
2 amocanaTa rekursiuli aRwera

2.1 amocana navebis Sesaxeb

mocemulia: viwro mdinare patara yureTi. mdinareSi yures marcxniv grZeli Savi navi da marjvniv -
mokle TeTri navi.

Sedegi: mdinareSi yures marcxniv mokle TeTri navi da marjvniv - grZeli Savi navi (navebma erTmaneTs

gverdi unda auqcion).

SezRudva: mdinare imdenad viwroa, rom siganeSi mxolod erTi navi eteva. yureSi eteva mxolod TeTri
navi. Savi navi yureSi ar eteva.

nax. 6-Si grafikuladaa naCvenebia amocanis monacemi, Sedegi da SezRudvebi.

nax. 6:

imisaTvis, rom erTma TetRma navma Savs gverdi auqcios, saWiroa Semdegi algoriTmis Catareba:

algoriTmi YerTi navis gayvanaA

monacemebi:
viwro mdinare patara yureTi, yures marcxniv grZeli Savi navi da marjvniv - mokle TeTri navi.

1. TeTri navi Sevides yureSi;

2. Savma navme gaiaros;

3. TeTri navi gamovides yuredan.

algoriTmi dasrulebulia

advili saCvenebelia, rom es algoriTmi amocanis saboloo Sedegs mogvcems da misi arc erTi biji
amocanis SezRudvebs ar ewinaaRmdegeba (nax. 7).

nax. 7:

7



zemoT moyvanili algoriTmi aRvniSnoT rogorc A1. ese igi, Tu vityviT, rom zemoT moyvanil sawyis
pirobaze Catarebulia algoriTmi A1, Sedegad viRebT zemoTve moyvanil saboloo Sedegs.

axla ki ganvixiloT iseTi SemTxveva, rodesac yures marjvniv ara erTi, aramed ori navia ganTavse-
buli. nax. 6-Si grafikuladaa naCvenebia am amocanis monacemi da Sedegi. am amocanas Cven vuwodebT Yori
naviA.

nax. 8:

Tu pirvel rigSi CavatarebT igive sam bijs, rac algoriTmSi A1, miviRebT iseT situacias, rogoric
naCvenebia nax. 9-Si (marcxniv). Semdeg, Tu Savi navi wava ukan yures marcxniv, Seiqmneba iseTive situacia,
rogorc wina amocanaSi (nax. 9 marjvniv)

nax. 9:

Savi navis ukan gasvlis procesi aRvniSnoT rogorc U . ese igi, Tu sawyisi mdgomareobaa iseTi, ro-
gorc nax. 8-Si marcxniv da jer CavatarebT algoriTms A1, miviRebT iseT viTarebas, rogorc nax. 9-Si
marcxniv. Tu Semdeg kidev CavatarebT algoriTms U , miviRebT iseT viTarebas, rogorc nax. 9-Si mar-
jvniv. aRsaniSnavia, rom am SemTxvevaSi Seiqmna iseTive viTareba, rogorc amocanaSi YerTi naviA. es ki
imas niSnavs, rom Tu gamoviyenebT algoriTms A1, saboloo mdgomareobas mivaRwevT.
ase rom, algoriTmi A2, romelic amocanas Yori naviA xsnis, Semdegnairad SeiZleba Caiweros: A2 =

A1, U,A1 (jer Caatare algoriTmi A1, Semdeg algoriTmi U da bolos isev algoriTmi A1.

axla ki davuSvaT, rom algoriTmi An n TeTri navis gverdis aqcevas axerxebs (nax. 10). aqamde Cven
ganvixileT, Tu rogoria An, Tu n = 1, an n = 2.

nax. 10:

Tu ganvixilavT n+ 1 navis gverdis aqcevis amocanas iseTi sawyisi da saboloo mdgomareobebiT, rom-
lebic naCvenebia nax. 11-Si (zemoT) da CavatarebT algoriTmebs A1, U , miviRebT iseT situacias, romelic
gvqonda n navis gverdis aqcevis amocanaSi (nax. 11 qvemoT).

es ki imas niSnavs, rom An algoriTmis gamoyenebis Semdeg miiReba saboloo mdgomareoba (nax. 11 zemoT
marjvniv).

sabolood miviRebT Semdeg Canawers: An+1 = A1, U,An. Tu viciT, rogoria algoriTmi A1, advili
gamosaTvlelia algoriTmi A2 (aq n+ 1 = 2 da n = 1): jer CavatarebT algoriTms A1, Semdeg U da Semdeg
iseve A1. A3 algoriTmis Casatareblad jer unda CavataroT A1, Semdeg U da Semdeg A2. ase nabij-nabij
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nax. 11:

