
6 algoriTmebis siswrafis Sefaseba

6.1 funqciaTa zrdis rigi

ganvixiloT ori funqcia: f1(n) = n2 da f2(n) = 100·n, n > 0. cxadia, rom f2(n) > f1(n), Tu 0 < n < 100. magram
Tu n > 100, maSin f1(n) > f2(n). ese igi, dawyebuli raRaca adgilidan, f1(n) > f2(n) (nax. 30 marcxniv). aseT
SemTxvevebSi - rodesac dawyebuli raRaca adgilidan erTi funqciis mniSvneloba yovelTvis aWarbebs
meore funqciis Sesabamis mniSvnelobas - amboben, rom f1 funqcia ufro swrafad izrdeba, vidre f2.
magaliTad, f1(n) = n ufro swrafad izrdeba, vidre f2(n) = log n (aq da SemdgomSi log n = log2 n, lnn = loge n
da lg n = log10 n).

SeniSvna: aq da SemdgomSi ganxiluli funqciebi dadebiTia.

nax. 30: ori funqciis grafiki

savarjiSo 6.1: f1(n) da f2(n) funqciebs Soris romeli izrdeba ufro swrafad? (pasuxi daamtkiceT)

1. f1(n) = 10 · n2, Tu f2(n) = 15 · n2; 2. f1(n) = 0.1 · n2, Tu f2(n) = n; 3. f1(n) = 106 · log n, Tu f2(n) = n; 4.
f1(n) = 10 · log n2, Tu f2(n) = 20 · log n; 5. f1(n) = 2n, Tu f2(n) = 1510 · n7.

savarjiSo 6.2: daamtkiceT, rom f1(n) funqcia ufro swrafad izrdeba, vidre f2(n), Tu:

1. f1(n) = n2, f2(n) = 15 ·n · log n; 2. f1(n) = n3, f2(n) = 1983 ·n; 3. f1(n) = log n, f2(n) = 10 log log n; 4. f1(n) = log n2,
f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log7 n.

gamonaTqvami Ydawyebuli raRaca adgilidan f1 funqciis mniSvneloba yovelTvis aWarbebs f2 funqciis
Sesabamis mniSvnelobasA maTematikurad Semdegnairad Caiwereba: ∃n0 ∈ N, ∀n > n0, f1(n) > f2(n).

Tu mocemulia ori funqcia f1(n), f2(n) da ∃c ∈ N iseTi, rom dawyebuli raRaca adgilidan f1(n) < c·f2(n),
maSin amboben, rom f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis asimptoturi
zrdis rigs.

am SemTxvevaSi agreTve amboben, rom f1 funqciis zrdis rigi zemodanaa SemosazRvruli f2 funqciis
zrdis rigiT, anu f2 funqciis zrdis rigi f1 funqciis zrdis rigis zeda zRvaria.

magaliTad, Tu f1(n) = 10 · n da f2(n) = n, f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n)
funqciis asimptoturi zrdis rigs, radgan ∃c = 11 da f1(n) = 10 · n < c · f2(n) = 11 · n.
asimptoturi zrdis rigi gviCvenebs, YdaaxloebiT ra siswrafiTA izrdeba mocemuli funqcia. zeda

magaliTSi SegveZlo agreTve dagvewera: ∃c = 1 da c · f1(n) = 10 · n > f2(n) = n. ase rom, erT SemTxvevaSi
f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis asimptoturi zrdis rigs, meore
SemTxvevaSi ki piriqiT. aseT dros ityvian, rom am ori funqciis asimptoturi zrdis rigi tolia, anu
orive YdaaxloebiT erTi siswrafiT izrdebaA. Tu mocemulia ori funqcia f1(n), f2(n) da ∃c ∈ N iseTi,
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rom dawyebuli raRaca adgilidan f1(n) < c·f2(n), magram 6 ∃d ∈ N iseTi, rom dawyebuli raRaca adgilidan
f2(n) < d · f1(n), maSin amboben, rom f2(n) funqciis asimptoturi zrdis rigi ufro maRalia, vidre f1(n)
funqciis asimptoturi zrdis rigi. cxadia, rom Tu f1(n) da f2(n) funqciebis asimptoturi zrdis rigi
tolia, SeiZleba aseve iTqvas, rom f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis
asimptoturi zrdis rigs (da piriqiT).

