
algoriTmebi da monacemTa struqturebi

aleqsandre gamyreliZe

Sesavali

Cvens yoveldRiur cxovrebaSi algoriTmebi uaRresad did rols TamaSoben ise, rom Cven amas verc ki
vamCnevT. ufro metic, bevrma arc ki icis, Tu ra aris algoriTmi. ara da algoriTmebi yovel fexis
nabijze gxvdeba, am sityvis pirdapiri mniSvnelobiT -- adamianis siaruli garkveuli TvalsazrisiT
algoriTmia: marcxena fexi gadadgi win, tani gadaxare odnav win, marjvena fexi gadagi win da es procesi
Tavidan gaimeore manam, sanam siarulis Sewyveta mogindeba. sxvaTa Soris, es centraluri algoriTmia
robototeqnikaSi da dReisaTvis bolomde ganxorcielebuli ar aris -- rogorc aRmoCnda, aseTi erTi
SexedviT martivi algoriTmis realizacia Zalian rTulia.
meore magaliTad fSavuri xinklis gakeTebis algoriTmi SeiZleba moviyvanoT:

monacemebi:

xorci, xaxvi, rehani, qondari, wiTeli wiwaka, pilpili, marili, fqvili

algoriTmis muSaobis Sedegi: fSavuri xinkali

algoriTmis muSaobis aRwera:

algoriTmi YfSavuri xinkaliA

monacemebi: xorci, xaxvi, rehani, qondari, wiTeli wiwaka, pilpili, marili, fqvili, wyali

1. gaakeTe bulioni: Zvlebi Cayare qvabSi, daasxi imdeni wyali, rom daifaros da nel cecexlze aduRe.
roca gasinjav da ukve wyal-wyla aRar iqneba, gadmodgi da gaatare wvril badeSi, rom Zvlebis
narCenebi ar Seyves. amis Semdeg gaacive da gverdze gadadgi.

2. xorci, wiwaka, xaxvi, rehani da qondari cal-calke wvrild akepe.

3. xorcs daasxi mariliTa da wiwakiT gazavebuli nel-Tbili bulioni da azile. Semdeg kidev daasxi
da azile. es procedura gaimeore manam, sanam bulions ar Seiwovs da Tavze kidev cota ar dadgeba.

4. arsebul farSs Seurie darCenili xaxvi, wiwaka, pilpili da mwvanili (gemovnebiT).

5. Semdeg aiRe zustad imdenive bulioni, ramdenic daWirda xorcs da Seurie marili ise, rom simlaSe
sakmaod etyobodes. am bulioniT mozile sakmaod magari comi.

6. daadgi bevri wyali Zalian maRal cecxlze.

7. comidan CamoWeri mogrZo naWeri, TokiviT daamrgvale da daWeri patara naWrebad. es naWrebi cal-
calke gaabrtyele Txel, mrgval diskebad. kovziT aiRe farSi, comis diskebze dade da gaaxvie.

8. Semdeg Cayare mduRare, marilian wyalSi da daaxloebiT 10wT. xarSe.

algoriTmi dasrulebulia

zemoT moyvanil xinklis algoriTmSi Semdegi ram aris gasaTvaliswinebeli: Ycomis mozelvisA pro-
cesi Tavis mxriv algoriTmia, romelic periodulad unda gagrZeldes manam, sanam comi sasurvel kon-
sistencias ar miaRwevs (aseTive ram SeiZleba iTqvas xorcis akepvis procedurazec). ese igi, aq CarTulia
kidev Semowmebis meqanizmi: Tu konsistencia kargia, maSin algoriTmi daasrule. Tu ara, igive gaimeore.

1



zogadad, algoriTmi raime amocanis gadaWris gzaa, magram am gadaWrisas unda gaviTvaliswinoT Semdegi
sami punqti:

1. algoriTmi unda Sedgebodes erTi an ramodenime bijisagan;

2. roca algoriTmi erTi bijis Sesrulebas daasrulebs, igi Semdgomi bijis Sesrulebaze unda ga-
davides;

3. bijebi SeiZleba periodulad gameordes, magram saerTo jamSi yoveli algoriTmis bijebis saerTo
raodenoba sasruli unda iyos -- algoriTmi rodesRac unda gaCerdes.

algoriTmebSi mniSvnelovania ori aspeqti:

1. siswore -- es algoriTmi marTla imas akeTebs, rac moeTxoveba?

2. siswrafe -- ramden bijs andomebs algoriTmi dawyebidan damTavrebamde?

Cvens irgvliv Zalian bevri amocana arsebobs: xinklis moxarSvidan dawyebuli da kosmosSi raketebis
gagzavniT damTavrebuli. bunebrivad wamoiWra SekiTxva: SeiZleba Tu ara yvela amocana algoriTmu-
lad gadaiWras? rogorc aRmoCnda, arsebobs iseT amocanaTa simravle, romlebsac algoriTmulad ver
amovxsniT. ufro metic -- gacilebiT metia iseTi amocanebi, romlebsac algoriTmulad ver amovxsniT,
vidre iseTebi, romlebsac SeiZleba movugonoT algoriTmi. es ki imas niSnavs, rom adamianis cxovrebaSi
gacilebiT meti ram aris iseTi, romelsac kompiteri ver amoxsnis, vidre iseTi, romelsac Yxelovnuri
inteleqtiA daZlevs.

rogorc aRmoCnda, algoriTmulad amoxsnad amocanebs Sorisac arsebobs iseTi amocanebi, romelTa
dReisaTvis cnobili algoriTmebiT amoxsnac Zalian did dros moiTxovs, anu umetes SemTxvevebSi Cvens
xelT arsebuli uZlieresi gamomTvleli manqanebiT asobiT aTas wels moandomebda -- bijebis raode-
noba Zalian swrafad izrdeba. magram mTavari aq isaa, rom ar aris cnobili, SeiZleba Tu ara aseTi
amocanebisaTvis daiweros iseTi algoriTmi, romelic ufro swrafi iqneboda.

rodesac wamoiWreba axali amocana, pirvel rigSi unda davadginoT, SeiZleba Tu ara misi algoriT-
mulad amoxsna. Tu ar SeiZleba, maSin unda davadginoT, rogor SevcvaloT am amocanis pirobebi ise,
rom igi amoxsnadi gaxdes da, amavdroulad, rac SeiZleba axlos iyos am dasmul amocanasTan.
Tu amocana amoxsnadia, unda davadginoT, SeiZleba Tu ara misi swrafad amoxsna? Tu ar SheiZleba,

maSin unda davadginoT, rogor SevcvaloT am amocanis pirobebi ise, rom igi amoxsnadi gaxdes da, amav-
droulad, rac SeiZleba axlos iyos am dasmul amocanasTan (evristikebis Seqmna) an iseTi swrafi al-
goriTmi SevqmnaT, romelic zustad imave monacemebze da pirobebSi zust pasuxTan miaxlovebul pasuxs
mogvcems (miaxloebiTi algoriTmebi).
magram Tu swrafi algoriTmis Seqmna SesaZlebelia, rogor SevqmnaT optimaluri algoriTmi, anu

iseTi, rom masze swrafi algoriTmi ar arsebobdes.

am sakiTxebis garkvevaSi gvexmareba Teoriuli informatikis erT-erTi ganxra -- algoriTmebis Teo-
ria, romlis Sesavalsac Cven aq ganvixilavT.
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1 algoriTmebis martivi magaliTebi

1.1 mgeli, kurdReli da stafilo

ganvixiloT bevrisaTvis kargad cnobili amocana mglis, kurdRlisa da stafilos Sesaxeb (es amocana
ufro kargadaa cnobili, rogorc mglis, cxvrisa da kombostos amocana):

mdinaris erT napirze imyofebian behemoti, mgeli, kurdReli da stafilo (nax.1). behemots aqvs navi,
romelSic eteva mxolod igi da erTi romelime sxva mgzavri: mgeli, kurdReli an stafilo.

nax. 1:

sanam behemoti sxva cxovelebtan erTadaa napirze, isini kargad iqcevian da erTmaneTs ar daerevian.
magram sakmarisia man marto datovos erT napirze kurdReli da mgeli, rom es ukanaskneli kurdRels
etakeba. TviT kurdReli ki marto darCenil stafilos SesWams.
Tu mgeli stafiloTi darCeba erT napirze marto, araferi ar moxdeba.

nax. 2:

amocana mdgomareobs SemdegSi: dawereT algoriTmi, romlis meSveobiTac behemoti Tavisi naviT samives
gadaiyvans meore napirze.

pirvel rigSi unda CamovayaliboT amocana: mocemuloba, saboloo Sedegi da algoriTmis msvlelo-
bisas dadebuli SezRudvebi.

mocemulia: mdinare da mis erT napirze myofi navi, behemoti, mgeli, kurdReli da stafilo (nax. 1 (a)).

Sedegi: es yvela meore napirze erTad myofi (nax. 1 (b)).

SezRudva: cxovelebi gadahyavs behemots or adgiliani naviT (pirveli SezRudva -- navSi unda ijdes

behemoti, romelsac mxolod erTi adgili rCeba Tavisufali da, aqedan gamomdinare, meore napirze erT
jerze SeuZlia gadaiyvanos an mxolod mgeli, an mxolod kurdReli, an mxolod stafilo). mglisa
da kudRlis marto datoveba ar SeiZleba, aseve ar SeiZleba kurdRlisa da stafilos marto datoveba
(meore da mesame SezRudva).
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am amocanis amosaxsnelad SeiZleba gamoviyenoT Semdegi algoriTmi, romlis yoveli bijis naxati
warmodgenilia 3-Si (davuSvaT, rom dasawyisSi yvela mdinaris marcxena napirzea da bolos marjvena
napirze unda iyos):

algoriTmi Ymgeli, kurdReli da stafiloA

monacemebi: mdinare da mis marcxena napirze ganTavsebuli behemoti, mgeli, kurdReli da stafilo;

1. marjvena napirze gadaiyvane kurdReli ;

2. dabrundi marcxena napirze ;

3. marjvena napirze gadaiyvane mgeli ;

4. marcxena napirze gadaiyvane kurdReli ;

5. marjvena napirze gadaitane stafilo ;

6. dabrundi marcxena napirze ;

7. marjvena napirze gadaiyvane kurdReli .

algoriTmi dasrulebulia

nax. 3: algoriTmis TiToeuli biji

pirvel rigSi unda davamtkicoT am algoriTmis siswore: rom misi sawyisi monacemebiT gaSvebisas
sasurveli Sedegi miiReba da rom am algoriTmis msvlelobisas amocanis arc erTi piroba ar irRveva
(ar xdeba iseTi ram, rac zemoT CamoTvlil SezRudvebs daarRvevda).

savarjiSo 1.1: daamtkiceT am algoriTmis siswore.

Semdeg unda gamoviTvaloT misi siswrafe, anu ramden bijs andomebs igi dasawyisidan gaCerebamde.

savarjiSo 1.2: daiTvaleT am algoriTmis bijebis raodenoba.

rogorc wesi, yoveldRiuri amocanis dasmisas didi informacia ar aris mniSvnelovani. magaliTad,
ar aris saintereso, Tu ra formisa an siganisaa mdinare, ra ferisaa navi da a.S. Cven gvainteresebs
mxolod is informacia, romelic amocanis pirobisTvisaa mniSvnelovani. magaliTad is, rom erT jerze
mxolod ori mgzavri eteva navSi da erT-erTi mgzavri aucileblad behemotia. Tu Cven marcxena napirs
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davarqmevT A, xolo marjvenas ki B, es ori napiri SegviZlia gamovsaxoT ori simravliT, romelsac
agreTve simravle A da simravle B ecodeba. yovel cxovels SevusabamebT erT asos -- behemoti ⇒ b,
mgeli ⇒ m, kurdReli ⇒ k da stafilo ⇒ s (nax. 4).

nax. 4:

maSin sawyisi da saboloo pirobebi Semdegnairi iqneba (nax. 5). maTematikur enaze ki dasmuli amocanis
piroba ase SeiZleba Camoyalibdes:

mocemulia: ori simravle A = {b, m, k, s} da B = ∅.

Sedegi: A = ∅ da B = {b, m, k, s}.

SezRudva: yovel jerze im simravlidan, romelic Seicavs aso YbA, meore simravleSi unda gadavitanoT

es aso da kidev erTi an nuli aso. is simravle, romelic ar Seicavs aso YbA, ar unda Seicavdes erTad
asoebs {m, k} da {k, s}.

nax. 5:

amocanis piroba odnav gamartivdeba, Tu asoebis nacvlad garkveul ricxvebs aviRebT: behemoti ⇒ 10,
mgeli ⇒ 1, kurdReli ⇒ 2 da stafilo ⇒ 3. maSin kurdRlisa da stafilos an kurdRlisa da mglis
erT napirze yofna imas niSnavs, rom Sesabamisi simravlis elementebis jami kentia, xolo is faqti, rom
behemoti romeligaca napirze ar imyofeba, imas niSnavs, rom Sesabamisi elementebis jami naklebia 10-ze.

savarjiSo 1.3: zemoT naxsenebi amocana CamoayalibeT ricxvebisaTvis.

savarjiSo 1.4: wina savarjiSoSi Camoyalibebuli amocanisaTvis dawereT algoriTmi da misi yoveli
bijisaTvis Sesabamisi simravleebi CamowereT.

savarjiSo 1.5: daamtkiceT wina savarjiSoSi dawerili algoriTmis siswore da daiTvaleT misi bijebis
raodenoba.
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savarjiSo 1.6: ganixileT Semdegi algoriTmi:

algoriTmi Ymgeli, kurdReli da stafiloA (swrafi versia)

monacemebi: mdinare da mis marcxena napirze ganTavsebuli behemoti, mgeli, kurdReli da stafilo;

1. marjvena napirze gadaiyvane kurdReli ;

2. dabrundi marcxena napirze ;

3. marjvena napirze gadaiyvane mgeli ;

4. dabrundi marcxena napirze ;

5. marjvena napirze gadaitane stafilo .

algoriTmi dasrulebulia

savarjiSo 1.7: miviRebT Tu ara am algoriTmis muSaobis Semdeg im Sedegs, romelic amocanaSia moTx-
ovnili? aris Tu ara es yvelaze swrafi algoriTmi im algoriTmTa Soris, romelic am amocanas xsnis?

SeniSvna: aqamde Cven ganvixilavdiT SemTxvevas, rodesac dasawyisSi yvela marcxena napirze dgas.
zustad igive msjelobis Catareba SeiZleba im SemTxvevisaTvis, rodesac yvela marjvena napirze dgas.
am SemTxvevisaTvis algoriTmi analogiuri iqneba. arc imas aqvs mniSvneloba, Tu ra TanmimdevrobiT
CamovTvliT cxovelebs mocemulobaSi. es yovelTvis ase araa, rogorc Semdegi martivi magaliTi gviCvenebs:

mocemulia ori ricxvi. gamoiTvaleT
pirveli ricxvi
meore ricxvi .

cxadia, rom aq gadamwyveti mniSvneloba aqvs ricxvebis Tanmimdevrobas.

savarjiSo 1.8: ganvixiloT n mTeli ricxvis zrdadobiT dalagebis amocana. ra aris am amocanaSi mo-
cemuli? ra unda iyos misi saboloo Sedegi?

savarjiSo 1.9: moiyvaneT Semdegi amocanis algoriTmi: mocemuli 10 cali mTeli ricxvisaTvis daiT-
valeT kent ricxvTa jami. miniSneba: yovel bijze unda SevamowmoT, aris Tu ara mocemuli ricxvi kenti.
ramden bijs moiTxovs aseTilgoriTmi? ricxvis kentobis Semowmeba da mimatebis operacia TiTo-TiTo

bijad CaTvaleT.
ra aris am amocanis monacemi? ra aris Sedegi? rogoria pirobaze dadebuli SezRudva?

amocana: ori didi xnis unaxavi maTematikosi erTmaneTs xvdeba. erTi eubneba: me sami Svili myavs. erT
rames getyvi da Tu gamoicnob maT asaks: maTi asakis namravlia 36.
meore eubneba: ver gamovicnob, damatebiT sxva piroba mWirdeba. pirveli etyvis: maTi asakis jami Sens

win mdebare saxlis fanjrebis raodenobis tolia. meore Sexedavs saxls da etyvis: erTi damatebiTi
piroba kidev mWirdeba.
pirveli etyvis: ufross lurji Tvalebi aqvs. amiT meore samives asaks gamoicnobs.

SekiTxva: ramdeni wlis arian Svilebi?
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2 amocanaTa rekursiuli aRwera

2.1 amocana navebis Sesaxeb

mocemulia: viwro mdinare patara yureTi. mdinareSi yures marcxniv grZeli Savi navi da marjvniv -
mokle TeTri navi.