SeiZleba gamoviTvaloT An nebismieri naturaluri n ricxvisaTvis: An = A1, U,An−1 = A1, U,A1, U,An−2 =
A1, U,A1, U,A1, U,An−2 = A1, U,A1, U, · · · , A1 (n-jer).

savarjiSo 2.1: risi tolia A7? (mag.: A3 = A1, U,A2 = A1, U,A1, U,A1)

mniSvnelovania is faqti, rom algoriTmi An iyenebs YTavis TavsA, mxolod ufro dabali parametriT
(mag. A2 = A1, U,A1; A7 = A1, U,A6 da a.S.)
im SemTxvevaSi, rodesac algoriTmi Tavis Tavs iyenebs, mas YrekursiuliA ewodeba. ese igi, An =

A1, U,An−1 algoriTmis es Canaweri rekursiulia.
aRsaniSnavia isic, rom nebismieri rekursiuli algoriTmi SeiZleba ararekursiuli saxiTac Caiweros

(ganixileT wina savarjiSos magaliTi).

2.2 hanois koSkebis amocana

1883 wels frangma maTematikosma eduard lukasma dasva Semdegi amocana:

mocemulia: sami Zeli A, B, C . A Zelze Camocmulia sxvadasxva zomis n rgoli ise, rom did rgols

ufro patara adevs -- Seqmnilia piramida (nax. 12 (a)).

nax. 12: hanois koSkebis amocanis sawyisi da saboloo mdgomareobebi

Sedegi: A Zelze agebuli piramida C Zelze (nax. 12 (b)).

SezRudva: TiTo jerze erTi Zelidan meoreze unda gadavitanoT erTi da mxolod erTi rgoli, rome-
lic yvelaze maRla devs. amave dros ar SeiZleba patara zomis rgolze didi zomis rgolis dadeba.

davuSvaT, mocemulia erT rgoliani piramida. cxadia, rom misi erTi Zelidan meoreze gadasatanad
sakmarisia erTi moqmedeba. Tu es erTi rgoli A Zelidan C Zelze gadagvaqvs, am proceduras vuwodebT

AA,C1 .
imisaTvis, rom or rgoliani piramida A Zelidan C Zelze gadavitanoT, saWiroa Semdegi moqmedebebis

Catareba:

1. A Zelidan zeda rgoli gadaitane B Zelze (Caatare AA,B1 , nax. 14 (b) );

9



nax. 13: dasaSvebi (a) da akrZaluli (b) svlebi

2. A Zelidan zeda rgoli gadaitane C Zelze (Caatare AA,C1 , nax. 14 (g) );

3. B Zelidan zeda rgoli gadaitane C Zelze (Caatare AB,C1 , nax. 14 (d) ).

nax. 14: or rgoliani piramidis gadatanisaTvis saWiro operaciebi

or rgoliani piramidis A Zelidan C Zelze gadatanis algoriTmi (anu zemoT moyvanili sam bijiani

procesi) aRvniSnoT rogorc AA,C2 .
zogadad, n rgolis erTi Zelidan meoreze gadatanis algoriTmi Semdegnairad SeiZleba aRiniSnos:

AX1,X2
n . aq n ∈ N, X1, X2 ∈ {A,B,C} da X1 6= X2. amrigad, AC,A13 niSnavs algoriTms, romelic C Zelze

awyobil 13 rgolian piramidas A Zelze gadaitans, xolo AB,A108 ki im algoriTms, romelic B Zelze
awyobil 108 rgolian piramidas A Zelze gadaitans.
Tu viciT, rogor gadavitanoT or rgoliani piramida erTi Zelidan meoreze, advilad SevadgenT al-

goriTms AA,C3 :
sam rgoliani piramida ganvixiloT, rogorc qveda did rgolze dadgmuli or rgoliani piramida (nax.

17 (a) ).

amrigad, AA,B2 algoriTmiT SeiZleba zeda or rgoliani piramidis gadatana B Zelze (nax. 17 (b) ),

Semdeg AA,C1 algoriTmiT qveda rgoli gadagvaqvs A Zelidan C Zelze (nax. 17 (g) ) da bolos iseve AB,C2

algoriTmiT or rgoliani piramida gadagvaqvs B Zelidan C Zelze (nax. 17 (d) ).
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nax. 15: sam rgoliani piramidis gadatanisaTvis saWiro operaciebi

es algoriTmi rekursiulad Semdegnairad SeiZleba Caiweros: AA,B3 = [AA,B2 , AA,C1 , AB,C2 ] (jer Seasrule

AA,B2 , Semdeg AA,C1 da amis Semdeg AB,C2 .

aRsaniSnavia, rom AA,B2 da AB,C2 TviTon ramodenime bijisagan Sedgeba: AA,B2 = [AA,C1 , AA,B1 , AC,B2 ] da

AB,C2 = [AB,A1 , AB,C1 , AA,C2 ].

savarjiSo 2.2: rekursiulad CawereT AB,C3 , AC,A3 , AA,B3 , AB,A3 da AC,B3 (ix. zemoT moyvanili analogiuri

Canaweri AA,C3 ).

