodenoba
orze metia, erTidan daviwyebT, meoreSi davamTavrebT, magram dagvrCeba iseTi wveroc, romelSic grafis
Semovlisas SevalT da veRar gamovalT ise, rom ukve gavlil wveros meored ar gadavuaroT.
axla ki induqciaze dayrdnobiT davamtkicoT, rom iseT grafebSi, sadac kentian wveroTa raodenoba
zustad oria, iarsebebs eileris gaxsnili cikli, xolo iseTSi, sadac kentiani wvero ar arsebobs,
eileris Sekruli cikli iarsebebs.
dasawyisisaTvis ganvixiloT erT, or da sam wiboiani grafebi (nax. 43).

nax. 43: erT, or da sam wiboiani grafebi

induqciis Semowmeba: advili Sesamowmebelia, rom am grafebSi eileris Teorema WeSmaritia.
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induqciis daSveba: davuSvaT, rom eileris Teorema WeSmaritia yvela bmuli grafisaTvis, romlis wi-
boTa raodenoba naklebia raRaca n ricxvze.

induqciis biji: davamtkicoT Teorema nebismieri n wiboiani grafisaTvis.
davuSvaT, rom aseT grafs ori kentiani wvero A da D aqvs. radgan Cven bmul grafebs ganvixilavT, unda
arsebobdes gza A wverodan D wveroSi, romelic kidev raRaca wveroebze gaivlis (nax. 44 (a)). aseTi
grafis konkretuli magaliTi moyvanilia naxazSi 44 (b) (iq gamoyofili gza A wverodan D wveroSi sxva
feriTaa SeRebili).

nax. 44: zogadi grafebi

Tu erT-erT aseT gzas amovirCevT da mis wiboebs grafidan amovSliT (unda mivaqcioT yuradReba imas,
rom amoSlis Sedegad grafi ar daiSalos calkeul nawilebad), miviRebT sxva grafs, romelsac mx-
olod luriani wiboebi aqvT.

savarjiSo 7.7: daamtkiceT, rom zemoT moyvanili grafidan SerCeuli gzis amogdebis Sedegad miRebul
grafSi mxolod luwiani wveroebi dagvrCeba.

radgan darCenil grafSi wiboebis raodenoba n ricxvze naklebi iqneba, misTvis WeSmariti iqneba ei-
leris Teorema da iarsebebs iseTi Caketili cikli, romelic A wveroSi daiwyeba da masSive das-
ruldeba. Semdeg ki amogdebuli gzis wiboebiT gadavalT A wverodan D wveroSi, riTac sawyis n
wiboian grafSi SevadgenT eileris Ria cikls.

analogiuri msjelobiT SegviZlia davamtkicoT, rom nebismier n wiboian grafSi, romelic ar Seicavs
kentian wveroebs, arsebobs eileris Caketili cikli, mxolod aq ukve or mezobel wveros viRebT da
maT SemaerTebel wibos amovagdebT (im pirobiT, rom am wibos amogdebis Semdeg grafi or nawilad ar
daiSleba).

savarjiSo 7.8: daamtkiceT, rom Tu mocemulia n wiboiani grafi, romelic ar Seicavs kentian wveroebs,
masSi eileris Caketili cikli iarsebebs.

savarjiSo 7.9: dawereT algoriTmi, romelic nebismieri mocemuli grafisaTvis gansazRvravs, arsebobs
Tu ara masSi eileris cikli.

algoriTmebis Teoriasa da praqtikaSi zalian mniSvnelovania e.w. hamiltonis ciklis amocana: mo-
cemuli grafisTvis gansazRvreT, SeiZleba Tu ara masSi movZebnoT iseTi gza, romelic yvela wiboze
gaivlis zustad erTxel da dabrundeba imave wiboSi, saidanac daiwyo Semovla?

savarjiSo 7.10: nax. 41-Si moyvanili grafebidan romlebs aqvT hamiltonis cikli?