Sedegi: mdinareSi yures marcxniv mokle TeTri navi da marjvniv - grZeli Savi navi (navebma erTmaneTs

gverdi unda auqcion).

SezRudva: mdinare imdenad viwroa, rom siganeSi mxolod erTi navi eteva. yureSi eteva mxolod TeTri
navi. Savi navi yureSi ar eteva.

nax. 6-Si grafikuladaa naCvenebia amocanis monacemi, Sedegi da SezRudvebi.

nax. 6:

imisaTvis, rom erTma TetRma navma Savs gverdi auqcios, saWiroa Semdegi algoriTmis Catareba:

algoriTmi YerTi navis gayvanaA

monacemebi:
viwro mdinare patara yureTi, yures marcxniv grZeli Savi navi da marjvniv - mokle TeTri navi.

1. TeTri navi Sevides yureSi;

2. Savma navme gaiaros;

3. TeTri navi gamovides yuredan.

algoriTmi dasrulebulia

advili saCvenebelia, rom es algoriTmi amocanis saboloo Sedegs mogvcems da misi arc erTi biji
amocanis SezRudvebs ar ewinaaRmdegeba (nax. 7).

nax. 7:
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zemoT moyvanili algoriTmi aRvniSnoT rogorc A1. ese igi, Tu vityviT, rom zemoT moyvanil sawyis
pirobaze Catarebulia algoriTmi A1, Sedegad viRebT zemoTve moyvanil saboloo Sedegs.

axla ki ganvixiloT iseTi SemTxveva, rodesac yures marjvniv ara erTi, aramed ori navia ganTavse-
buli. nax. 6-Si grafikuladaa naCvenebia am amocanis monacemi da Sedegi. am amocanas Cven vuwodebT Yori
naviA.

nax. 8:

Tu pirvel rigSi CavatarebT igive sam bijs, rac algoriTmSi A1, miviRebT iseT situacias, rogoric
naCvenebia nax. 9-Si (marcxniv). Semdeg, Tu Savi navi wava ukan yures marcxniv, Seiqmneba iseTive situacia,
rogorc wina amocanaSi (nax. 9 marjvniv)

nax. 9:

Savi navis ukan gasvlis procesi aRvniSnoT rogorc U . ese igi, Tu sawyisi mdgomareobaa iseTi, ro-
gorc nax. 8-Si marcxniv da jer CavatarebT algoriTms A1, miviRebT iseT viTarebas, rogorc nax. 9-Si
marcxniv. Tu Semdeg kidev CavatarebT algoriTms U , miviRebT iseT viTarebas, rogorc nax. 9-Si mar-
jvniv. aRsaniSnavia, rom am SemTxvevaSi Seiqmna iseTive viTareba, rogorc amocanaSi YerTi naviA. es ki
imas niSnavs, rom Tu gamoviyenebT algoriTms A1, saboloo mdgomareobas mivaRwevT.
ase rom, algoriTmi A2, romelic amocanas Yori naviA xsnis, Semdegnairad SeiZleba Caiweros: A2 =

A1, U,A1 (jer Caatare algoriTmi A1, Semdeg algoriTmi U da bolos isev algoriTmi A1.

axla ki davuSvaT, rom algoriTmi An n TeTri navis gverdis aqcevas axerxebs (nax. 10). aqamde Cven
ganvixileT, Tu rogoria An, Tu n = 1, an n = 2.

nax. 10:

Tu ganvixilavT n+ 1 navis gverdis aqcevis amocanas iseTi sawyisi da saboloo mdgomareobebiT, rom-
lebic naCvenebia nax. 11-Si (zemoT) da CavatarebT algoriTmebs A1, U , miviRebT iseT situacias, romelic
gvqonda n navis gverdis aqcevis amocanaSi (nax. 11 qvemoT).

es ki imas niSnavs, rom An algoriTmis gamoyenebis Semdeg miiReba saboloo mdgomareoba (nax. 11 zemoT
marjvniv).

sabolood miviRebT Semdeg Canawers: An+1 = A1, U,An. Tu viciT, rogoria algoriTmi A1, advili
gamosaTvlelia algoriTmi A2 (aq n+ 1 = 2 da n = 1): jer CavatarebT algoriTms A1, Semdeg U da Semdeg
iseve A1. A3 algoriTmis Casatareblad jer unda CavataroT A1, Semdeg U da Semdeg A2. ase nabij-nabij
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nax. 11:

SeiZleba gamoviTvaloT An nebismieri naturaluri n ricxvisaTvis: An = A1, U,An−1 = A1, U,A1, U,An−2 =
A1, U,A1, U,A1, U,An−2 = A1, U,A1, U, · · · , A1 (n-jer).

savarjiSo 2.1: risi tolia A7? (mag.: A3 = A1, U,A2 = A1, U,A1, U,A1)

mniSvnelovania is faqti, rom algoriTmi An iyenebs YTavis TavsA, mxolod ufro dabali parametriT
(mag. A2 = A1, U,A1; A7 = A1, U,A6 da a.S.)
im SemTxvevaSi, rodesac algoriTmi Tavis Tavs iyenebs, mas YrekursiuliA ewodeba. ese igi, An =

A1, U,An−1 algoriTmis es Canaweri rekursiulia.
aRsaniSnavia isic, rom nebismieri rekursiuli algoriTmi SeiZleba ararekursiuli saxiTac Caiweros

(ganixileT wina savarjiSos magaliTi).

imisaTvis, rom davamtkicoT am amocanis siswore, unda gamoviyenoT maTematikuri induqciis principi,
romelic xSirad gamoiyeneba algoriTmebis TeoriaSi da zalian mniSvnelovan rolsac TamaSobs:

• rekursiis dasawyisi: A1 algoriTmi sworia (amis gadamowmeba advilia);

• rekursiis daSveba: davuSvaT, An algoriTmi sworia raRaca n naturaluri ricxvisaTvis (da masze
patara yvela ricxvisaTvis);

• rekursiis biji: davamtkicoT, rom An+1 = A1, U,An sworia.

Tu davamtkicebT, rom An+1 algoriTmi sworia da gvecodineba, rom A1 sworia, maSin davuSvebT, rom
n = 1 da amiT damtkicdeba, rom An+1 = A2 sworia. Tu A2 sworia da davamtkicebT, rom An+1 sworia,
damtkicdeba, rom A3 sworia da a.S. nebismieri naturaluri ricxvisaTvis.

axla ki davamtkicoT An+1 = A1, U,An algoriTmis siswore: A1, U algoriTmebis Sesrulebis Semdeg
warmoiSveba zustad iseTive situacia, rogorc n navis gayvanis amocanaSi. xolo induqciis daSvebis
Tanaxmad An algoriTmi n navis gayvanis amocanas sworad xsnis. ase rom, A1, U,An n + 1 navis gayvanis
amocanas sworad xsnis.

Q.E.D.

savarjiSo 2.2: sworad amoxsnis Tu ara Semdegi algoriTmi An = An−1, U,A1 n navis gayvanis amocanas?

algoriTmis sisworis mtkicebis Semdeg saWiroa misi siswrafis, anu bijebis raodenobis dadgena. A
algoriTmis bijebis raodenobas Semdegnairad aRniSnaven: T (A). Cvens SemTxvevaSi gveqneba T (An).
radgan jer unda SevasruloT algoriTmi A1, amis Semdeg algoriTmi U da bolos algoriTmi An−1,

maSin An algoriTmis bijebis raodenoba iqneba: T (An) = T (A1) + T (U) + T (An−1) (jer imdeni, ramdenic
saWiroa A1 algoriTmisaTvis, Semdeg imdeni, ramdenic saWiroa U algoriTmisaTvis da bolos imdeni,
ramdenic saWiroa An−1 algoriTmisaTvis).
es formulac Cawerilia rekursiuli saxiT, radgan igi Tavis Tavs iyenebs, mxolod ufro dabali

parametrebiT. magram misi Cawera ararekursiuli saxiTac SeiZleba:

Cven viciT, rom T (A1) = 3 da T (U) = 1 (Sesabamisi algoriTmebis gadamowmebiT amaSi advilad vrw-
mundebiT). aqedan gamomdinare, viRebT:

T (An) = T (An−1) + 4.

Tavis mxriv, T (An−1) = T (An−2) + 4, T (An−2) = T (An−3) + 4 ...
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aqedan gamomdinare,

T (An) = T (An−1) + 1 · 4 = T (An−2) + 2 · 4 = T (An−3) + 3 · 4 = · · · = T (A1) + (n− 1) · 4 = 3 + (n− 1) · 4 = 4 · n− 1.

savarjiSo 2.3: daamtkiceT, rom amaze ufro swrafi algoriTmi ver iarsebebs.

savarjiSo 2.4: ganvixiloT kent ricxvTa mimdevroba: a1 = 1, an = an−1 + 2. maTematikuri induqciis
gamoyenebiT daamtkiceT: an = 2n− 1.

savarjiSo 2.5: maTematikur induqciaze dayrdnobiT daamtkiceT: Tu a1 = 1 da an = an−1 +2 (kent ricxvTa

mimdevroba), maSin
∑n
i=1 ai = a1 + a2 + · · ·+ an (pirveli n kenti ricxvis jami) gamoiTvleba formuliT:

n∑
i=1

ai = n2.

savarjiSo 2.6: mocemulia rekursiuli formula: Sn = Sn−1 + 1, S1 = 1.. gaxseniT rekursia (CawereT Sn
ararekursiuli saxiT ise, rogorc es navebis algoriTmis bijebis raodenobis gamoTvlisas gavakeTeT).

savarjiSo 2.7: mocemulia rekursiuli formula: Kn = Kn−1 + n, K1 = 1. gaxseniT rekursia.

savarjiSo 2.8: mocemulia rekursiuli formula: Ln = 2 · Ln−1 + 1, L1 = 1. gaxseniT rekursia.

2.2 hanois koSkebis amocana

1883 wels frangma maTematikosma eduard lukasma dasva Semdegi amocana:

mocemulia: sami Zeli A, B, C . A Zelze Camocmulia sxvadasxva zomis n rgoli ise, rom did rgols

ufro patara adevs -- Seqmnilia piramida (nax. 12 (a)).

nax. 12: hanois koSkebis amocanis sawyisi da saboloo mdgomareobebi

Sedegi: A Zelze agebuli piramida C Zelze (nax. 12 (b)).

SezRudva: TiTo jerze erTi Zelidan meoreze unda gadavitanoT erTi da mxolod erTi rgoli, rome-
lic yvelaze maRla devs. amave dros ar SeiZleba patara zomis rgolze didi zomis rgolis dadeba.

davuSvaT, mocemulia erT rgoliani piramida. cxadia, rom misi erTi Zelidan meoreze gadasatanad
sakmarisia erTi moqmedeba. Tu es erTi rgoli A Zelidan C Zelze gadagvaqvs, am proceduras vuwodebT

AA,C1 .
imisaTvis, rom or rgoliani piramida A Zelidan C Zelze gadavitanoT, saWiroa Semdegi moqmedebebis

Catareba:
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nax. 13: dasaSvebi (a) da akrZaluli (b) svlebi

1. A Zelidan zeda rgoli gadaitane B Zelze (Caatare AA,B1 , nax. 14 (b) );

2. A Zelidan zeda rgoli gadaitane C Zelze (Caatare AA,C1 , nax. 14 (g) );

3. B Zelidan zeda rgoli gadaitane C Zelze (Caatare AB,C1 , nax. 14 (d) ).

nax. 14: or rgoliani piramidis gadatanisaTvis saWiro operaciebi

or rgoliani piramidis A Zelidan C Zelze gadatanis algoriTmi (anu zemoT moyvanili sam bijiani

procesi) aRvniSnoT rogorc AA,C2 .
zogadad, n rgolis erTi Zelidan meoreze gadatanis algoriTmi Semdegnairad SeiZleba aRiniSnos:

AX1,X2
n . aq n ∈ N, X1, X2 ∈ {A,B,C} da X1 6= X2. amrigad, AC,A13 niSnavs algoriTms, romelic C Zelze

awyobil 13 rgolian piramidas A Zelze gadaitans, xolo AB,A108 ki im algoriTms, romelic B Zelze
awyobil 108 rgolian piramidas A Zelze gadaitans.
Tu viciT, rogor gadavitanoT or rgoliani piramida erTi Zelidan meoreze, advilad SevadgenT al-

goriTms AA,C3 :
sam rgoliani piramida ganvixiloT, rogorc qveda did rgolze dadgmuli or rgoliani piramida (nax.

17 (a) ).

amrigad, AA,B2 algoriTmiT SeiZleba zeda or rgoliani piramidis gadatana B Zelze (nax. 17 (b) ),

Semdeg AA,C1 algoriTmiT qveda rgoli gadagvaqvs A Zelidan C Zelze (nax. 17 (g) ) da bolos iseve AB,C2

algoriTmiT or rgoliani piramida gadagvaqvs B Zelidan C Zelze (nax. 17 (d) ).
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nax. 15: sam rgoliani piramidis gadatanisaTvis saWiro operaciebi

es algoriTmi rekursiulad Semdegnairad SeiZleba Caiweros: AA,B3 = [AA,B2 , AA,C1 , AB,C2 ] (jer Seasrule

AA,B2 , Semdeg AA,C1 da amis Semdeg AB,C2 .

aRsaniSnavia, rom AA,B2 da AB,C2 TviTon ramodenime bijisagan Sedgeba: AA,B2 = [AA,C1 , AA,B1 , AC,B2 ] da

AB,C2 = [AB,A1 , AB,C1 , AA,C2 ].

savarjiSo 2.9: rekursiulad CawereT AB,C3 , AC,A3 , AA,B3 , AB,A3 da AC,B3 (ix. zemoT moyvanili analogiuri

Canaweri AA,C3 ).

Tu viciT, rogor gadavitanoT 3 rgoliani piramida erTi Zelidan meoreze, rekursiulad SeiZleba

AX1,X2
4 algoriTmis dadgena. mag., AA,C4 = [AA,B3 , AA,C1 , AB,C3 ].

savarjiSo 2.10: rekursiulad CawereT AB,C4 , AC,A4 , AA,B4 , AB,A4 da AC,B4 (ix. zemoT moyvanili analogiuri

Canaweri AA,C3 ).

Tu viciT, rogoria n rgoliani piramidis erTi Zelidan meoreze gadatanis algoriTmi AX1,X2
n , advi-

lad SevadgenT n+1 rgoliani algoriTmis gadatanis algoriTmsAX1,X2
n+1 (Sesabamisi moqmedebebi naCvenebia

nax. 16 -Si):

AX1,X2
n+1 = [AX1,X3

n , AX1,X2
1 , AX3,X2

n ], X1 6= X2 6= X3, X1, X2, X3 ∈ {A,B,C}.

rogorc yvela wina magaliTSi, aqac n cali rgolis gadatana erTdrouladaa naCvenebi imis da miuxe-
davad, rom AX1,X2

n ramodenime bijisagan Sedgeba.

savarjiSo 2.11: ras aRniSnavs Semdegi Canawerebi: AB,C7 , AC,B12 , AB,C4 ?

advili Sesamowmebelia, rom AX1,X2
1 algoriTmis Sesrulebisas amocanis piroba ar irRveva. Tu gan-

vixilavT AA,C2 algoriTmis rekursiul Canawers, davinaxavT, rom pirvel rigSi unda SevasruloT al-

goriTmi AA,B1 . advili sanaxavia, rom am algoriTmis Sesrulebisasac piroba ar irRveva. Semdeg unda

SevasruloT AA,C1 . radgan C Zelze rgoli ar devs, masze A Zelidan rgolis gadatana SesaZlebelia

(piroba ar dairRveva) da C Zelze yvelaze didi rgoli ideba. bolos unda CavataroT AB,C1 . es SesaZle-
belia, radgan C Zelze yvelaze didi rgoli devs.
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nax. 16: n+ 1 rgoliani piramidis gadatanisaTvis saWiro operaciebi

analogiuri msjelobiT SeiZleba davamtkicoT, rom Tu AA,C3 algoriTms CavwerT ise, rogorc zemoT
ganvixileT da mas Tanmimdevrulad SevasrulebT, amocanis piroba ar irRveva: pirvel rigSi unda Ses-

ruldes AA,B2 (nax. 17 (a) ). es SesaZlebelia, radgan B da C Zelebi carielia da A Zelze qvemoT yvelaze
didi rgoli devs, romelzec pirobis Tanaxmad sxva nebismieri rgolis dadeba SeiZleba. ase rom, am
operaciebis Sesrulebis dros amocanis piroba ar dairRveva. Sedegad miviRebT A Zelze erT yvelaze

did rgols da B Zelze ki or rgolian piramidas (nax. 17 (b) ). Semdeg unda CavataroT AA,C1 . esec ar
arRvevs amocanis pirobas, radgan am momentisaTvis C Zeli carielia. Sedegad miviRebT C Zelze erT
yvelaze did rgols da B Zelze ki or rgolian piramidas, xolo A Zeli ki carieli iqneba (nax. 17 (g) ).