qvemoT moyvanilia cxrili, romelic ramodenime funqciis zrdis rigs gviCvenebs.

n log n n n · log n n2 2n n!
10 3 10 30 100 1.024 3.628.800
20 4 20 80 400 1.048.576 � 1015

30 5 30 150 900 1.073.741.824
40 5 40 200 1600 1.099.511.627.776
50 6 50 300 2500 >1015

100 7 100 700 104 >1030

1.000 10 1.000 10.000 106

10.000 13 10.000 130.000 108

100.000 17 100.000 1.700.000 1010

1.000.000 20 1.000.000 20.000.000 1012

10.000.000 23 10.000.000 230.000.000 1014

100.000.000 27 100.000.000 2.700.000.000 1016

1.000.000.000 30 1.000.000.000 30.000.000.000 1018

rogorc vxedavT, am funqciaTa Soris yvelaze nela f(n) = log n funqcia izrdeba, yvelaze swrafad
ki f(n) = n!. am bolo funqciis mniSvneloba n = 20 -Tvis ukve Zalian didia - rogorc varaudoben,
2100 = 1030 Cvens samyaroSi arsebuli atomebis raodenobas aRemateba da, aqedan gamomdinare, 1015 Zalian
didi ricxvia.

savarjiSo 6.3: daamtkiceT, rom f1(n) = 10n2 da f2(n) = 10−6 · n2 funqciaTa asimptoturi zrdis rigi
tolia.

savarjiSo 6.4: tolia Tu ara Semdegi ori funqciis asimptoturi zrdis rigi (pasuxebi daamtkiceT):

1. f1(n) = n2, f2(n) = 15 · n2 · log log n; 2. f1(n) = log n3, f2(n) = 1983 · n; 3. f1(n) = log2 n, f2(n) = 10 log n; 4.
f1(n) = log n2, f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log log7 n.

nax. 31 gviCvenebs ramodenime funqciis zrdis siswrafes, saidanac SeiZleba maTi asimptoturi zrdis
rigis danaxva. yvelaze nela izrdeba logariTmuli funqcia f(n) = log n; Semdegia wrfivi funqcia
f(n) = n. masze swrafad izrdeba funqcia n · log n da yvelaze didi zrdis rigi aqvs f(n) = 2n funqcias.

savarjiSo 6.5: f1(n) da f2(n) funqciebs Soris romlis asimptoturi zrdis rigia ufro maRali?

1. f1(n) = log2 n, f2(n) =
√
n; 2. f1(n) = n3, f2(n) = 1983 · n2; 3. f1(n) = n · log n, f2(n) = 2logn; 4. f1(n) = n2 · log n,

f2(n) = n2; 5. f1(n) = 3
√
n, f2(n) = (log log n)7.

Tu mocemulia raime funqcia f(n), SegviZlia gamovyoT yvela im funqciaTa simravle O(f(n)) (ikiTxeba:
o-didi f(n)), romelTa asimptoturi zrdis rigi am f(n) funqciis zrdis rigs ar aRemateba (anu am sim-
ravleSi Semavali yvela funqcia am funqciis Yqveda zRvariaA - dawyebuli raRaca adgilidan yovelTvis
ufro naklebi iqneba):

O(f(n)) = {g(n)|∃n0, c ∈ N,∀n > n0, c · f(n) > g(n)}.