Tu nebismier grafSi eileris ciklis arsebobis dadgena sakmaod advilad SeiZleba, hamiltonis ciklis
arsebobis dasadgenad dReisaTvis cnobili yvela algoriTmi Zalian nela muSaobs da didi grafebisaTvis
gamomTvlel manqanebze aTasobiT welsac ki moandomebs.
es SeiZleba imiT iyos gamowveuli, rom am amocanisaTvis jer-jerobiT veravin moifiqra swrafi algo-
riTmi, an imiT, rom aseTi algoriTmi ar arsebobs. magram radgan hamiltonis ciklis amocana uaRresad
mniSvnelovania, es centraluri Ria sakiTxia kompiuterul mecnierebebSi.
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rogorc aqamde vnaxeT, grafebis warmodgena SeiZleba simravleebis saxiT. meorenairad grafis warmod-
gena e.w. bmulobis matriciT matricebiT SeiZleba. magaliTisaTvis ganvixiloT nax. 42-Si moyvanili
grafi.

A B C D E F
A 0 1 1 1 0 1
B 1 0 1 1 1 0
C 1 1 0 1 1 0
D 1 1 1 0 0 1
E 0 1 1 0 0 0
F 1 0 0 1 0 0

zogadad, A = (ai,j)ni=1 raime G = (V,E) grafis bmulobis matricia, Tu V = {v1, ..., vn} da

(vi, vj) ∈ E ⇔ ai,j = 1.

zemoT moyvanil magaliTSi grafis bmulobis matrici iqneba

A =


0 1 1 1 0 1
1 0 1 1 1 0
1 1 0 1 1 0
1 1 1 0 0 1
0 1 1 0 0 0
1 0 0 1 0 0


savarjiSo 7.11: SeadgineT nax. 41-Si naCvenebi grafebis bmulobis matricebi.

savarjiSo 7.12: arsebobs Tu ara iseTi grafi, romlis bmulobis matrici araa simetriuli (anu ∃i, j
iseTi, rom ai,j 6= aj,i)?

ganvixiloT Semdegi amocana: mocemulia ruka, romelzec naCvenebia qalaqebi da maTi SemaerTebeli
gzebi (anu mocemulia grafi, sadac wvero romeliRaca qalaqs aRniSnavs, xolo wibo - ori qalaqis
SemaerTebel gzas).

nax. 45: rukis grafi

amas garda, yovel wibos gverdiT aweria raRac ricxvi, romelic mocemul or qalaqs Soris arsebuli
gzis sigrZes aRniSnavs.
aRsaniSnavia, rom es grafi mxolod raRac informacias iZleva da misi wveroebis ganlageba sibrtyeze,
faqtiurad, nebismieri SeiZleba iyos. ase, magaliTad, ADF samkuTxedSi Sesabamisi wiboebis wonebi ar
akmayofileben samkuTxedis utolobas, magram mocemul amocanaSi SesaZlebelia, rom, magaliTad, gza
iyos arapirdapiri.

55



mocemuli grafis bmulobis matrici iqneba

M =


0 80 13 23 0 60
80 0 40 100 23 0
13 40 0 28 18 0
23 100 28 0 0 12
0 23 18 0 0 0
60 0 0 12 0 0


Tu grafSi wiboebi mimarTulia (ese igi, isriTaa naCvenebi, Tu romeli wverodan romlisakenaa mimar-
Tuli wibo), maSin misi SeerTebis matrici iqneba arasimetriuli (nax. 46).

nax. 46: mimarTuli grafi

am magaliTSi gvaqvs wibo A wverodan D wveroSi, magram ara piriqiT. zemoT moyvanili grafis matrici
iqneba 

0 0 0 1 0 0
1 0 1 0 0 0
1 0 0 0 1 0
0 1 1 0 0 1
0 1 1 0 0 0
1 0 0 0 0 0


grafs ewodeba sruli, Tu misi yvela wvero erTmaneTTanaa dakavSirebuli. n wveroiani sruli grafi
aRiniSneba rogorc Kn. maxazSi 47 naCvenebia or, sam, oTx, xuT, eqvs da Svid wveroiani sruli grafebi.