bolos unda SevasruloT AB,C2 . esec SesaZlebelia, radgan A Zeli carielia da C Zelze yvelaze didi
rgoli devs, romelzedac yvela danarCeni rgolis dadeba SeiZleba. am operaciebis Catarebis Sedegad
amocanis saboloo Sedegs miviRebT (nax. 17 (d) ).

nax. 17: sam rgoliani piramidis gadatanisaTvis saWiro operaciebi

savarjiSo 2.12: davuSvaT, mocemulia Semdegi Canaweri: AA,C3 = [AA,B1 , AA,C2 , AB,C1 ]. sityvierad axseniT, ra
operaciebi unda Sesruldes am Canaweris Sesabamisad. irRveva Tu ara am algoriTmis Sesrulebisas
hanois koSkebis amocanis piroba?
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savarjiSo 2.13: maTematikur induqciaze dayrdnobiT daamtkiceT AA,Cn+1 = [AA,Bn , AA,C1 , AB,Cn ] algoriTmis
siswore.

savarjiSo 2.14: zemoT moyvanil msjelobaSi, AA,C3 algoriTmis sisworis mtkicebisas, ramodenimejer
aRvniSneT, rom erTi Zeli carielia (C an A). ra saWiroa es SeniSvna sisworis mtkicebisas?

imisaTvis, rom davadginoT, Tu ramden bijs andomebs algoriTmi An, ganvixiloT misi rekursiuli

Canaweri: AA,Cn = [AA,Bn−1, A
A,C
1 , AB,Cn−1].

raime K algoriTmis bijebis raodenoba Semdegnairad aRiwereba: T (K). amrigad, T (AA,Cn ) AA,Cn ) algo-
riTmis bijebis raodenobaa.

savarjiSo 2.15: ras aRniSnavs T (AA,Cn+3)), T (AC,B3 )), T (AA,C7 ))?

savarjiSo 2.16: risi tolia T (AA,C1 ) da T (AA,C2 )?

savarjiSo 2.17: daamtkiceT, rom T (AA,C1 ) = T (AB,C1 ) da zogadad: T (AX1,X2
n ) = T (AY1,Y2

n ) ∀X1, X2, Y1, Y2 ∈
{A,B,C} da X1 6= X2, Y1 6= Y2 (ar aqvs mniSvneloba, romeli Zelidan romelze gadavawyobT piramidas -
bijebis raodenoba ucvlelia).

radgan AA,Cn = [AA,Bn−1, A
A,C
1 , AB,Cn−1], jer unda Sesruldes AA,Bn−1, Semdeg A

A,C
1 da bolos AB,Cn−1. aqedan gamom-

dinare,

T (AA,Cn ) = T (AA,Bn−1) + T (AA,C1 ) + T (AB,Cn−1) = 2 · T (AA,Bn−1) + 3

(ix. wina savarjiSoebi).

savarjiSo 2.18: maTematikuri induqciis gamoyenebiT daamtkiceT:

T (AA,Cn ) = 2n − 1.

2.3 Zveli berZnuli amocanebi

antikur saberZneTSi dasves e.w. YfargliTa da saxazaviT agebisA geometriuli amocanebi. aRsaniSnavia,
rom ramodenime amocana 2000 welze met xans amouxsneli rCeboda, sanam XIX saukuneSi maTematikurad
ar damtkicda, rom maTi algoriTmuli gadaWra SeuZlebelia. es, albaT, yvelaze Zveli amocanebia,
romelTac algoriTmuli amoxsna ar aqvT.

mocemulia: fargali, saxazavi da ori wertili sibrtyeze; raime geometriuli figura;

raime namdvili ricxvi ξ.

SezRudva: saxazaviT SeiZleba mocemul or wertilze A da B wrfis gavleba. Tu mocemulia nebismieri

ori wertili A, B da nebismieri mesame wertili O, fargliT SeiZleba O wertilidan |A,B| sigrZis
radiusis mqone wrewiris Semovleba (nax. 18).

nax. 18: saxazaviT (marcxniv), fargliT (SuaSi) da wertilebze agebuli figurebi

Tu mocemulia ukve agebul wertilTa raime simravle S = {A1, A2, ..., An}, am simravlis ramodenime
wertilze gavlebul Sekrul texils fargliTa da saxazaviT agebuli figura ewodeba.

axali An+1 wertili iTvleba fargliTa da saxazaviT agebuld, Tu:
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• ∃ Ai, Aj , Ak, Al ∈ S da An+1 aris Ai, Aj wertilebze gavlebuli wrfisa da Ak, Al wertilebze gavle-
buli wrfis gadakveTis wertili (nax. 19 marcxniv);

• ∃ Ai, Aj , Ak, Al, O ∈ S da An+1 aris Ai, Aj wertilebze gavlebuli wrfisa da O wertilze |Ak, Al|
sigrZis radiusis mqone wrewiris gadakveTis wertili (nax. 19 SuaSi);

• ∃ Ai, Aj , Ak, Al, O1, O2 ∈ S da An+1 aris O1 wertilze |Ak, Al| sigrZis radiusis mqone wrewirisa da O2

wertilze |Ai, Aj | sigrZis radiusis mqone wrewiris gadakveTis wertili (nax. 19 marjvniv).

SeniSvna: Ai, Aj , Ak, Al, O1, O2 ∈ S wertilTa Soris ramodenime SeiZleba erTmaneTs emTxveodes.

nax. 19: fargliTa da saxazaviT axali wertilebis agebis SesaZleblobebi

raime geometriuli figura iTvleba agebulad, Tu fargliTa da saxazaviT zemoT aRwerili wesebis
dacviT aigeba iseTi simravle S , rom masSi moiZebnos iseTi wertilebi, romelTa texilebiT SeerTeba
am saZiebel figuras mogvcems.

raime ricxvi ξ iTvleba agebulad, Tu fargliTa da saxazaviT zemoT aRwerili wesebis dacviT aigeba
iseTi simravle S , rom masSi moiZebnos ori wertili, romelTa Soris manZilia ξ.

Sedegi: mocemuli geometriuli figurisTvisa an ricxvisTvis daadgineT, SeiZleba Tu ara maTi far-
gliTa da saxazaviT ageba.

dasawyisisaTvis mocemulia ori wertili A da B, romelTa Soris manZili erTis toladaa miCneuli:
|A,B| = 1. sxva sityvebiT rom vTqvaT, agebulia ricxvi 1. imisaTvis, rom avagoT ricxvi 2 (anu farglisa da
saxazavis meSveobiT avagoT iseTi wertilebi, romelTa Soris manZili oris tolia), Semdegi algoriTmi
unda gamoviyenoT:

mocemulia: ori wertili A da B.

1. A da B wertilebze gaavle wrfe;

2. fargliT Semoxaze wrewiri centriT B wertilSi da radiusiT 1;

es wrewiri AB wrfes gadakveTs or wertilSi: D ( wertilidan marcxniv) da axal C wertilSi, B
wertilidan marjvniv.

3. pasuxad gamoitane ori wertili: A da C .

nax. 20: |A,B|+ 1 sigrZis monakveTis ageba
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es algoriTmi aRvniSnoT rogorc N . Tu misi monacemebia A da B wertilebi, N(A,B) = (A,C). advili
saCvenebelia, rom |A,C| = |A,B|+ 1.
ese igi, Tu mocemulia ori wertili A da B, romelTa Soris manZilia 1, SeiZleba n ∈ N ricxvis ageba

Semdegi rekursiuli algoriTmiT:

• P1 = (A,B);

• Pn = N(Pn−1).

savarjiSo 2.19: gamoiTvaleT T (Pn). CaTvaleT, rom or wertilze wrfis gavlebis, mocemul or wertils
Soris manZilis fargliT moniSvnisa da mocemul wertilze raime radiusiT wrewiris gavlebis bijebis
raodenoba erTis tolia.

savarjiSo 2.20: mocemulia oTxi wertili A,B,C,D. ra algoriTmiT SeiZleba |A,B| + |C,D| sigrZis
monakveTis ageba? gamoiTvaleT am algoriTmis bijebis raodenoba da daamtkiceT misi siswore.

savarjiSo 2.21: mocemulia ori certili A,B, sadac |A,B| > 1. SeadgineT algoriTmi, romelic |A,B|− 1
sigrZis monakveTs aagebs. gamoiTvaleT am algoriTmis bijebis raodenoba da daamtkiceT misi siswore.

Tu mocemulia ori wertili A da B, advilad SeiZleba [A,B] monakveTis Sua perpendikularuli wrfis
ageba, anu iseTi ori wertilis ageba, romlebze gamavali wrfec am monakveTis perpendikularulia da mis
Sua wertilze gadis (cxadia, rom igive algoriTmiT SeiZleba amave monakveTis Sua wertilis dadgena):

mocemulia: ori wertili A da B (nax. 21 (a) ).

• A wertilze Semoavle |A,B| radiusis wrewiri;

• B wertilze Semoavle |A,B| radiusis wrewiri (nax. 21 (b) )

Sedegi: am ori wrewiris gadakveTis wertilebi C da D.

• SeaerTe C da D wertilebi wrfiT (nax. 21 (g) ).

Sedegi: am wrfisa da A,B monakveTis gadakveTis wertili K .

• gamoitane pasuxi: ori wertili C da K (nax. 21 (d) ).

cxadia, rom C da K wertilebze gavlebuli wrfe [A,B] monakveTis Sua perpendikularulia.

nax. 21: [A,B] monakveTis Sua perpendikularulis ageba
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es algoriTmi aRvniSnoT rogorc P (A,B). amrigad, P (A,B) = (C,K), sadac K [A,B] monakveTis Sua
wertilia.

Tu mocemulia ori wertili A da B da erTi wertili C , romelis ar emTxveva A wertils, maSin Sei-
Zleba C wertilidan (A,B) wrfeze perpendikularuli wrfis daSveba, anu iseTiD wertilis ageba (A,B)
wrfeze, rom (C,D) wrfe (A,B) wrfis perpendikularuli iyos:

mocemulia: ori wertili A da B da erTi wertili C , romelic ar devs (A,B) wrfeze (nax. 22 (a) ).

• C wertilze Semoavle |A,C| radiusis wrewiri (nax. 22 (b) );

Sedegi: am wrewirisa da (A,B) wrfis gadakveTis meore wertili L.

• Caatare algoriTmi P (A,L).

Sedegi: ori wertili K da T , romelTagan T devs (A,B) wrfeze (nax. 22 (g) ).

• gamoitane pasuxi: ori wertili C da T (nax. 22 (d) ).

nax. 22: wertilidan wrfeze perpendikularulis daSvebis procesi

savarjiSo 2.22: zemoT moyvanil algoriTmSi A da L wertilebze unda CavataroT P (A,L) algoriTmi.
dawvrilebiT aRwereT naxazebiT es procesi, romlis Sedegadac miiReba K da T wertilebi.

savarjiSo 2.23: ra moxdeba, Tu C wertilSi |A,C| radiusiT gavlebuli wrewiri (A,B) wrfes mxolod
erT wertilSi gadakveTs da meore L wertili ar miiReba?

savarjiSo 2.24: zemoT moyvanil algoriTmSi, P (A,L) algoriTmis Sesrulebis Semdeg, ratom miiReba
ori damatebiTi wertili K da T ?

savarjiSo 2.25: daamtkiceT, rom (C, T ) wrfe (A,B) wrfis perpendikularulia.

savarjiSo 2.26: mocemulia erT wrfeze myofi sami wertili A, B da maT Soris mdebare C . ra algoriTmiT

SeiZleba C wertilidan (A,B) wrfis perpendikularuli wrfis ageba?
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savarjiSo 2.27: mocemulia ori wertili A da B da erTi wertili C , romelic ar devs (A,B) wrfeze.

ra algoriTmiT SeiZleba C wertilidan (A,B) wrfis paraleluri wrfis ageba (anu iseTi D wertilis
ageba, rom (C,D) wrfe (A,B) wrfis paraleluri iyos)?

Tu agebulia ori ricxvi a1, a2 ∈ N, anu A1, A2, A3, A4 iseTi, rom |A1, A2| = a1 da |A3, A4| = a2, maSin
SeiZleba iseTi ori B1, B2 wertilis ageba fargliTa da saxazaviT, rom |B1, B2| = a1 · a2:

mocemulia: oTxi wertili A1, A2, A3, A4, sadac |A1, A2| = a1 da |A3, A4| = a2.

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe (nax. 23 (a) ) ;

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1 (nax. 23 (b) ).

• igive wrfeze A1 wertilidan gadazome |A3, A4| sigrZis monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili F , sadac |A1, F | = |A3, A4| (nax. 23
(b) ).

• E da A2 wertilebze gaavle wrfe;

• F wertilidan gaavle |E,A2| wrfis paraleluri wrfe;

Sedegi: am wrfisa da (A1, A2) wrfis gadakveTis wertili K (nax. 23 (g) ).

• gamoitane pasuxi: ori wertili A1 da K (nax. 23 (d) ).

nax. 23: |A1, A2| · |A1, F | sigrZis monakveTis agebis procesi

savarjiSo 2.28: samkuTxedebis msgavsebiT daamtkiceT, rom |A1,K| = a1 · a2.

savarjiSo 2.29: daamtkiceT, rom Tu a2 < 1, algoriTmi mainc sworad muSaobs.

analogiurad SeiZleba a1
a2

sigrZis monakveTis ageba, Tu mocemulia oTxi wertili A1, A2, A3, A4, sadac
|A1, A2| = a1 da |A3, A4| = a2.
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mocemulia: oTxi wertili A1, A2, A3, A4, sadac |A1, A2| = a1 da |A3, A4| = a2.

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe (nax. 24 (a) );

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1 (nax. 24 (b) ) .

• igive wrfeze A1 wertilidan gadazome |A3, A4| sigrZis monakveTi;

Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili F , sadac |A1, F | = |A3, A4| (nax. 24
(b) ).

• F da A2 wertilebze gaavle wrfe;

• E wertilidan gaavle |F,A2| wrfis paraleluri wrfe;

Sedegi: am wrfisa da (A1, A2) wrfis gadakveTis wertili K (nax. 24 (g) ).

• gamoitane pasuxi: ori wertili A1 da K (nax. 24 (d) ).

nax. 24: |A1,A2|
|A1,F | sigrZis monakveTis agebis procesi

savarjiSo 2.30: samkuTxedebis msgavsebiT daamtkiceT, rom |A1,K| = a1
a2
.

amrigad Cven gvaqvs nebismieri racionaluri ricxvis agebis meTodi, anu fargliTa da saxazaviT
mTlianad SeiZleba aigos nebismieri racionalur ricxvi a ∈ Q.

bunebrivia Semdegi SekiTxva: SeiZleba Tu ara iracionaluri ricxvebis ageba fargliTa da saxazaviT?

pirveli aseTi ricxvi aris
√

2, romelic piTagoras Teoremaze dayrdnobiT aigeba:

mocemulia: ori wertili A1, A2.

• A1 wertilze gaavle (A1, A2) wrfis perpendikularuli wrfe;

• am wrfeze A1 wertilidan gadazome erTis toli monakveTi;
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Sedegi: (A1, A2) wrfis perpendikularul wrfeze mdebare wertili E, sadac |A1, E| = 1.

• gamoitane pasuxi: ori wertili A1 da E.

savarjiSo 2.31: daxazeT zemoT moyvanili algoriTmis diagramebi ise, rogorc es wina algoriTmebisTvis
iyo naCvenebi.

savarjiSo 2.32: daamtkiceT, rom |A1, E| =
√

2, Tu |A1, A2| = 1.

am algoriTms vuwodoT S. ese igi, Tu mocemulia ori wertili A,B ise, rom |A,B| = a, S(A,B) = (A,C),
sadac |A,C| =

√
a+ 1.

aqedan gamomdinareobs, rom Semdegi rekursiuli algoriTmi H(n) or wertils gvaZlevs, romelTa
Soris manZilia

√
n:

algoriTmi H(n):

• Tu n = 1, gamoitane ori wertili A,B, sadac |A,B| = 1 da algoriTmi daamTavre;

• Tu n > 1:

gauSvi algoriTmi H(n− 1);

savarjiSo 2.33: maTematikuri induqciiT daamtkiceT H(n) algoriTmis siswore.

savarjiSo 2.34: risi tolia T (H(n))?

savarjiSo 2.35: zemoT moyvanili algoriTmebis safuZvelze SeadgineT algoriTmi, romelic fesvs nebis-
mieri racionaluri ricxvidan gamoiangariSebs.

axla ki ganvixiloT Semdegi algoriTmi:

mocemulia: ori wertili A1, A2, sadac |A1, A2| = ξ (nax. 25 (a) ).