Tu viciT, rogor gadavitanoT 3 rgoliani piramida erTi Zelidan meoreze, rekursiulad SeiZleba

AX1,X2
4 algoriTmis dadgena. mag., AA,C4 = [AA,B3 , AA,C1 , AB,C3 ].

savarjiSo 2.3: rekursiulad CawereT AB,C4 , AC,A4 , AA,B4 , AB,A4 da AC,B4 (ix. zemoT moyvanili analogiuri

Canaweri AA,C3 ).

Tu viciT, rogoria n rgoliani piramidis erTi Zelidan meoreze gadatanis algoriTmi AX1,X2
n , advi-

lad SevadgenT n+1 rgoliani algoriTmis gadatanis algoriTmsAX1,X2
n+1 (Sesabamisi moqmedebebi naCvenebia

nax. 26 -Si):

AX1,X2
n+1 = [AX1,X3

n , AX1,X2
1 , AX3,X2

n ], X1 6= X2 6= X3, X1, X2, X3 ∈ {A,B,C}.

rogorc yvela wina magaliTSi, aqac n cali rgolis gadatana erTdrouladaa naCvenebi imis da miuxe-
davad, rom AX1,X2

n ramodenime bijisagan Sedgeba.

savarjiSo 2.4: ras aRniSnavs Semdegi Canawerebi: AB,C7 , AC,B12 , AB,C4 ?

advili Sesamowmebelia, rom AX1,X2
1 algoriTmis Sesrulebisas amocanis piroba ar irRveva. Tu gan-

vixilavT AA,C2 algoriTmis rekursiul Canawers, davinaxavT, rom pirvel rigSi unda SevasruloT al-

goriTmi AA,B1 . advili sanaxavia, rom am algoriTmis Sesrulebisasac piroba ar irRveva. Semdeg unda

SevasruloT AA,C1 . radgan C Zelze rgoli ar devs, masze A Zelidan rgolis gadatana SesaZlebelia

(piroba ar dairRveva) da C Zelze yvelaze didi rgoli ideba. bolos unda CavataroT AB,C1 . es SesaZle-
belia, radgan C Zelze yvelaze didi rgoli devs.
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nax. 16: n+ 1 rgoliani piramidis gadatanisaTvis saWiro operaciebi

analogiuri msjelobiT SeiZleba davamtkicoT, rom Tu AA,C3 algoriTms CavwerT ise, rogorc zemoT
ganvixileT da mas Tanmimdevrulad SevasrulebT, amocanis piroba ar irRveva: pirvel rigSi unda Ses-

ruldes AA,B2 (nax. 17 (a) ). es SesaZlebelia, radgan B da C Zelebi carielia da A Zelze qvemoT yvelaze
didi rgoli devs, romelzec pirobis Tanaxmad sxva nebismieri rgolis dadeba SeiZleba. ase rom, am
operaciebis Sesrulebis dros amocanis piroba ar dairRveva. Sedegad miviRebT A Zelze erT yvelaze

did rgols da B Zelze ki or rgolian piramidas (nax. 17 (b) ). Semdeg unda CavataroT AA,C1 . esec ar
arRvevs amocanis pirobas, radgan am momentisaTvis C Zeli carielia. Sedegad miviRebT C Zelze erT
yvelaze did rgols da B Zelze ki or rgolian piramidas, xolo A Zeli ki carieli iqneba (nax. 17 (g) ).

bolos unda SevasruloT AB,C2 . esec SesaZlebelia, radgan A Zeli carielia da C Zelze yvelaze didi
rgoli devs, romelzedac yvela danarCeni rgolis dadeba SeiZleba. am operaciebis Catarebis Sedegad
amocanis saboloo Sedegs miviRebT (nax. 17 (d) ).

nax. 17: sam rgoliani piramidis gadatanisaTvis saWiro operaciebi

savarjiSo 2.5: davuSvaT, mocemulia Semdegi Canaweri: AA,C3 = [AA,B1 , AA,C2 , AB,C1 ]. sityvierad axseniT, ra
operaciebi unda Sesruldes am Canaweris Sesabamisad. irRveva Tu ara am algoriTmis Sesrulebisas
hanois koSkebis amocanis piroba?
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