cxadia, rom O(f(n)) simravle usasruloa, amitom masSi Semavali yvela funqciis amowera SeuZlebe-
lia. magram SesaZlebelia am simravleSi Semavali ramodenime funqciis magaliTis moyvana:
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nax. 31: ramodenime funqciis grafiki

Tu f(n) = n, maSin g(n) = 100 · n ∈ O(f(n)), radgan ∃c = 101 da c · f(n) = 101 · n > 100 · n = g(n).
analogiurad SegviZlia davamtkicoT: 100n ∈ O(n · log n), 700n ∈ O(n2), 200n2 ∈ O(2n).

savarjiSo 6.6: daamtkiceT, rom 100n ∈ O(n · log n), 700n ∈ O(n2), 200n2 ∈ O(2n).

savarjiSo 6.7: moiyvaneT O(n log n) simravlis 5 elementi.

lema 6.1: Tu f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, maSin O(f1(n)) ⊂ O(f2(n)).

damtkiceba: radgan f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, amitom ∃d ∈ N, f1(n) <
d · f2(n). axla ganvixiloT nebismieri g(n) ∈ O(f1(n)). ganmartebis Tanaxmad ∃c ∈ N, g(n) < c · f1(n). zemoT
moyvanili utolobis Tanaxmad, g(n) < c · d · f2(n). ese igi, ∃d · c ∈ N iseTi, rom g(n) < c · d · f2(n), rac
ganmartebis Tanaxmad niSnavs, rom g(n) ∈ O(f2(n)).

Q.E.D.

aqedan gamomdinare, gamonaTqvami Yf1 funqcia ar izrdeba ufro swrafad, vidre f2 funqciaA Semdegi
maTematikuri Canaweris tolfasia: O(f1(n)) ⊂ O(f2(n)).

savarjiSo 6.8: moiyvaneT f1(n) da f2(n) funqciebis magaliTebi, romelTaTvisac O(f1(n)) ⊂ O(f2(n)) da,

amavdroulad, O(f1(n)) 6= O(f2(n)).

lema 6.2: O(f(n)) simravleebisaTvis WeSmaritia:

1. O(k · f(n)) = O(f(n)) (k ∈ N);

2. O(f(n) + k) = O(f(n)) (k ∈ N);

3. Tu O(f1(n)) ⊂ O(f2(n)), maSin O(f1(n) + f2(n)) = O(f2(n)).

damtkiceba:

1. Tu vaCvenebT, rom O(k · f(n)) ⊂ O(f(n)) da O(k · f(n)) ⊃ O(f(n)), toloba damtkicdeba.
ganvixiloT nebismieri g(n) ∈ O(k · f(n)). ganmartebis Tanaxmad ∃c ∈ N iseTi, rom g(n) < c · k · f(n)

(radgan k naturaluria). es ki ganmartebis Tanaxmad imas niSnavs, rom g(n) ∈ O(f(n)): ∃c · k ∈ N iseTi, rom
g(n) < c · k · f(n).
axla ki ganvixiloT nebismieri g(n) ∈ O(f(n)). ganmartebis Tanaxmad ∃d ∈ N iseTi, rom d · f(n) > g(n).

Tu utolobis orive mxares gavamravlebT k ricxvze, miviebT: k · d · f(n) > k · g(n) > g(n) (radgan k ∈ N).

40



aqedan gamomdinare, ∃d ∈ N iseTi, rom d · (k · f(n)) > g(n). ese igi, g(n) ∈ O(k · f(n)) (O(k · f(n)) simravlis
ganmartebis Tanaxmad).