• A1 wertilis marcxniv (A1, A2) wrfeze gadazome erTis toli monakveTi da miRebuli wertili iyos
B (|B,A1| = 1) (nax. 25 (b) );

• Semoavle wrewiri diametriT [B,A2] (nax. 25 (g) );

• A1 wertilidan aRmarTe (A1, A2) wrfis perpendikularuli wrfe (nax. 25 (d) );

Sedegi: am wrfisa da wrewiris gadakveTis wertili P (nax. 25 (d) ).

• gamoitane pasuxi: ori wertili A1 da P .

nax. 25:
√
|A1, A2| sigrZis monakveTis agebis procesi
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savarjiSo 2.36: samkuTxedebis msgavsebiT daamtkiceT, rom |A1, P | =
√
|A1, A2| =

√
ξ.

savarjiSo 2.37: mocemulia ori wertili A da B. ra algoriTmiT SeiZleba wrewiris Semovleba, romlis

diametria [A,B]?

savarjiSo 2.38: mocemulia sami wertili O, A da B. O wertilidan gamodis ori sxivi [O,A[ da [O,B[, ro-
melic O wertilSi qmnis kuTxes α. dawereT algoriTmi, romelic O, A da B monacemze pasuxad mogvcems
sam wertils O, A da C ise, rom ∠ AOC = α

2 .

antikuri amocanebi:

• wris kvadratura: mocemulia O wertili da mis garSemo Semovlebuli wrewiri radiusiT 1. am wris
farTobia π. SeiZleba Tu ara igive farTobis kvadratis ageba mxolod farglisa da saxazavis
gamoyenebiT?

• mesame xarisxis fesvi: mocemulia ori wertili, romelTa Soris manZilia a. SeiZleba Tu ara mx-
olod fargliTa da saxazaviT iseTi ori wertilis ageba, romelTa Soris manZilia 3

√
a ?

• sammagi biseqtrisa: mocemulia sami wertili O, A da B. O wertilidan gamodis ori sxivi [O,A[
da [O,B[, romelic O wertilSi qmnis kuTxes α. SeiZleba Tu ara mxolod farglisa da saxazavis
gamoyenebiT avagoT iseTi wertili C , rom ∠ AOC = α

3 ?

• wesieri mravalkuTxedebi: ramdenkuTxa wesieri mravalkuTxedis ageba SeiZleba mxolod farglisa
da saxazavis gamoyenebiT? (amozneqil mravalkuTxeds ewodeba wesieri, Tu misi yvela gverdi erT-
maneTis tolia.)

rogorc aRmoCnda, pirveli sami amocana amouxsnadia: ar arsebobs iseTi algoriTmi, romelic mxolod
farglisa da saxazavis meSveobiT aagebs or wertils, romelTa Soris manZilia π; an iseTi algoriTmi,
romelic nebismieri a ricxvidan mesame xarisxis fesvs amoiRebs an iseTi algoriTmi, romelic nebis-
mier kuTxes samad gayofs (ise, rogorc is algoriTmi, romelic nebismieri ricxvidan kvadratul fesvs
amoiRebs an nebismier kuTxes orad gahyofs).

amis damtkicebis idea Semdegia:

axali wertilis ageba SeiZleba mxolod rogorc ukve agebul wertilebze gavlebuli ori wrfis,
ori wrewirisa an erTi wrewirisa da erTi wrfis gadakveTis wertilisa. Tu avagebT ori geometriuli
figuris gadakveTis wertils, maSin misi daSoreba koordinatTa saTavidan gamoiTvleba Semdegi poli-
nomiuri gantolebis amonaxsniT: a2n

x +a2n−1x
2n−1 + · · ·+a1x+a0 = 0, sadac n raRaca naturaluri ricxvia.

radgan 3
√
a ar aris aseTi saxis polinomis (anu oris xarisxis rigis polinomis) amonaxsni, amitom am

ricxvis fargliTa da saxazaviT ageba SeuZlebelia.
rogorc XIX saukuneSi germanelma maTematikosma lindemanma daamtkica, π transcendentuli ricxvia,

anu igi ar aris aranairi polinomiuri gantolebis amonaxsni da miT umetes ver iqneba oris xarisxis
rigis gantolebis amonaxsni, riTac mtkicdeba, rom fargliTa da saxazaviT π ricxvis ageba SeuZlebe-
lia.

magram arsebobs formula, romelic gveubneba, Tu ramden kuTxa wesieri mravalkuTxedis ageba Sei-
Zleba mxolod farglisa da saxazavis gamoyenebiT: n kuTxa wesieri mravalkuTxedis ageba SeiZleba
maSin da mxolod maSin, Tu ∃m, q1, ..., ql ∈ N0 ise, rom n = 2m · (22q1 + 1) · (22q2 + 1) · · · (22ql + 1).
am formulidan gamomdinare SeiZleba wesieri xuTkuTxedis, cxrametkuTxedisa da 65537 kuTxedis

ageba, magram ar SeiZleba wesieri 7-kuTxedis ageba.

savarjiSo 2.39: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri eqvskuTxedis ageba.

savarjiSo 2.40: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri rvakuTxedis ageba.

savarjiSo 2.41: SeadgineT algoriTmi, romlis meSveobiTac SeiZleba wesieri xuTkuTxedis ageba.
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SeniSvna: zemoT moyvanili amocanebisaTvis ar arsebobs algoriTmi, romelic mxolod fargliTa da
saxazaviT agvagebinebda saWiro wertilebsa da figurebs. es ki imas ar niSnavs, rom ar arsebobs sxva
raime meTodi (Tu ar SevizRudebiT mxolod fargliTa da saxazaviT), riTac am amocanebs gadavWriT.

Ria amocana: wesieri mravalkuTxedis zemoT moyvanil formulaSi 22q

+ 1 e.w. fermas martivi ricxvia.
did xans egonaT, rom es formula mxolod martiv ricxvebs iZleoda, magram aRmoCnda, rom es ase araa.
ufro metic: es formula ZiriTadad Sedgenil ricxvebs iZleva. magram mniSvnelovania Semdegi sakiTxi:
sasrulia Tu ara fermas martiv ricxvTa simravle? an, sxva sityvebiT rom vTqvaT, Segvxvdeba Tu ara
mimdevrobaSi (22q

+ 1)∞q=0 usasrulod bevri martivi ricxvi? am SekiTxvaze pasuxi jer-jerobiT ucnobia.
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3 anbani da ena

ganvixiloT qarTuli sityvebi YanbaniA da YenaA. es qarTuli enis sityvebia, romelTac enaSi raRaca
mniSvneloba (semantika) aqvs. sxva saqmea YghWpyA - es qarTuli enis sityva araa, Tumca qarTuli anbaniT
ki aris Cawerili. amiTi gansxvavdeba erTmaneTisagan Yenis sityvaA da Yenis anbaniT Cawerili sityvaA.
Yenis anbaniT Cawerili sityvaA am enis anbanis asoebis mimdevrobaa, romelsac raRaca semantikuri

datvirTva (anu azri) SeiZleba hqondes, an ar hqondes. raime anbaniT Cawerili sityva SeiZleba iyos
sasruli, an usasrulo. rogorc wesi, Cvens yoveldRiurobaSi mxolod sasruli sityvebi gvxvdeba.
sasruli sityva sasruli zomisaa, rac masSi Semavali asoebis raodenobiT ganisazRvreba.
magaliTad, | anbani | = 6 da | ena | = 3. Tu mocemulia raRaca sityva w = w1w2...wn, misi sigrZe (anu asoe-

bis raodenoba) Semdegnairad aRiniSneba: |w| = n. w(i) am sityvis i-uri asoa. ase, magaliTad, YanbaniA(4) =
YaA da YeleqtrofikaciaA(7) = YoA.
Tu mocemulia ori sityva w1 da w2, maSin w1 ◦ w2 = w1w2 (es ori sityva erTi meores miyolebiT).

magaliTad, YfexA◦YburTiA=YfexburTiA. Tu raRaca sityva w = u ◦ v, maSin amboben, rom u sityva w sityvis
prefiqsia, xolo v sityva w sityvis sufiqsia: u ≺ w da v � w. w sityvis n asoiani prefiqsi aRiniSneba
rogorc w[n], xolo misi m asoiani sufiqsi ki aRiniSneba rogorc w{m} (ar agerioT w(n) -Si!!!).

savarjiSo 3.1: ras niSnavs Semdegi Canawerebi: |w|, w[|w|], w(|w|), w[|w| − 1], w[0], w{|w|}, w{|w|}, w{|w| − 1},
w{0} ?

savarjiSo 3.2: ras niSnavs Semdegi Canawerebi: |w|, w[|w|], w(|w|), w[|w| − 2], w[0], w{|w|}, w{|w|}, w{|w| − 3},
w{0}, Tu w =YeleqtrofikaciaA ?

savarjiSo 3.3: mocemulia raRaca anbani A da ori sityva w1 ∈ Am da w2 ∈ An. risi tolia |w1 ◦ w2| ?

Tu Q = {a, b, g, d, ... , j, h} qarTuli anbania, maSin Qn yvela im sityvis simravlea, romelic qarTul
anbanzea Sedgenili da romelTa asoebis raodenobaa (anu sigrZea) n: Qn = {w | w(i) ∈ Q, (1 ≤ i ≤ n), |w| =
n}. Q∗ yvela im sasruli sityvis simravlea, romelic Q anbanis asoebiTaa Sedgenili:

Q∗ =
∞⋃
i=1

Qi = Q1 ∪Q2 ∪ · · · ∪Qn ∪ · · · .

sasruli da usasrulo sigrZis sityvebis garda arsebobs kidev e.w. Ycarieli sityvaA ε, anu iseTi
sityva, romelic arc erTi asosagan ar Sedgeba (carielia). cxadia, rom |ε| = 0, ε ≺ w da w ◦ ε = ε ◦ w = w
nebismieri w sityvisaTvis.

yvelaferi zemoT Tqmuli SegviZlia CamovayaliboT erT ganmartebaSi:

ganmarteba 3.1: nebismieri sasruli simravle A SegviZlia ganvixiloT, rogorc anbani. am anbanze Seqm-

nili sityvaa am anbanis elementebis (anu asoebis) mimdevroba. Tu w raime A anbanze Seqmnili sityvaa, |w|
am sityvaSi Semavali asoebis raodenobaa. Tu |w| = 0, aseT sityvas carieli ewodeba da mas aRniSnaven
simboloTi ε. Tu |w| = ∞, aseT sityvas ewodeba usasrulo. Tu mocemulia ori sityva w da v, maSin
w ◦ v = wv am ori sityvis Serwymaa. amboben, rom u sityva w sityvis prefiqsia (u ≺ w), Tu ∃v sityva iseTi,
rom w = u ◦ v. analogiurad, u sityva w sityvis sufiqsia, (u � w), Tu ∃v sityva iseTi, rom w = v ◦ u. Tu
w raime sityvaa, maSin w(n) misi me-n-e asoa, w[n| misi n asosagan Semdgari prefiqsi, xolo wn ki - misi n
asosagan Semdgari sufiqsi.
Tu mocemulia A anbani, maSin An = {w | |w| = n} da A∗ = {w | |w| <∞}

savarjiSo 3.4: mocemulia ori sityva w1 ∈ A∗ da w2 ∈ B∗, sadac A da B raRaca anbanebia. ra anbanis
sityvaa w1 ◦ w2 ?

savarjiSo 3.5: mocemulia sityvebi w1 = 00134, w2 = 65430, w3 = 001, w4 = 346. WeSmaritia Tu ara Semdegi

gamonaTqvami: w3 ◦ w4 = w1 ◦ w4[6]? pasuxi daamtkiceT.

amboben, rom w ∈ A∗ sityva v ∈ A∗ sityvas Seicavs, Tu ∃w1, w2 ∈ A∗ da w = w1 ◦ v ◦w2 (w1 an w2 carielic
SeiZleba iyos). am SemTxvevaSi ityvian, rom v sityva w sityvis qvesityvaa. magaliTad, Tu gvaqvs sityva
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YmodifikaciaA, maSin misi qvesityvebia YdifikaA, YkaciA, YmodiA, YkaciaA. amas garda, YmodiA misi prefiqsia,
xolo YkaciaA ki - sufiqsi. magram YmodikaciaA misi qvesityva araa, Tumca Sedgeba ori qvesityvisagan.

savarjiSo 3.6: WeSmaritia Tu ara Semdegi gamonaTqvamebi: w ∈ A|w|, w ∈ A|w|−1, w[k] ∈ Ak Tu w sityva A
anbanzea Sedgenili da k ∈ N ? pasuxebi daamtkiceT.

analogiurad sityvebi SeiZleba SevadginoT nebismier sxva anbanze, anu sasrul simravleze. magali-
Tad, Tu mocemulia aTobiTi anbani A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, masSi SeiZleba yvela naturaluri ricxvi
Caiweros. aseT Canawers Yricxvis aTobiTi CanaweriA ewodeba, radgan mis gamosaxatavad (Casawerad) mx-
olod es 10 aso, anu cifri gamoiyeneba.
rogorc aRmoCnda, SeiZleba usasrulod bevri anbanis Seqmna. Tu M1 da M2 sxvadasxva anbanebia, ar-

sebobs bieqtiuri asaxva f : M∗1 → M∗2 , rac imas niSnavs, rom anbanis SerCevas mniSvneloba ar aqvs: rac
erTi anbaniT Caiwereba, igive sxva nebismieri anbaniTac SeiZleba Caiweros.

magaliTad, qarTuli anbanis sityvebi aTobiTi anbaniT Semdegnairad SeiZleba Caiweros:

pirvel rigSi qarTuli anbanis TiTo aso aTobiTi anbanis sityvebad unda CavweroT:

a → 00 b → 01 g → 02 d → 03 e → 04 v → 05 z → 06 T → 07 i → 08 k → 09
l → 10 m → 11 n → 12 o → 13 p → 14 J → 15 r → 16 s → 17 t → 18 u → 19
f → 20 q → 21 R → 22 y → 23 S → 24 c → 25 C → 26 Z → 27 w → 28 W → 29
x → 30 j → 31 h → 32

Semdeg qarTuli anbaniT Cawerili yoveli sityvis aso Sesabamisi oreuliT unda SevcvaloT. magali-
Tad, YkonspeqtiA Semdegnairad Caiwereba: Y091312171404211808A.

savarjiSo 3.7: rogor Caiwereba am meTodebiT sityva YeleqtrofikaciaA ? romeli qarTuli sityvaa Ca-
werili sityviT Y02001113250300A ?

Tu cnobilia, romel asos romeli cifrebis wyvili (oreuli) Seesabameba, advili gamosaangariSe-
belia qarTuli sityva. magram Tu aTobiTSi Cawerili es sityva vinmes Cauvarda xelSi, vinc ar icis,
Tu romel ricxvs romeli aso Seesabameba, qarTuli sityvis aRdgena gaZneldeba. Zalian Zneli iqneba
sawyisi sityvis aRdgena, Tu Cven asoebs or niSna ricxvebs SevusabamebT ise, rogorc amas Cven movin-
domebT, magaliTad:

a → 39 b → 27 g → 99 d → 03 e → 38 v → 21 z → 76 T → 78 i → 87 k → 90
l → 10 m → 11 n → 13 o → 31 p → 37 J → 65 r → 16 s → 17 t → 18 u → 19
f → 47 q → 51 R → 66 y → 08 S → 24 c → 25 C → 26 Z → 00 w → 01 W → 09
x → 81 j → 06 h → 32

Tu cnobilia, romel asos ra oreuli Seesabameba (magaliTad ise, rogorc zeda cxrilSia moyvanili),
SegviZlia raRaca f : Q → A × A funqciis Sedgena (aq Q qarTuli anbania da A = {0, 1, 2, ..., 9}). Tu es
funqcia Sedgenilia zeda cxrilis saSualebiT, maSin f(a) = 39, f(b) = 27, f(l) = 10, f(S) = 24 da a.S.
raRaca sityva w ∈ Qn ki Semdegi rekursiuli algoriTmiT SeiZleba CavweroT aTobiTi anbanis gamo-

yenebiT:

algoriTmi P (w)

monacemi: w ∈ Q|w|.

• Tu w = ε, algoriTmi daasrule;

• pasuxad gamoitane sityva YP (w[|w| − 1]) ◦ f(w(|w|))A

(aq f funqcia zemoT moyvanili cxriliTaa gansazRvruli).

am algoriTmSi ori siaxlea Semotanili:

1. es algoriTmi ufro formaluradaa Cawerili, vidre aqamde moyvanil yvela magaliTSi: Canaweri
YalgoriTmi P (w)A niSnavs, rom am algoriTms saxelad ewodeba P , xolo monacemad (an, samecniero
terminologia rom vixmaroT, argumentad) mocemuli aqvs sityva w.
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2. imis magivrad, rom sityvierad vweroT: YCaatare igive operaciebi w[|w| − 1] monacemisaTvis, Cven
vwerT P (w[|w|−1]) (radgan am algoriTms ewodeba P , amitom P (w[|w|−1]) niSnavs: Caatare algoriTmi
P monacemiT w[|w| − 1].

savarjiSo 3.8: dawvrilebiT aRwereT P (YxeliA) algoriTmis msvleloba (ras akeTebs yovel bijSi).