nax. 47: Ki, 2 ≤ i ≤ 7
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cxadia, rom didi sruli grafi sakmaod zneli dasaxatia. magaliTisaTvis mogvyvavs K23 (nax. 48).

nax. 48: K23

Teoriasa da praqtikaSi zalian mniSvnelovania e.w. orad gayofili sruli grafi, romlis cveroebi
or simravled SegviZlia gavyoT ise, rom TiToeul simravleSi Sesuli wveroebi erTmaneTTan SeerTe-
buli araa, samagierod erTi simravlis wvero meore simravlis yvela wverosTanaa mierTebuli. orad
dayofil srul grafs, romlis erT simravleSi n, xolo meoreSi ki m wveroa, aRniSnaven rogorc Kn,m.
naxazSi 49 moyvanilia mcire zomis orad dayofili sruli grafebi.

nax. 49: K2,3, K3,3, K2,4, K3,4, K4,4

aRsaniSnavia, rom orad dayofili grafi SeiZleba sruli ar iyos, anu erTi simravlis wvero meore
simravlis romelime wverosTan mierTebuli ar iyos.
orad dayofili grafebis Seswavla zalian mniSvnelovani sakiTxia, radgan nebismier grafs Seesabameba
erTi da mxolod erTi orad dayofili grafi, romelic Semdegnairad igeba:
erT simravleSi gavaerTianebT mocemuli grafis wveroebs, xolo meoreSi ki davumatebT imden axal
wveros, ramdeni wibocaa mocemul grafSi (yovel wibos erTi axali wvero Seesabameba) da Semdeg pirveli
simravlidan zustad or wveros meore simravlis erT wverosTan SevaerTebT, Tu es ori wvero sawyis
grafSi wiboTi iyo SeerTebuli (magaliTisaTvis ix. nax. 50).

nax. 50: grafi da misi Sesabamisi orad dayofili grafi
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aseve Zalian mniSvnelovania qvegrafis, anu grafis YnawilisA cneba. Tu erTi grafi meoredan wveroe-
bisa da maTi SemaerTebeli wiboebisagan an wiboebis nawilisagan Sedgeba, maSin am grafs meore grafis
qvegrafs uwodeben (nax. 51).

nax. 51: grafi (a) da misi erT-erTi qvegrafi

aRsaniSnavia, rom erT grafs SeiZleba mravali qvegrafi hqondes.

savarjiSo 7.13: moiyvaneT nax. 51 (a)-Si moyvanili grafis xuTi qvegrafis magaliTi.

zogadad, imis garkveva, aris Tu ara erTi grafi meores qvegrafi, zalian rTulia: dReisaTvis ar aris
cnobili iseTi algoriTmi, romelic nebismieri ori G da G′ grafisaTvis swrafad gaarkvevs, aris Tu
ara G grafi G′ grafis qvegrafi.

axla ki ganvixiloT nax. 52-Si moyvanili grafis ornairi diagrama.

nax. 52: erTi grafis ornairi daxatva

rogorc vxedavT, erTSi ori wibo ikveTeba, meoreSi ki - ara. iseT grafs, romlis daxatva iseTnairad
SeiZleba, rom wiboebma erTmaneTi ar gadakveTon, brtyeli ewodeba.
zalian mniSvnelovania Semdegi amocana: mocemuli grafisaTvis gaarkvieT, SeiZleba Tu ara misi brty-
lad daxatva.
rogorc aRmoCnda, umciresi arabrtyeli grafebis magaliTebia K5 da K3,3.

nax. 53: minimaluri arabrtyeli grafebi

aqedan gamomdinare, verc erTi grafi, romelic am oridan erT-erTs mainc Seicavs, brtylad ver daixa-
teba.
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