Q.E.D.
savarjiSo 6.9: daamtkiceT zemoT moyvanili lemas me-2-e da me-3-e punqtebi.

analogiurad SeiZleba nebismieri f(n) funqciis zrdis rigis qveda zRvari (omega-didi f(n)) ganvmar-
toT:

Ω(f(n)) = {g(n)|f(n) ∈ O(g(n))}.

es yvela im funqciaTa simravlea, romelTa asimptoturi zrdis rigi f(n) funqciis asimptoturi zrdis
rigze naklebi araa.

savarjiSo 6.10: daamtkiceT, rom f1(n) = 10n2 da f2(n) = 10−6n2 funqciaTa zrdis rigis qveda zRvari
tolia.

savarjiSo 6.11: tolia Tu ara Semdegi ori funqciis asimptoturi zrdis rigis qveda zRvari? (pasuxebi
daamtkiceT):

1. f1(n) = n2, f2(n) = 15 · n2 · log log n; 2. f1(n) = log n3, f2(n) = 1983 · n; 3. f1(n) = log2 n, f2(n) = 10 log n; 4.
f1(n) = log n2, f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log log7 n.

savarjiSo 6.12: daamtkiceT, rom n · log n ∈ Ω(100n), n2 ∈ Ω(100n), 2n ∈ Ω(100n).

savarjiSo 6.13: moiyvaneT Ω(log n) simravlis 5 elementi.

savarjiSo 6.14: daamtkiceT, rom Tu f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, maSin
Ω(f2(n)) ⊂ Ω(f1(n)).

savarjiSo 6.15: moiyvaneT f1(n) da f2(n) funqciebis magaliTebi, romelTaTvisac Ω(f1(n)) ⊂ Ω(f2(n)) da,

amavdroulad, Ω(f1(n)) 6= Ω(f2(n)).

6.2 algoriTmebis bijebis raodenobis Sefaseba

ganvixiloT Semdegi amocana:

mocemulia: ricxvebis mimdevroba a1, a2, ..., an ∈ N da damatebiT erTi ricxvi b ∈ N.

Sedegi: YkiA an YaraA

SezRudva: YkiA maSin da mxolod maSin, Tu ∃i ∈ N, 1 ≤ i ≤ n, ai = b.

sxva sityvebiT rom vTqvaT, algoriTmi adgens, moiZebneba Tu ara a1, ..., an mimdevrobaSi erTi mainc
ricxvi ai = b.

qvemoT moyvanilia rekursiuli algoriTmi, romelic am amocanas xsnis:

algoriTmi K(a1, a2, ..., an, b)

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule;

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule;

3. Caatare algoriTmi K(a2, ..., an, b).

ganvixiloT am algoriTmis bijebi sawyis monacemebze a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 2.
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algoriTmi K(3, 7, 0, 8, 2) (aq a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 2).

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

3. K(7, 0, 8, 2) (aq a1 = 7, a2 = 0, a3 = 8, b = 2).

4. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

5. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

6. K(0, 8, 2) (aq a1 = 0, a2 = 8, b = 2).

7. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

8. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

9. K(8, 2) (aq a1 = 8, b = 2).

10. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

11. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

12. K(2) (aq a1, a2, ..., an mimdevroba carielia).

13. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es sruldeba)

magram Tu amocanis sawyisi monacemebia a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 3, maSin algoriTmis msvleloba
Semdegnairi iqneboda:

algoriTmi K(3, 7, 0, 8, 3) (aq a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 3).

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es sruldeba)

am magaliTidan Cans, rom algoriTmebis bijebis raodenoba damokidebulia mis monacemTa raodenobasa
da TviTon monacemTa mniSvnelobebze.

ganasxvaveben bijebis Sefasebis sam SemTxvevas:

• uaresi SemTxvevis analizs (worst-case), anu maqsimum ramdeni biji dagvWirdeba am amocanis gada-
saWrelad, maSinac ki, rodesac yvelaze YcudiA monacemebi Semogviva?

• saukeTeso SemTxvevis analizs (best-case), anu minimum ramdeni biji dagvWirdeba am amocanis gada-
saWrelad, rodesac yvelaze YkargiA monacemebi Semogviva?