Tu qarTul sityvebs bolos moyvanili cxrilis mixedviT CavwerT aTobiT anbanSi, maSin sawyisi
teqstis aRdgena sakmaod gaZneldeba, Tu asoebsa da cifrTa oreulebs Soris Sesabamisobebi cnobili
ar aris.

savarjiSo 3.9: romeli qarTuli sityvaa kodirebuli zemoT moyvanili cxrilis mixedviT aTobiT an-
banze Sedgenil sityvaSi Y99001131250300A ? rogor SeiZleba CavweroT sityva YwyaliA ?

savarjiSo 3.10: mocemulia qarTuli anbani Q da aTobiTi anbani A. Tu w ∈ Qn da v ∈ A∗ w sityvis
Sesabamisi Canaweria aTobiT anbanSi

aRsaniSnavia, rom arsebobs meTodebi, romelTa saSualebiTac SeiZleba zeda cxrilis mixedviT kodi-
rebuli teqstis gaxsna imis da miuxedavad, Tu cxrili cnobili ar aris: Tu viciT, rom kodirebulia
qarTuli teqsti, movZebniT im oreuls, romelic yvelaze xSirad gvxvdeba. radgan qarTul enaSi yve-
laze xSiria aso YeA, amitom savaraudoa, rom is oreulic YeA asos Sesabamisi iqneba. Semdeg daviTvliT
im oTxeulebis raodenobas, romelic YeA asos Sesabamisi oreuliT iwyeba. qarTul enaSi gamokvleulia,
Tu romeli aso gvxvdeba yvelaze xSirad YeA asos Semdeg. analogiurad da ramodenime eqsperimentis
Catarebis Sedegad teqstis gaSifvra SesaZlebelia.

monacemTa andagvari kodirebiTa da gaxsniT dakavebulia informatikisa da maTematikis erT-erTi
ganxra - kriptografia.

Tu mocemulia raime anbani M , maSin L ⊂M∗ am anbanze Sedgenili ena ewodeba.

anbansa da enas centraluri roli eniWeba informatikaSi, radgan damtkicda, rom nebismieri amocana
SeiZleba raRaca enaSi Caiweros da misi amoxsnis Zieba am enaSi garkveuli sityvebis Ziebis tolfasia.

informatikaSi Zalian mniSvnelovania e.w. YorobiTi anbaniA B = {0, 1}. nebismieri informacia SeiZleba
Caiweros am anbanis sityvebiT, anu orobiT kodSi.
magaliTad, Tu mocemulia raime naturaluri ricxvi n ∈ N, misi Cawera orobiT kodSi Semdegi algo-

riTmiT SeiZleba:

mocemulia: n ∈ N.

• Tu n = 0, algoriTmi daasrule.

• amobeWde n
2 gayofisas miRebuli naSTi

(Tu n kentia, amobeWde Y1A) ;

(Tu n luwia, amobeWde Y0A);

• es procedura gaimeore bn2 c monacemisaTvis .

magaliTad, Tu n = 5, algoriTmi Semdegnairad imuSavebs:

mocemulia: n = 5.

• Tu n = 0, algoriTmi daasrule - (am SemTxvevaSi es ar sruldeba)

• Tu n kentia, amobeWde Y1A - (am SemTxvevaSi es sruldeba: 5 kentia) ;

amobeWdili ricxvi: "1"

• Tu n luwia, amobeWde Y0A - (am SemTxvevaSi es ar sruldeba) ;
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• es procedura gaimeore b 52c = 2 monacemisaTvis :

mocemulia: n = 2.

• Tu n = 1, amobeWde Y1A da algoriTmi daasrule - (am SemTxvevaSi es ar sruldeba)

• Tu n kentia, amobeWde Y1A - (am SemTxvevaSi es ar sruldeba: 2 luwia) ;

amobeWdili ricxvi: "01"

• Tu n luwia, amobeWde Y0A - (am SemTxvevaSi es sruldeba: 2 luwia) ;

• es procedura gaimeore b 22c = 1 monacemisaTvis :

mocemulia: n = 1.

• Tu n = 0, algoriTmi daasrule - (am SemTxvevaSi es ar sruldeba)

• Tu n kentia, amobeWde Y1A - (am SemTxvevaSi es sruldeba: 1 kentia) ;

amobeWdili ricxvi: "101"

• es procedura gaimeore b 12c = 0 monacemisaTvis :

mocemulia: n = 1.

• Tu n = 0, algoriTmi daasrule - (am SemTxvevaSi es sruldeba).

algoriTmi dasrulda.

savarjiSo 3.11: gadaiyvaneT orobiT kodSi Semdegi ricxvebi: 13, 127, 17, 8, 16, 0.

analogiurad SeiZleba nebismieri ricxvis nebismieri anbaniT Cawera. Tu mocemulia k asoiani anbani,
maSin ityvian, rom misi sityvebi Cawerilia k baziT:

mocemulia: n ∈ N (Casaweri ricxvi) da k ∈ N (baza).

• Tu n = 0, algoriTmi daasrule.

• amobeWde n
k gayofisas miRebuli naSTi

• es procedura gaimeore bnk c monacemisaTvis .

savarjiSo 3.12: wina savarjiSoSi moyvanili ricxvebi CawereT rvaobiT, TeqvsmetobiT da orobiT kodebSi.

savarjiSo 3.13: dawereT algoriTmi, romelic orobiT kodSi Caweril ricxvs aTobiT kodSi gadaiyvans.

3.1 momgebiani strategia TamaSebSi
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3.1.1 TamaSi asanTebiT:

mocemulia asanTebis sami grova. pirvel grovaSia x1 asanTi, meoreSi x2 da mesameSi x3.
ori moTamaSe rig-rigobiT iRebs ramodenime asanTs erTi da mxolod erTi grovidan. mogebulia is

moTamaSe, romelic bolos aiRebs asanTs da mowinaaRmdeges araferi aRar darCeba.

magaliTad, pirvel grovaSia 3 asanTi, meoreSi 9 da mesameSi 6.

mocemulia: x1 = 3, x2 = 9, x3 = 6.

• pirveli moTamaSe iRebs 3 asanTs meore konidan: x2 = x2 − 3. darCeba: x1 = 3, x2 = 9− 3 = 6, x3 = 6.

• meore moTamSe iseve meore konidan iRebs 2 asanTs: x2 = x2 − 2. darCeba: x1 = 3, x2 = 6− 2 = 4, x3 = 6.

• pirveli moTamaSe iRebs 1 asanTs mesame konidan: x3 = x3 − 1. darCeba: x1 = 3, x2 = 4, x3 = 6− 1 = 5.

• meore moTamSe pirveli konidan iRebs 3 asanTs: x1 = x1 − 3. darCeba: x1 = 3− 3 = 0, x2 = 4, x3 = 5.

• pirveli moTamaSe iRebs 1 asanTs mesame konidan: x3 = x3 − 1. darCeba: x1 = 0, x2 = 4, x3 = 5− 1 = 4.

• meore moTamSe meore konidan iRebs 3 asanTs: x2 = x2 − 3. darCeba: x1 = 0, x2 = 4− 3 = 1, x3 = 4.

• pirveli moTamaSe iRebs 3 asanTs mesame konidan: x3 = x3 − 3. darCeba: x1 = 0, x2 = 1, x3 = 4− 3 = 1.

• meore moTamSe meore konidan iRebs 1 asanTs: x2 = x2 − 1. darCeba: x1 = 0, x2 = 1− 1 = 0, x3 = 1.

• pirveli moTamaSe iRebs 1 asanTs mesame konidan: x3 = x3 − 1. darCeba: x1 = 0, x2 = 0, x3 = 1− 1 = 0.

pirvelma moTamaSem moigo, radgan mowinaaRmdeges svla aRar darCa.

am TamaSSi momgebiani strategia arsebobs, anu iseTi algoriTmi, romliTac erT-erTi moTamaSe yovelTvis
moigebs.
TiTo konaSi asanTebis raodenoba x1, x2 da x3 orobiT kodSi CavweroT: x1 = a1a2...an, x2 = b1b2...bn,

x3 = c1c2...cn. Cvens magaliTSi miviRebT:
x1 = 0011, x2 = 1001, x3 = 0101.
SeniSvna: x2 oTxi asosgan (bitisgan) Sedgeba, x1 da x3 ricxvebis Casawerad ki sakmarisia 2 da Sesabamisad

3 biti, magram Cven samive ricxvs erTsa da imave sigrZis sityvebad vwerT: Tu raime orobiTi ricxvi mok-
lea, marcxena mxares nulebis damatebiT maTi mniSvneloba ar icvleba.

samive ricxvs vwerT erTmaneTis qvemoT da TiToeul svetSi erTianebis raodenobas viTvliT:

a1 a2 ... an
b1 b2 ... bn
c1 c2 ... cn

Tu yvela svetSi erTianebis raodenoba luwia, maSin pirveli svla mowinaaRmdeges unda davuTmoT.
am SemTxvevaSi, Tu mowinaaRmdege erTi konidan ramodenime asanTs aiRebs, erTianebis raodenobe erT
svetSi mainc kenti iqneba.
Tu erT-erT svetSi mainc erTianebis raodenoba kentia, Cven erT-erTi konidan imdeni asanTi unda

aviRoT, rom erTianebis raodenoba yvela svetSi luwi gaxdes.
Cvens magaliTSi:

0 0 1 1
1 0 0 1
0 1 0 1

radgan erTi sveti mainc arsebobs iseTi, sadac erTianebis raodenoba kentia, pirveli svla Cveni unda
iyos.
Tu meore konaSi (striqonSi) davtovebT ricxvs 0110, maSin yvela svetSi erTianebis raodenoba luwi

gaxdeba. amitom meore konaSi unda davtovoT 6 asanTi (anu unda aviRoT 3).
dagvrCeba:
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0 0 1 1
0 1 1 0
0 1 0 1

ramdeni asanTic ar unda aiRos mowinaaRmdegem, aucileblad aRmoCndeba iseTi sveti, sadac erTianebis
raodenoba kentia. vTqvaT, pirveli konidan moakles 2 da dagvrCa:

0 0 0 1
0 1 1 0
0 1 0 1

erTianebis raodenoba marjvnidan meore svetSia kenti. amrigad, Tu meore konaSi davtovebT oTx as-
anTs, dagvrCeba:

0 0 0 1
0 1 0 0
0 1 0 1

mowinaaRmdegis mier ramodenime asanTis aReba isev igive efeqts gamoiwvevs: erT-erT svetSi mainc
gaCndeba kenti raodenobis erTiani. vTqvaT, man aiRo meore konidan yvela asanTi:

0 0 0 1
0 0 0 0
0 1 0 1

Tu Cven mesame konaSi davtovebT erT asanTs, erTianebis raodenoba kvlav yvelgan galuwdeba:

0 0 0 1
0 0 0 0
0 0 0 1

mowinaaRmdege iZulebulia, erT-erTi konidan darCenili erTi asanTi aiRos:

0 0 0 1
0 0 0 0
0 0 0 0

bolo svliT Cven vigebT.

amrigad, garkveul viTarebebSi sasurvelia monacemTa orobiT kodSi Cawera da Semdeg orobiT anbanze
Sedgenili sityvebiT strategiis SemuSaveba.

savarjiSo 3.14: dawereT algoriTmi, romelic am TamaSSi momgebiani strategiiT imoqmedebs, anu mo-
cemuli sami ricxvisaTvis gansazRvravs, TviTon daiwyos Tu ara da Semdeg yovelTvis moigebs.

3.2 momgebiani strategia kazinoSi:

virCevT romelime fers (magaliTad, Savs) da yovel jerze vdebT raRaca Tanxas. Tu es feri movida,
vigebT dadebuli Tanxis ormag raodenobas. Tu Cveni feri ar movida, dadebuli Tanxa ikargeba. imisaTvis,
rom am TamaSisaTvis SevimuSavoT momgebiani strategia, unda gaviTvaliswinoT ramodenime zogadi wesi:

1. pirvel jerze Cvens ferze vdebT a1 odenobis Tanxas. jamSi daxarjuli Tanxaa a1.

2. Tu Cveni feri movida, viRebT mogebul Tanxas 2a1 da yvelafers viwyebT Tavidan.

3. Tu Cveni feri ar movida, meore jerze vdebT a2 odenobis Tanxas. jamSi Cadebuli Tanxa iqneba a1+a2.

4. Tu Cveni feri movida, viRebT mogebul Tanxas 2a2 da yvelafers viwyebT Tavidan.
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5. Tu Cveni feri ar movida, mesame jerze vdebT a3 odenobis Tanxas. jamSi Cadebuli Tanxa iqneba
a1 + a2 + a3.

da ase vagrZelebT manam, sanam ar mova Cveni feri:

6. me-n-e jerze vdebT an odenobis Tanxas. jamSi Cadebuli Tanxa iqneba a1 +a2 + · · ·+an−1 +an. Tu Cveni
feri movida, mogebuli Tanxa iqneba 2an.

7. radgan aqamde Cadebuli Tanxa iyo a1 + a2 + · · · + an−1 + an, sul mogebuli gveqneba 2an − (a1 + a2 +
· · ·+ an−1 + an) = an − (a1 + a2 + · · ·+ an−1) odenobis Tanxa.

Tu 2an − (a1 + a2 + · · · + an−1 + an) = an − (a1 + a2 + · · · + an−1) < 0, maSin daxarjuli Tanxa mogebulze
meti iqneba, anu TamaSs wavagebT. Cveni amocanaa a1, a2, ..., an, ... mimdevroba ise SevarCioT, rom an − (a1 +
a2 + · · ·+ an−1) > 0.
erTi SesaZleblobaa ai = 2i. am SemTxvevaSi an = 2n da (a1 + a2 + · · ·+ an−1) = 2n − 1. aqedan gamomdinare,

an − (a1 + a2 + · · · + an−1) = 2n − (2n − 1) = 1. ese igi, am strategiiT (yovel jerze dadebuli Tanxis
gaormagebiT) 1 erTeuls movigebT.
Tu (ai)∞i=1 mimdevrobas ise SevarCevT, rom an − (a1 + a2 + · · · + an−1) = n, maSin Cveni feris mosvlaze

vigebT imden Tanxas, ramdenjerac mogviwi Tanxis dadeba.
axla gamoviangariSoT, Tu ra unda iyos (ai)∞i=1 mimdevroba. a1 = 1. an mocemulia rekursiuli for-

muliT: an − (a1 + a2 + · · ·+ an−1) = n.

savarjiSo 3.15: maTematikuri induqciiT daamtkiceT, rom an = 2n − 1 da an = 2 · an−1 + 1.

amrigad, am TamaSis momgebiani strategia Semdegia:

• arCeul ferze dade 2·[wina jerze dadebuli Tanxa] +1 Tanxa

• Tu es feri movida, aiRe mogebuli Tanxa da TamaSi Sewyvite.

• Tu Cveni feri ar movida, algoriTmi Tavidan gaimeore.

savarjiSo 3.16: daamtkiceT am strategiis siswore.
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4 mimarTebebi da dalageba

ganvixiloT saqarTvelos moqalaqeTa simravle A = {w |w saqarTvelos moqalaqea}. ra Tqma unda, am
simravleSi iseTi adamianebis qvesimravleebi iqneba, romlebic erTmaneTTan megobroben. Tu a, b ∈ A da a
megobrobs b-Tan, maSin b megobrobs a-Tan. imis aRsaniSnavad, rom a da b megobroben, SegviZlia davweroT:
(a, b). Tu CamovwerT yvela aseTi megobrebis wyvilebs, miviRebT raRaca simravles R = {(a, b) | a, b ∈ A, a
da b erTmaneTTan megobroben}. advili SesamCnevia, rom (a, b) ∈ R⇔ (b, a) ∈ R.
axla ki ganvixiloT igive simravle A da masze gansazRvruli R1 = {(a, b) | a, b ∈ A, a aris b-s winapari}.

cxadia, rom Tu (a, b) ∈ R1 ⇒ (b, a) /∈ R1.

Tu mocemulia nebismieri ori simravle A da B, maSin A×B = {(a, b) | a ∈ A, b ∈ B} A da B simravleebis
Ydekartuli namravliA ewodeba.

magaliTad, Tu A = {1, 2, 3, 4} da B = {a, b, c}, maSin

A×B = {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c), (3, a), (3, b), (3, c), (4, a), (4, b), (4, c)}.

aRsaniSnavia, rom aq mniSvneloba aqvs elementebis Tanmimdevrobas: pirvel adgilzea A simravlis
elementi, xolo meoreze ki - B simravlisa.

cxadia, rom A×A simravlec A simravlis Tavis TavTan dekartuli namravlia.

magaliTad, TuA = {a1, a2, a3}, A×A = {(a1, a1), (a1, a2), (a1, a3), (a2, a1), (a2, a2), (a2, a3), (a3, a1), (a3, a2), (a3, a3)}.

savarjiSo 4.1: ganvixiloT Semdegi amocana: mocemulia n ∈ N. SeadgineT A×A, sadac A = {a1, a2, ..., an}.
ra aris am amocanis monacemi? ra unda iyos misi Sedegi? dawereT algoriTmi, romelic am amocanas

gadaWris.

Tu mocemulia raime simravle A, maSin R ⊂ A×A masze gansazRvruli mimarTeba ewodeba.
magaliTad, zemoT gansazRvruli R (megobrobis aRmniSvneli) da R1 (winaprebis aRmniSvneli) sim-

ravleebi Sesabamisi A simravlis sxvadasxva damokidebulebebis ganmsazRvrelia.

or sxvadasxva simravleze gansazRvruli mimarTebis magaliTiad SegviZlia moviyvanoT saqarTvelos
regionebisa da qalaqebis simravleebi:
A = {qarTli, kaxeTi, raWa, imereTi, samegrelo} da B = {ozurgeTi, oni, foTi, agara, zugdidi, vani,

Telavi, gurjaani, quTaisi}.
miarTeba, romelic TiToeul regions masSi arsebul qalaqs daukavSirebs, iqneba:

R2 = { (qarTli, agara), (kaxeTi, Telavi), (kaxeTi, gurjaani), (raWa, oni), (imereTi, vani),
(imereTi, quTaisi), (samegrelo, foTi), (samegrelo, zugdidi) }.

amrigad, gvaqvs Semdegi gansazRvreba:

nebismieri A da B simravlisaTvis R ⊂ A × B am simravleze gansazRvruli mimarTebaa (araa gamo-
ricxuli, rom A = B).

• Tu ∀a1, a2 ∈ R, (a1, a2) ∈ R an (a2, a1) ∈ R, maSin R mimarTebas sruli ewodeba;

• Tu ∀a ∈ A, (a, a) ∈ R ⊂ A×A, maSin R mimarTebas refleqsuri ewodeba;

• Tu (a1, a2) ∈ R⇔ (a2, a1) ∈ R, maSin R mimarTebas simetriuli ewodeba;

• Tu (a1, a2) ∈ R⇒ (a2, a1) /∈ R, maSin R mimarTebas antisimetriuli ewodeba;

• Tu ∀a1, a2, a3 ∈ R, ( (a1, a2) ∈ R, (a2, a3) ∈ R )⇒ (a1, a3) ∈ R, maSin R mimarTebas transituli ewodeba.

magaliTad, zemoT gansazRvruli R (megobrobis aRmniSvneli) mimarTeba simetriulia, magram ar aris
sruli, radgan SeiZleba moiZebnos ori iseTi adamiani a, b ∈ A, romelic erTmaneTTan ar megobrobs da
amitom (a, b) /∈ R.
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meore mimarTeba R1 (winaprebis ganmsazRvreli) tranzitulia: Tu a-s winaparia b ((a, b) ∈ R1) da b-s
winaparia c ((b, c) ∈ R1), a-s winaparia c anu (a, c) ∈ R1.
mesame mimarTeba R2 antisimetriuli da arasrulia: R2 ar Seicavs arc erT wyvils, romelSic Sedis

ozurgeTi.

savarjiSo 4.2: daamtkiceT, rom mimarTeba R3 ⊂ N× N, R3 = {(a, b)|a ≤ b} refleqsuri da srulia.

savarjiSo 4.3: dawereT, risi tolia Semdegi simravleebi:

(a) {1} × {1, 2} × {1, 2, 3};

(b) ∅ × {1, 2, 3};

(g) 2{1,2}, rac aris {1, 2} simravlis yvela SesaZlo qvesimravlis simravle;

(d) 2{1,2} × {1, 2}.

TvalsaCinoebisaTvis patara simravleebze mimarTebebi grafikulad SeiZleba gamovsaxoT: Tu A sim-
ravleze gansazRvrulia raime mimarTeba R da (a, b) ∈ R, maSin a da b elementebi gamoisaxeba rgolebad,
xolo (a, b) ∈ R ki a elementidan b elementSi mimarTuli isriT (nax. 26 (a)). Tu (b, b) ∈ R, es grafikulad
b elementis Sesabamisi rgolidan gamomavali da igive rgolSi Semavali isriT gamoixateba (nax. 26 (b)).
Tu A = {a, b, c, d, e}, maSin R = {(a, a), (a, b), (b, b), (b, a)(c, a), (c, d), (d, e), (e, b), (e, c), (e, d)} ise SeiZleba war-

movadginoT, rogorc nax. 26 (g)) -Si.

nax. 26: mimarTebaTa grafikuli warmodgena

refleqsur, simetriul da tranzitul mimarTebas Ytolobis mimarTebaA an Yeqvivalenturobis mimar-
TebaA ewodeba.
magaliTad, Tu mocemulia msoflios xalxTa simravle A, maSin R′ = {(a, b)|a da b erTi erovnebis arian}

eqvivalenturobis mimarTebaa, radgan igi refleqsuri, simetriuli da tranzitulia.

savarjiSo 4.4: daamtkiceT, rom zemoT moyvanili mimarTeba R′ marTlac refleqsuri, simetriuli da
tranzitulia.

eqvivalenturobis mimarTeba simravles e.w. Yeqvivalenturobis klasebadA hyofs, anu iseT qvesim-
ravleebad, sadac erTmaneTis eqvivalenturi (anu garkveuli TvalsazrisiT msgavsi) elementebi Sedis.
sxva sityvebiT rom vTqvaT, Tu raime A 6= ∅ simravleze gansazRvrulia eqvivalenturobis mimarTeba
R, igi gansazRvravs A simravlis iseT qvesimravleebs B ⊂ A, rom B = {a, b ∈ A | (a, b) ∈ R} (am qvesim-
ravleebSi mxolod iseTi elementebi Sedis, romlebic R mimarTebis gansazRvrebiT erTmaneTis Yeqviva-
lenturiaA).

magaliTad, Tu mocemulia mimarTeba R = {(a, b)| a da b orive luwia an a da b orive kentia}, igi natura-
lur ricxvTa N simravleSi or qvesimravles gamohyofs - luw da kent ricxvTa qvesimravleebs (klasebs):
N1 = {ai|(ak, al) ∈ R da orive luwia}, N2 = {ai|(ak, al) ∈ R da orive kentia}
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Tu mocemulia A = {0, 1, 2, 3, 4, 5, 6, 7}, maSin mimarTeba R = {(a, b) ∈ A × A | a da b orive luwia an a da b
orive kentia} grafikulad Semdegnairad SeiZleba gamoisaxos:

nax. 27: simravlis or damoukidebel klasad dayofis magaliTi

advili dasanaxia, rom R mimarTeba A simravleSi or damoukidebel klass (qvesimravles) gamohyofs.

aRsaniSnavia, rom es erTmaneTis eqvivalenturi anu toli elementebi mocemuli mimarTebiTaa gan-
sazRvruli. sxva mimarTebas SeiZleba sxva eqvivalenturi elementebi gamoeyo. amis magaliTia igive A
simravleze gansazRvruli R′ = {(a, b) | a da b orive iyofa 3-ze an a da b orive ar iyofa 3-ze}.

savarjiSo 4.5: grafikulad gamoxateT bolos mocemuli mimarTeba R′ ise, rogorc es wina magaliTSi
moxda.

raime A simravlis eqvivalenturobis klasebi Semdegnairad aRiniSneba: [a] = {b | (a, b) ∈ R}, sadac R
aris A simravlis eqvivalenturobis mimarTeba.
magaliTad, Tu A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} da R′ = {(a, b) | a da b orive iyofa 3-ze an a da b orive ar iyofa

3-ze}, [6] = {0, 3, 6, 9} da [2] = {1, 2, 4, 5, 7, 8}.

savarjiSo 4.6: moiyvaneT naturalur ricxvTa simravleze gansazRvruli eqvivalenturobis mimarTebis

magaliTi, romelic sam qvesimravles gamohyofs. TiToeul aseT klasSi erTmaneTis eqvivalenturi el-
ementebia.

savarjiSo 4.7: mocemulia A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} da masze gansazRvruli eqvivalenturobis mimarTeba

R = {(a, b) | (a, b) ∈ R, Tu:
a da b orive iyofa 2-ze, magram ar iyofa 3-ze da ar iyofa 5-ze da ar iyofa 7-ze;
an
a da b orive iyofa 3-ze, magram ar iyofa 2-ze da ar iyofa 5-ze da ar iyofa 7-ze;
an
a da b orive iyofa 5-ze, magram ar iyofa 2-ze da ar iyofa 3-ze da ar iyofa 7-ze;
an
a da b orive iyofa 7-ze, magram ar iyofa 2-ze da ar iyofa 3-ze da ar iyofa 5-ze
}

amowereT am mimarTebis yvela elementi da Semdeg warmoargineT igi grafikulad.

axla ki ganvixiloT ori naturaluri ricxvi, romelic aTobiT anbanSia Cawerili: 307 da 509. Cven
viciT, rom 307 < 509. am ori ricxvis aseTi mimarTeba sadRac unda iyos gansazRvruli (analogiurad
Cven SegveZlo gangvesazRvra 509 < 307. Cven viciT, rom 0 < 1 < 2 < 3 < 4 < 5 < 6 < 7 < 8 < 9. magram am
cifrebis aseTi mimarTeba cxadi araa, esec viRacis mieraa dadgenili da Sendeg sayovelTaod miRebuli.
amrigad, gvaqvs Semdegi mimarTeba A = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} simravleze:
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R = {
(0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 9)
(1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (1, 7), (1, 8), (1, 9)
(2, 3), (2, 4), (2, 5), (2, 6), (2, 7), (2, 8), (2, 9)
(3, 4), (3, 5), (3, 6), (3, 7), (3, 8), (3, 9)
(4, 5), (4, 6), (4, 7), (4, 8), (4, 9)
(5, 6), (5, 7), (5, 8), (5, 9)
(6, 7), (6, 8), (6, 9)
(7, 8), (7, 9)
(8, 9)

}

es mimarTeba e.w. YdalagebasA gansazRvravs, anu gvaZlevs imis wess, Tu rogor SeiZleba davalagoT
simravlis elementebi zrdadobis mixedviT.

ganmarteba 4.1: srul, antisimetriul da tranzitul mimarTebas dalageba ewodeba. arasrul, anti-
simetriul da tranzitul mimarTebas nawilobrivi dalageba ewodeba.

savarjiSo 4.8: daamtkiceT, rom bolos moyvanili mimarTeba R dalagebaa.

savarjiSo 4.9: moiyvaneT zemoT gansazRvrul A simravleze nawilobrivi dalagebis magaliTi.

Tu (a, b) ∈ R da R dalagebaa, maSin vwerT: a < b.

Tu gvaqvs mocemuli dalageba zemoT moyvanil anbanze A, advilad SeiZleba A∗ simravlis sityvebis
dalagebac Semdegi algoriTmiT:

algoriTmi C(w, v)

mocemulia: w = (wn, wn−1, ..., w1), v = (vn, vn−1, ..., v1) ∈ A∗

• Tu |w| < |v|, maSin (w, v) ∈ R (an, rac igivea, w < v) da algoriTmi daasrule.

• Tu |v| < |w|, maSin (v, w) ∈ R (an, rac igivea, v < w) da algoriTmi daasrule.

• Tu |w| = |v| = 0, maSin w = v da algoriTmi daasrule.

• Tu w(|w|) < v(|v|), maSin (w, v) ∈ R (an, rac igivea, w < v) da algoriTmi daasrule.

• Tu w(|v|) < v(|w|), maSin (v, w) ∈ R (an, rac igivea, v < w) da algoriTmi daasrule.

• Tu w(|w|) = v(|v|), maSin Caatare C(w{|w| − 1}, v{|v| − 1}) (igive algoriTmi w da v sityvebis sufiqse-
bisaTvis).

savarjiSo 4.10: sityvierad axseniT, Tu ras niSnavs zeda algoriTmSi moyvanili maTematikuri Canawerebi

YTu w(|w|) < v(|v|), maSin...A da YC(w{|w| − 1}, v{|v| − 1})A.

savarjiSo 4.11: daamtkiceT am algoriTmis siswore. gamoiTvaleT misi bijebis raodenoba, Tu |w| = |v|
da Semdeg Tu |w| 6= |v|.

savarjiSo 4.12: dawereT, Tu risi tolia zemoT moyvanil A simravleze gansazRvruli dalagebis sim-
ravle, romlis mixedviTac 1 ≤ 3 ≤ 2 ≤ 5 ≤ 8 ≤ 4 ≤ 0 ≤ 9 ≤ 7 ≤ 6.

savarjiSo 4.13: moiyvaneT A simravleze gansazRvruli ori sxvadasxva nawilobrivi dalagebis maga-

liTi. aris Tu ara R = ∅ am simravlis nawilobrivi dalageba?

savarjiSo 4.14: daamtkiceT, rom Tu R1 da R2 raRaca simravleze gansazRvruli nawilobrivi dalagebe-
bia, maSin R1 ∩R2 igive simravleze gansazRvruli nawilobrivi dalagebaa.
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savarjiSo 4.15: mocemulia nebismieri simravle S, romelic Tavis mxriv raRaca simravleebisagan Sedgeba.

daamtkiceT, rom RS = {(A,B) |A,B ∈ S,A ⊆ B} nawilobrivi dalagebaa.

savarjiSo 4.16: davuSvaT, S = 2{1,2,3}, rac aris {1, 2, 3} simravlis yvela SesaZlo qvesimravlis simravle.
amowereT am simravlis yvela elementi da diagramis saxiT gamosaxeT wina savarjiSoSi gansazRvruli
mimarTeba RS , romelic am simravlezea gansazRvruli. calke amowereT S simravlis minimaluri ele-
mentebi, anu iseTi elementebi ai, romelTaTvisac (ai, b) ∈ RS , ∀b ∈ S.

savarjiSo 4.17: rogor ganisazRvreba nebismieri A simravlis raRaca R dalagebis Sedegad miRebuli

maqsimaluri elementebi?

dalageba da nawilobrivi dalageba centralur rols TamaSobs informatikaSi, radgan amocanaTa
udidesi nawili monacemTa raRaca wesis mixedviT dalagebis Sedegad sakmaod martivdeba.

amis magaliTia qarTul anbanze Q Semotanili dalageba a < b < g < d < · · · < j < h. Tu Cven amis sa-
fuZvelze qarTul sityvebsac davalagebT (anu SemovitanT dalagebis wess Q∗ simravleze), qarTul
leqsikonSi raime mocemuli w sityvis moZebna gaadvildeba: leqsikons gadavSliT SuaSi da amovikiTx-
avT pirvelive sityvas v. Tu w = v, sityva moZebnilia. Tu Cveni saZebni sityva am sityvis winaa (anu
w < v), maSin igive operacias gavimeorebT leqsikonis pirvel naxevarSi (Tu v < w, viRebT meore nawils):
gadavSliT am nawilis SuaSi da analogiur proceduras gavimeorebT.

savarjiSo 4.18: dawereT algoriTmi, romelic qarTul anbanze gansazRvruli ori sityvisaTvis w da v
gansazRvravs, w = v Tu w < v Tu v < w.
SeniSvna: es algoriTmi aTobiTSi Cawerili ricxvebis Sedarebis algoriTmis msgavsia.

savarjiSo 4.19: daamtkiceT wina savarjiSoSi moyvanili algoriTmis siswore da gamoiTvaleT misi bi-

jebis raodenoba, Tu |w| = n da |v| = m.

zogadad, Tu mocemulia raime A anbani da S = {u1, u2, ..., un ∈ A∗} sityvaTa simravle, mocemuli w
sityvis moZebna am simravleSi SeiZleba Semdegi algoriTmiT:

algoriTmi L(S,w)

mocemulia: S = {u1, u2, ..., un ∈ A∗} sityvaTa simravle da raRaca sityva w.

Sedegi: vipovnoT iseTi ui ∈ S, rom ui = w.

• Tu S = ∅, maSin dabeWde: Ysityva simravleSi ar moiZebnaA da algoriTmi daasrule.

• Tu ub |S|
2 c

= w, maSin dabeWde: Yi-uri elementia wA da algoriTmi daasrule.