• saSualo SemTxvevis analizs (average-case), anu saSualod ramdeni biji dagvWirdeba am amocanis
gadasaWrelad?

advili dasanaxia, rom Cvens zeda amocanaSi algoriTmi n + 1 monacemis damuSavebas (n elementiani
masivSi raRaca b ricxvis povnas) maqsimum n bijsa da minimum 1 bijs moandomebs.

savarjiSo 6.16: daamtkiceT zemoT moyvanili gamonaTqvami.

sxva sityvebiT rom vTqvaT, uaresi SemTxvevis analizis Sedegad miRebuli funqcia f(n) gveubneba, rom
Yn cali monacemisaTvis mocemuli algoriTmis bijebis raodenoba arasodes ar gadaaWarbebs f(n) fun-
qciasA, xolo sauketeso SemTxvevis analizis Sedegad miRebuli funqcia ki gveubneba, rom Ymocemuli
algoriTmis bijebis raodenoba verasodes ver iqneba am funqciaze naklebiA.

rac Seexeba gamoTvlis saSualo drois dadgenas, es procesi maTematikur statistikas emyareba da am
kursSi mas ar ganvixilavT.
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cxadia, rom n monacemis damuSavebis maqsimaluri da minimaluri dro monacemTa raodenobis cvlile-
basTan erTad icvleba, anu es aris funqcia, romelic damokidebulia n ∈ N cvladze. Cvens zeda magal-
iTSi bijebis maqsimaluri raodenobaa f1(n) = n, xolo minimaluri ki f2(n) = 1.

ganvixiloT algoriTmi, romelic n cali monacemis damuSavebas maqsimum f(n) bijs andomebs, xolo 1
bijis damuSavebas ki 10−9 wams andomebs.

qvemoT moyvanili cxrili, sadac warmodgenilia f(n) funqciis ramodeime magaliTi. masSi naCvenebia,
maqsimum ramden xans moandomebs es algoriTmi n monacemis damuSavebas. am cxrilSi 1µs = 10−6 wm,
1ms = 10−3 wm (1µs ikiTxeba: 1 mikro wami, 1ms ikiTxeba: 1 mili wami.

n f(n) = log n f(n) = n f(n) = n · log n f(n) = n2 f(n) = 2n n!
10 0,003 µs 0,01 µs 0,033 µs 0,1 µs 1 µs 3,63 ms
20 0,004 µs 0,02 µs 0,086 µs 0,4 µs 1 ms 77,1 weli
30 0,005 µs 0,03 µs 0,147 µs 0,9 µs 1 wm 8,4×1015 weli
40 0,005 µs 0,04 µs 0,213 µs 1,6 µs 18,3 wT
50 0,006 µs 0,05 µs 0,282 µs 2,5 µs 13 dRe
100 0,007 µs 0,1 µs 0,644 µs 10 µs 4×1013 weli
1.000 0,010 µs 1 µs 9,966 µs 1 ms
10.000 0,013 µs 10 µs 130 µs 100 ms
100.000 0,017 µs 9,10 ms 1,67 ms 10 wm
1.000.000 0,020 µs 1 ms 19,93 ms 16.7 wT
10.000.000 0,023 µs 0,01 wm 0,23 wm 1,16 dRe
100.000.000 0,027 µs 0,1 wm 2,66 wm 115,7 dRe
1.000.000.000 0,03 µs 1 wm 29,9 wm 31,7 weli

am cxrilidan Cans, rom Tu algoriTmis bijebis raodenobaa f(n) = n · log n an ufro nela zrdadi fun-
qcia, maSin misi gamoTvlebi sakmaod swrafi iqneba. Tu f(n) = n2, gamoTvlebi swrafi iqneba daaxloebiT
50.000.000 elementamde. magram Tu f(n) = 2n, aseTi algoriTmi praqtikaSi ver gamoiyeneba 53-ze meti mona-
cemisaTvis. Tu algoriTmis zeda zRvaria f(n) = n!, maSin igi praqtikulad saerTod ver gamoiyeneba.
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