• ub |S|
2 c

< w, maSin Caatare L({ub |S|
2 c+1

, ..., un}, w).

• ub |S|
2 c

> w, maSin Caatare L({ub |S|
2 c
, ..., un}, w).

savarjiSo 4.20: induqciis gamoyenebiT daamtkiceT am algoriTmis siswore. gamoiTvaleT misi bijebis

raodenoba, Tu |S| = n.

axla ki ganvixiloT nax. 28 (a) -Si moyvanili mimarTeba. advili saCvenebelia, rom igi arc refleqsuri
da arc tranzitulia.

savarjiSo 4.21: aCveneT, rom nax. 28 (a) -Si moyvanili mimarTeba arc refleqsuri da arc tranzitulia.

am mimarTebis simravlisaTvis ramodenime axali wyvilis (an grafikulad isris) CamatebiT SeiZleba
miviRoT tranzituli mimarTeba (nax. 28 (b). damatebiT yvela a elementisaTvis (a, a) wyvilis damatebiT
ki es mimarTeba refleqsuric xdeba (nax. 28 (g)).
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nax. 28: mimarTebis refleqsuri da tranzituli Caketva

analogiuri procedura - damatebiTi wyvilebiT gafarToveba ise, rom nebismieri mimarTeba tranzi-
tuli da refleqsuri gaxdes, SeiZleba nebismier mimarTebaze CavataroT. miRebul mimarTebas sawyisi
mimarTebis refleqsuri da tranzituli Caketva ewodeba.

ganmarteba 4.2: nebismieri R mimarTebis tranzituli da refleqsuri Caketva R∗ ewodeba iseT refleqsur
da tranzitul mimarTebas, romlisTvisac R ⊂ R∗ da R∗ simravlis elementebis raodenoba minimaluria
im simravleebis elementebis raodenobaTa Soris, romlebic R mimarTebas qvesimravled Seicaven, anu
R∗ simravle R simravlidan rac SeiZleba cota wyvilis damatebiT unda miiRebodes.

savarjiSo 4.22: dawereT algoriTmi, romelic nebismieri A sasruli simravlis raime R mimarTebisaTvis

mis refleqsur da tranzitul Caketvas gamoiangariSebs (anu Seadgens Sesabamis simravles). daamtkiceT
misi siswore da gamoiangariSeT bijebis raodenoba, Tu |A| = n.
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5 algoriTmebis siswrafis Sefaseba

5.1 funqciaTa zrdis rigi

ganvixiloT ori funqcia: f1(n) = n2 da f2(n) = 100·n, n > 0. cxadia, rom f2(n) > f1(n), Tu 0 < n < 100. magram
Tu n > 100, maSin f1(n) > f2(n). ese igi, dawyebuli raRaca adgilidan, f1(n) > f2(n) (nax. 29 marcxniv). aseT
SemTxvevebSi - rodesac dawyebuli raRaca adgilidan erTi funqciis mniSvneloba yovelTvis aWarbebs
meore funqciis Sesabamis mniSvnelobas - amboben, rom f1 funqcia ufro swrafad izrdeba, vidre f2.
magaliTad, f1(n) = n ufro swrafad izrdeba, vidre f2(n) = log n (aq da SemdgomSi log n = log n, lnn = loge n
da lg n = log10 n).

SeniSvna: aq da SemdgomSi ganxiluli funqciebi dadebiTia.

nax. 29: ori funqciis grafiki

savarjiSo 5.1: f1(n) da f2(n) funqciebs Soris romeli izrdeba ufro swrafad? (pasuxi daamtkiceT)

1. f1(n) = 10 · n2, Tu f2(n) = 15 · n2; 2. f1(n) = 0.1 · n2, Tu f2(n) = n; 3. f1(n) = 106 · log n, Tu f2(n) = n; 4.
f1(n) = 10 · log n2, Tu f2(n) = 20 · log n; 5. f1(n) = 2n, Tu f2(n) = 1510 · n7.

savarjiSo 5.2: daamtkiceT, rom f1(n) funqcia ufro swrafad izrdeba, vidre f2(n), Tu:

1. f1(n) = n2, f2(n) = 15 ·n · log n; 2. f1(n) = n3, f2(n) = 1983 ·n; 3. f1(n) = log n, f2(n) = 10 log log n; 4. f1(n) = log n2,
f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log7 n.

gamonaTqvami Ydawyebuli raRaca adgilidan f1 funqciis mniSvneloba yovelTvis aWarbebs f2 funqciis
Sesabamis mniSvnelobasA maTematikurad Semdegnairad Caiwereba: ∃n0 ∈ N, ∀n > n0, f1(n) > f2(n).

Tu mocemulia ori funqcia f1(n), f2(n) da ∃c ∈ N iseTi, rom dawyebuli raRaca adgilidan f1(n) < c·f2(n),
maSin amboben, rom f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis asimptoturi
zrdis rigs.

am SemTxvevaSi agreTve amboben, rom f1 funqciis zrdis rigi zemodanaa SemosazRvruli f2 funqciis
zrdis rigiT, anu f2 funqciis zrdis rigi f1 funqciis zrdis rigis zeda zRvaria.

magaliTad, Tu f1(n) = 10 · n da f2(n) = n, f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n)
funqciis asimptoturi zrdis rigs, radgan ∃c = 11 da f1(n) = 10 · n < c · f2(n) = 11 · n.
asimptoturi zrdis rigi gviCvenebs, YdaaxloebiT ra siswrafiTA izrdeba mocemuli funqcia. zeda

magaliTSi SegveZlo agreTve dagvewera: ∃c = 1 da c · f1(n) = 10 · n > f2(n) = n. ase rom, erT SemTxvevaSi
f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis asimptoturi zrdis rigs, meore
SemTxvevaSi ki piriqiT. aseT dros ityvian, rom am ori funqciis asimptoturi zrdis rigi tolia, anu
orive YdaaxloebiT erTi siswrafiT izrdebaA. Tu mocemulia ori funqcia f1(n), f2(n) da ∃c ∈ N iseTi,
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rom dawyebuli raRaca adgilidan f1(n) < c·f2(n), magram 6 ∃d ∈ N iseTi, rom dawyebuli raRaca adgilidan
f2(n) < d · f1(n), maSin amboben, rom f2(n) funqciis asimptoturi zrdis rigi ufro maRalia, vidre f1(n)
funqciis asimptoturi zrdis rigi. cxadia, rom Tu f1(n) da f2(n) funqciebis asimptoturi zrdis rigi
tolia, SeiZleba aseve iTqvas, rom f1(n) funqciis asimptoturi zrdis rigi ar aRemateba f2(n) funqciis
asimptoturi zrdis rigs (da piriqiT).

qvemoT moyvanilia cxrili, romelic ramodenime funqciis zrdis rigs gviCvenebs.

n log n n n · log n n2 2n n!
10 3 10 30 100 1.024 3.628.800
20 4 20 80 400 1.048.576 � 1015

30 5 30 150 900 1.073.741.824
40 5 40 200 1600 1.099.511.627.776
50 6 50 300 2500 >1015

100 7 100 700 104 >1030

1.000 10 1.000 10.000 106

10.000 13 10.000 130.000 108

100.000 17 100.000 1.700.000 1010

1.000.000 20 1.000.000 20.000.000 1012

10.000.000 23 10.000.000 230.000.000 1014

100.000.000 27 100.000.000 2.700.000.000 1016

1.000.000.000 30 1.000.000.000 30.000.000.000 1018

rogorc vxedavT, am funqciaTa Soris yvelaze nela f(n) = log n funqcia izrdeba, yvelaze swrafad
ki f(n) = n!. am bolo funqciis mniSvneloba n = 20 -Tvis ukve Zalian didia - rogorc varaudoben,
2100 = 1030 Cvens samyaroSi arsebuli atomebis raodenobas aRemateba da, aqedan gamomdinare, 1015 Zalian
didi ricxvia.

savarjiSo 5.3: daamtkiceT, rom f1(n) = 10n2 da f2(n) = 10−6 · n2 funqciaTa asimptoturi zrdis rigi
tolia.

savarjiSo 5.4: tolia Tu ara Semdegi ori funqciis asimptoturi zrdis rigi (pasuxebi daamtkiceT):

1. f1(n) = n2, f2(n) = 15 · n2 · log log n; 2. f1(n) = log n3, f2(n) = 1983 · n; 3. f1(n) = log2 n, f2(n) = 10 log n; 4.
f1(n) = log n2, f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log log7 n.

nax. 30 gviCvenebs ramodenime funqciis zrdis siswrafes, saidanac SeiZleba maTi asimptoturi zrdis
rigis danaxva. yvelaze nela izrdeba logariTmuli funqcia f(n) = log n; Semdegia wrfivi funqcia
f(n) = n. masze swrafad izrdeba funqcia n · log n da yvelaze didi zrdis rigi aqvs f(n) = 2n funqcias.

savarjiSo 5.5: f1(n) da f2(n) funqciebs Soris romlis asimptoturi zrdis rigia ufro maRali?

1. f1(n) = log2 n, f2(n) =
√
n; 2. f1(n) = n3, f2(n) = 1983 · n2; 3. f1(n) = n · log n, f2(n) = 2logn; 4. f1(n) = n2 · log n,

f2(n) = n2; 5. f1(n) = 3
√
n, f2(n) = (log log n)7.

Tu mocemulia raime funqcia f(n), SegviZlia gamovyoT yvela im funqciaTa simravle O(f(n)) (ikiTxeba:
o-didi f(n)), romelTa asimptoturi zrdis rigi am f(n) funqciis zrdis rigs ar aRemateba (anu am sim-
ravleSi Semavali yvela funqcia am funqciis Yqveda zRvariaA - dawyebuli raRaca adgilidan yovelTvis
ufro naklebi iqneba):

O(f(n)) = {g(n)|∃n0, c ∈ N,∀n > n0, c · f(n) > g(n)}.

cxadia, rom O(f(n)) simravle usasruloa, amitom masSi Semavali yvela funqciis amowera SeuZlebe-
lia. magram SesaZlebelia am simravleSi Semavali ramodenime funqciis magaliTis moyvana:
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nax. 30: ramodenime funqciis grafiki

Tu f(n) = n, maSin g(n) = 100 · n ∈ O(f(n)), radgan ∃c = 101 da c · f(n) = 101 · n > 100 · n = g(n).
analogiurad SegviZlia davamtkicoT: 100n ∈ O(n · log n), 700n ∈ O(n2), 200n2 ∈ O(2n).

savarjiSo 5.6: daamtkiceT, rom 100n ∈ O(n · log n), 700n ∈ O(n2), 200n2 ∈ O(2n).

savarjiSo 5.7: moiyvaneT O(n log n) simravlis 5 elementi.

lema 5.1: Tu f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, maSin O(f1(n)) ⊂ O(f2(n)).

damtkiceba: radgan f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, amitom ∃d ∈ N, f1(n) <
d · f2(n). axla ganvixiloT nebismieri g(n) ∈ O(f1(n)). ganmartebis Tanaxmad ∃c ∈ N, g(n) < c · f1(n). zemoT
moyvanili utolobis Tanaxmad, g(n) < c · d · f2(n). ese igi, ∃d · c ∈ N iseTi, rom g(n) < c · d · f2(n), rac
ganmartebis Tanaxmad niSnavs, rom g(n) ∈ O(f2(n)).

Q.E.D.

aqedan gamomdinare, gamonaTqvami Yf1 funqcia ar izrdeba ufro swrafad, vidre f2 funqciaA Semdegi
maTematikuri Canaweris tolfasia: O(f1(n)) ⊂ O(f2(n)).

savarjiSo 5.8: moiyvaneT f1(n) da f2(n) funqciebis magaliTebi, romelTaTvisac O(f1(n)) ⊂ O(f2(n)) da,

amavdroulad, O(f1(n)) 6= O(f2(n)).

lema 5.2: O(f(n)) simravleebisaTvis WeSmaritia:

1. O(k · f(n)) = O(f(n)) (k ∈ N);

2. O(f(n) + k) = O(f(n)) (k ∈ N);

3. Tu O(f2(n)) ⊂ O(f1(n)), maSin O(f1(n) + f2(n)) = O(f2(n)).

damtkiceba:

1. Tu vaCvenebT, rom O(k · f(n)) ⊂ O(f(n)) da O(k · f(n)) ⊃ O(f(n)), toloba damtkicdeba.
ganvixiloT nebismieri g(n) ∈ O(k · f(n)). ganmartebis Tanaxmad ∃c ∈ N iseTi, rom g(n) < c · k · f(n)

(radgan k naturaluria). es ki ganmartebis Tanaxmad imas niSnavs, rom g(n) ∈ O(f(n)): ∃c · k ∈ N iseTi, rom
g(n) < c · k · f(n).
axla ki ganvixiloT nebismieri g(n) ∈ O(f(n)). ganmartebis Tanaxmad ∃d ∈ N iseTi, rom d · f(n) > g(n).

Tu utolobis orive mxares gavamravlebT k ricxvze, miviebT: k · d · f(n) > k · g(n) > g(n) (radgan k ∈ N).
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aqedan gamomdinare, ∃d ∈ N iseTi, rom d · (k · f(n)) > g(n). ese igi, g(n) ∈ O(k · f(n)) (O(k · f(n)) simravlis
ganmartebis Tanaxmad).

Q.E.D.
savarjiSo 5.9: daamtkiceT zemoT moyvanili lemas me-2-e da me-3-e punqtebi.

analogiurad SeiZleba nebismieri f(n) funqciis zrdis rigis qveda zRvari (omega-didi f(n)) ganvmar-
toT:

Ω(f(n)) = {g(n)|f(n) ∈ O(g(n))}.

es yvela im funqciaTa simravlea, romelTa asimptoturi zrdis rigi f(n) funqciis asimptoturi zrdis
rigze naklebi araa.

savarjiSo 5.10: daamtkiceT, rom f1(n) = 10n2 da f2(n) = 10−6n2 funqciaTa zrdis rigis qveda zRvari
tolia.

savarjiSo 5.11: tolia Tu ara Semdegi ori funqciis asimptoturi zrdis rigis qveda zRvari? (pasuxebi
daamtkiceT):

1. f1(n) = n2, f2(n) = 15 · n2 · log log n; 2. f1(n) = log n3, f2(n) = 1983 · n; 3. f1(n) = log2 n, f2(n) = 10 log n; 4.
f1(n) = log n2, f2(n) = 100

√
log n; 5. f1(n) = n, f2(n) = log log7 n.

savarjiSo 5.12: daamtkiceT, rom n · log n ∈ Ω(100n), n2 ∈ Ω(100n), 2n ∈ Ω(100n).

savarjiSo 5.13: moiyvaneT Ω(log n) simravlis 5 elementi.

savarjiSo 5.14: daamtkiceT, rom Tu f1(n) funqcia ar izrdeba ufro swrafad, vidre f2(n) funqcia, maSin
Ω(f2(n)) ⊂ Ω(f1(n)).

savarjiSo 5.15: moiyvaneT f1(n) da f2(n) funqciebis magaliTebi, romelTaTvisac Ω(f1(n)) ⊂ Ω(f2(n)) da,

amavdroulad, Ω(f1(n)) 6= Ω(f2(n)).

5.2 algoriTmebis bijebis raodenobis Sefaseba

ganvixiloT Semdegi amocana:

mocemulia: ricxvebis mimdevroba a1, a2, ..., an ∈ N da damatebiT erTi ricxvi b ∈ N.

Sedegi: YkiA an YaraA

SezRudva: YkiA maSin da mxolod maSin, Tu ∃i ∈ N, 1 ≤ i ≤ n, ai = b.

sxva sityvebiT rom vTqvaT, algoriTmi adgens, moiZebneba Tu ara a1, ..., an mimdevrobaSi erTi mainc
ricxvi ai = b.

qvemoT moyvanilia rekursiuli algoriTmi, romelic am amocanas xsnis:

algoriTmi K(a1, a2, ..., an, b)

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule;

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule;

3. Caatare algoriTmi K(a2, ..., an, b).

ganvixiloT am algoriTmis bijebi sawyis monacemebze a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 2.
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algoriTmi K(3, 7, 0, 8, 2) (aq a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 2).

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

3. K(7, 0, 8, 2) (aq a1 = 7, a2 = 0, a3 = 8, b = 2).

4. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

5. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

6. K(0, 8, 2) (aq a1 = 0, a2 = 8, b = 2).

7. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

8. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

9. K(8, 2) (aq a1 = 8, b = 2).

10. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

11. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es ar sruldeba)

12. K(2) (aq a1, a2, ..., an mimdevroba carielia).

13. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es sruldeba)

magram Tu amocanis sawyisi monacemebia a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 3, maSin algoriTmis msvleloba
Semdegnairi iqneboda:

algoriTmi K(3, 7, 0, 8, 2) (aq a1 = 3, a2 = 7, a3 = 0, a4 = 8, b = 3).

1. Tu mimdevroba a1, a2, ..., an Semosuli araa, dabeWde YaraA da algoriTmi daasrule; (es ar sruldeba)

2. Tu a1 = b dabeWde YkiA da algoriTmi daasrule; (es sruldeba)

am magaliTidan Cans, rom algoriTmebis bijebis raodenoba damokidebulia mis monacemTa raodenobasa
da TviTon monacemTa mniSvnelobebze.

ganasxvaveben bijebis Sefasebis sam SemTxvevas:

• uaresi SemTxvevis analizs (worst-case), anu maqsimum ramdeni biji dagvWirdeba am amocanis gada-
saWrelad, maSinac ki, rodesac yvelaze YcudiA monacemebi Semogviva?

• saukeTeso SemTxvevis analizs (best-case), anu minimum ramdeni biji dagvWirdeba am amocanis gada-
saWrelad, rodesac yvelaze YkargiA monacemebi Semogviva?

• saSualo SemTxvevis analizs (average-case), anu saSualod ramdeni biji dagvWirdeba am amocanis
gadasaWrelad?

advili dasanaxia, rom Cvens zeda amocanaSi algoriTmi n + 1 monacemis damuSavebas (n elementiani
masivSi raRaca b ricxvis povnas) maqsimum n bijsa da minimum 1 bijs moandomebs.

savarjiSo 5.16: daamtkiceT zemoT moyvanili gamonaTqvami.

sxva sityvebiT rom vTqvaT, uaresi SemTxvevis analizis Sedegad miRebuli funqcia f(n) gveubneba, rom
Yn cali monacemisaTvis mocemuli algoriTmis bijebis raodenoba arasodes ar gadaaWarbebs f(n) fun-
qciasA, xolo sauketeso SemTxvevis analizis Sedegad miRebuli funqcia ki gveubneba, rom Ymocemuli
algoriTmis bijebis raodenoba verasodes ver iqneba am funqciaze naklebiA.

rac Seexeba gamoTvlis saSualo drois dadgenas, es procesi maTematikur statistikas emyareba da am
kursSi mas ar ganvixilavT.
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cxadia, rom n monacemis damuSavebis maqsimaluri da minimaluri dro monacemTa raodenobis cvlile-
basTan erTad icvleba, anu es aris funqcia, romelic damokidebulia n ∈ N cvladze. Cvens zeda magal-
iTSi bijebis maqsimaluri raodenobaa f1(n) = n, xolo minimaluri ki f2(n) = 1.

ganvixiloT algoriTmi, romelic n cali monacemis damuSavebas maqsimum f(n) bijs andomebs, xolo 1
bijis damuSavebas ki 10−9 wams andomebs.

qvemoT moyvanili cxrili, sadac warmodgenilia f(n) funqciis ramodeime magaliTi. masSi naCvenebia,
maqsimum ramden xans moandomebs es algoriTmi n monacemis damuSavebas. am cxrilSi 1µs = 10−6 wm,
1ms = 10−3 wm (1µs ikiTxeba: 1 mikro wami, 1ms ikiTxeba: 1 mili wami.

n f(n) = log n f(n) = n f(n) = n · log n f(n) = n2 f(n) = 2n n!
10 0,003 µs 0,01 µs 0,033 µs 0,1 µs 1 µs 3,63 ms
20 0,004 µs 0,02 µs 0,086 µs 0,4 µs 1 ms 77,1 weli
30 0,005 µs 0,03 µs 0,147 µs 0,9 µs 1 wm 8,4×1015 weli
40 0,005 µs 0,04 µs 0,213 µs 1,6 µs 18,3 wT
50 0,006 µs 0,05 µs 0,282 µs 2,5 µs 13 dRe
100 0,007 µs 0,1 µs 0,644 µs 10 µs 4×1013 weli
1.000 0,010 µs 1 µs 9,966 µs 1 ms
10.000 0,013 µs 10 µs 130 µs 100 ms
100.000 0,017 µs 9,10 ms 1,67 ms 10 wm
1.000.000 0,020 µs 1 ms 19,93 ms 16.7 wT
10.000.000 0,023 µs 0,01 wm 0,23 wm 1,16 dRe
100.000.000 0,027 µs 0,1 wm 2,66 wm 115,7 dRe
1.000.000.000 0,03 µs 1 wm 29,9 wm 31,7 weli

am cxrilidan Cans, rom Tu algoriTmis bijebis raodenobaa f(n) = n · log n an ufro nela zrdadi fun-
qcia, maSin misi gamoTvlebi sakmaod swrafi iqneba. Tu f(n) = n2, gamoTvlebi swrafi iqneba daaxloebiT
50.000.000 elementamde. magram Tu f(n) = 2n, aseTi algoriTmi praqtikaSi ver gamoiyeneba 53-ze meti mona-
cemisaTvis. Tu algoriTmis zeda zRvaria f(n) = n!, maSin igi praqtikulad saerTod ver gamoiyeneba.
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6 bmuli siebi

6.1 rwyili da WianWvela

cnobil qarTul zRaparSi Yrwyili da WianWvelaA rwyili WianWvelis gadasarCenad RorTan midis da
TokisTvis jagars Txovs. Rori mosTxovs rkos da gaagzavnis muxasTan. muxa sTxovs, rom moaSoros yvavi
da gaagzavnis yvavTan. yvavi sTxovs wiwilas da gaagzavnis kruxTan. kruxi sTxovs fetvs da gaagzavnis
ormosTan. ormo sTxovs Tagvis moSorebas da gaagzavnis TagvTan. Tagvi sTxovs katis moSorebas da
gaagzavnis katasTan. kata sTxovs rZes da gaagzavnis ZroxasTan. Zroxa sTxovs balaxs da gaagzavnis
mindorSi, sadac rwyili mokrefs balaxs, miutans Zroxas, is miscems rZes da gaagzavnis ukan katasTan.
kata rZes rom miiRebs, moeSveba Tagvs da a.S.: rwyili ganvlil jaWvs ukan gahyveba, bolos miva RorTan,
miutans rkos, misgan miiRebs jagars, dawnis Toks da Tavis megobars wylidan amoiyvans.
am zRaparSi Cven erTi saintereso faqti SegviZlia davinaxoT, romelic farTod gamoiyeneba infor-

matikaSi:
Seqmnilia monacemTa jaWvi, romlis TavSic dgas Rori. Rorma icis, sad dgas muxa, anu monacemTa

jaWvSi Semdgomi elementis misamarTi. muxam icis yvavis (jaWvSi misi Semdgomi elementis) misamarTi
da a.S.: jaWvis yovel elementSi Cawerilia sami komponenti: informacia imis Sesaxeb, Tu ra aris es
komponenti (Cvens magaliTSi ra cxoveli an mcenarea), misi wina komponentis misamarTi da misi Semdgomi
komponentis misamarTi. grafikulad es naCvenebia nax. 31. monacemTa aseT jaWvs bmuli sia ewodeba. bmuli
imitom, rom am jaWvis yoveli komponenti mis wina da mis Semdgom komponentzea YgadabmuliA: mas Tavis
wina da Semdgomi elementis misamarTi aqvs daxsomebuli.

nax. 31: zRapris Yrwyili da WianWvelaA bmuli sia

aRsaniSnavia, rom radgan Rori am siaSi pirvelia, mas wina elementi ar hyavs da, Sesabamisad, misi
misamarTic ver eqneba. amitomac wina elementis misamarTis magivrad uweria 0. analogiuri situaciaa
balaxTan: radgan igi bolo elementia jaWvSi, misi Semdgomi elementis misamarTis adgilas weria 0.

aRsaniSnavia, rom es 0 araa ricxvis mniSvnelobis matarebeli. es mxolod imis maniSnebelia, rom am
elementis Semdgomi (an wina) elementi ar arsebobs (amitomac zoggan weren kidec , an il imis aRsaniS-
navad, rom cvladi carielia).

bmul siis erT-erTi upiratesobaa is, rom masSi elementis mosaZebnad araa saWiro yvela elementis
misamarTis codna, sakmarisia mxolod misi sawyisi elementis misamarTi vicodeT: gadavalT im element-
Tan da Tu es araa is, rasac veZebT, gavigebT misi Semdgomi elementis misamarTs. Semdeg gadavalT am
Semdgom elementze (Tu aseTi arsebobs) da CavatarebT igive proceduras: vnaxavT, aris Tu ara es is el-
ementi, romelsac veZebT. Tu ar aris, vigebT misi Semdgomi elementis misamarTs (Tu arsebobs) da igives
vimeorebT. Tu Semdgomi elementi ar arsebobs, maSin saZebni elementi am siaSi ar yofila.
Cvens konkretul magaliTSi, Tu gvainteresebs, aris Tu ara kruxi am bmul siaSi, viwyebT pirveli

elementiT, romlis misamarTi unda vicodeT (am SemTxvevaSi amboben, rom saZiebeli elementia YkruxiA).
vadarebT mniSvnelobebs: katas veZebT, magram gvxvdeba Rori. amitom vamowmebT, arsebobs Tu ara Semd-
gomi elementi (anu Sesabamis grafaSi Tu weria 0). radgan am grafaSi weria misamarTi (da ara 0), gadavdi-
varT am misamarTze. vadarebT aqtualuri Canaweris mniSvnelobas saZiebeli elementis mniSvnelobas.
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aqtualuri Canaweris mniSvnelobaa Yyvavi". radgan Cven veZebT katas, unda gadavideT Semdeg elementze,
magram jer SevamowmoT, arsebobs Tu ara aseTi elementi. radgan Sesabamis grafaSi ar weria 0, amitom
aseTi elementi arsebobs da gadavdivarT mis misamarTze. axla aqtualuri Canaweris mniSvnelobaa
YkataA. vadarebT saZebn mniSvnelobas. radgan emTxveva, procedura unda dasruldes: saZebni Canaweri
napovnia.
Tu Cvens konkretul magaliTSi gvinda gavigoT, arsebobs Tu ara Canaweri YspiloA, isev viwyebT Tavi-

dan da Tu aqtualuri Canaweris mniSvneloba ar emTxveva saZiebo Canawers, gadavdivarT Semdeg ele-
mentze, Tu aseTi arsebobs. rodesac mivadgebiT Canawers YbalaxiA da davaskvniT, rom igi ar emTxveva
saZiebo Canaweris mniSvnelobas, unda gadavideT Semdegze, magram jer SevamowmoT, aris Tu ara es aq-
tualuri Canaweri bolo mocemul bmul siaSi. radgan Semdegi Canaweris misamarTis Sesabamis grafaSi
weria 0, SegviZlia davaskvnaT, rom es siaSi bolo elementia da procedura davasruloT: Canaweri Yspi-
loA am siaSi ar gvxvdeba.
wina naxazSi bmuli siis mezobeli elementebi erTi meores miyolebiT arian warmodgenilni. es araa

aucilebeli: Sesazloa, rom isini areulad iyvnen ganlagebuli (nax. 32). mTavaria, rom yovelma ele-
mentma misi wina da momdevno elementebis misamarTebi icodnen.

nax. 32:

bmuli siis yoveli elementi sami komponentisagan Sedgeba: esaa TviTon am komponentis mniSvneloba
(anu gasaRebi), misi cina elementis misamarTi da Semdgomi elementis misamarTi. nax. 33-Si zemoT naCvenebia
es sam komponentiani elementi. Tu igi ganTavsebulia misamarTiT x, misi wina elementis misamarTi aRin-
iSneba funqciiT L(x) (grafikulad iwereba marcxena ujraSi), xolo misi momdevno elementis misamarTi
ki aRiniSneba funqciiT R(x) (grafikulad iwereba marjvena ujraSi). TviT misi mniSvneloba aRiniSneba
funqciiTKey(x) (grafikulad Sua ujraSi). amrigad, L(kruxis misamarTi) =YyvaviA, R(katis misamarTi) =
YZroxaA, xolo Key(muxis misamarTi) =YmuxaA.

savarjiSo 6.1: risi tolia L(x), R(x) da Key(x), Tu x =YZroxis misamarTiA, x =YTagvis misamarTiA,
x =Ybalaxis misamarTiA, x =Yormos misamarTiA ?

zogadad, Tu mocemulia bmuli siis romelime elementis misamarTi x,Key(x) am Canaweris mniSvnelobaa,
L(x) misi wina Canaweris misamarTi, xolo R(x) ki - misi momdevno Canaweris misamarTi.
aqedan gamomdinare, R(L(x)) aris x misamarTze myofi elementis wina Canaweris marjvena grafas mniSvneloba

savarjiSo 6.2: ras niSnavs Canawerebi R(R(x)), L(L(x)), L(R(x)), Key(L(x)) da Key(R(x)) ?

rodesac vwerT L(x), Key(x) an R(x), imis da mixedviT, Tu risi tolia x, es Canawerebic sxvadasxva
iqneba. am SemTxvevaSi ityvian, rom x aqtualur Canawerze miuTiTebs. rodesac x bmuli siis romelime
Canaweris misamarTia (anu am Canawerze miuTiTebs), mis Semdgom elementze YgadasvlaA (anu mis Semdgom
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nax. 33:

elementze miTiTeba) SeiZleba brZanebiT x = R(x). aq x cvlads mieniWeba aqtualuri Canaweris Semdegi
elementis misamarTi da igi am Semdeg elementze miuTiTebs (Semdeg elementze YgadavaA).

savarjiSo 6.3: ra brZanebiT unda YgadavideTA aqtualuri Canaweris wina elementze?

cxadia, sanam gadavalT wina an momdevno elementze, unda SevamowmoT, arsebobs Tu ara es elementi
(anu aqtualuri Canaweri bolo an pirveli xom araa).

savarjiSo 6.4: ra brZanebiT SeiZleba Semowmdes, aris Tu ara x misamarTze myofi Canaweri bmuli siis
bolo an pirveli elementi?

axla warmovidginoT, rom gvinda zRapris gadakeTeba ise, rom am jaWvidan amovagdoT yvavi: muxa pir-
dapir agzavnis kruxTan (anu Canaweri YyvaviA am bmuli siidan unda amovardes). ese igi, Tavidan mocemuli
gvaqvs situacia, romelic naCvenebia nax. 33-Si SuaSi da gvinda miviRoT situacia, romelic naCvenebia
igive naxazSi qvemoT. Canaxeri YyvaviY bmuli siidan amovardeba im TvalsazrisiT, rom am siaSi moZrao-
bisas am elements veRar wavawydebiT. Canaweri YyvaviA sadRac ki iarsebebs, magram igi am siis elementi
aRar iqneba.
rogorc zeda naxazidan Cans, yvavis wina elementi (am SemTxvevaSi YmuxaA) unda miuTiTebdes YyvavisA

Semdgom elementze, am SemTxvevaSi Canawerze YkruxiA da piriqiT: yvavis Semdgomi elementi (am SemTxvevaSi
YkruxiA) unda miuTiTebdes YyvavisA wina elementze, am SemTxvevaSi Canawerze YmuxaA. aqedan gamomdinare,
Tu gvinda raime elementis bmuli siidan amoSla, misi wina elementis marjvena grafaSi unda Caiweros
am elementis Semdgomi Canaweris misamarTi, xolo am elementis Semdgomi elementis marcxena grafaSi
unda Caiweros am elementis wina Canaweris misamarTi.
brZanebebiT es ase Caiwereba:

moc.: x aris im Canaweris misamarTi, romelic unda amovSaloT.

• R(L(x)) = R(x) (aqtualuri elementis wina elementi unda miuTiTebdes aqtualuri elementis
momdevno elementze);

• L(R(x)) = L(x) (aqtualuri elementis momdevno elementi unda miuTiTebdes aqtualuri elementis
wina elementze);

• x = L(x) aqtualuri elementi siidan amogdebulia. amitom gadavdivarT mis wina elementze.

savarjiSo 6.5: davuSvaT, x aris bmuli siis pirveli elementis misamarTi. brZanebebiT CawereT, rogor
SeiZleba am elementis bmuli siidan waSla.
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savarjiSo 6.6: davuSvaT, x aris bmuli siis bolo elementis misamarTi. brZanebebiT CawereT, rogor
SeiZleba am elementis bmuli siidan waSla.

axla ki warmovidginoT, rom Cveni mgaliTis bmul siaSi Canawer YmuxasaA da YyvavsA Soris unda CavsvaT
Canaweri YspiloA (nax. 34 marcxniv). sawyis jaWvSi Canaweri YmuxaA Semdgom elementad miuTiTebs Canaw-
erze YyvaviA, xolo Canaweri YyvaviA wina elementad miuTiTebs Canawerze YmuxaA. imisaTvis, rom CavsvaT
Canaweri YspiloA, unda SevqmnaT iseTi bmulebi, rogoric naCvenebia nax. 34 marjvniv.

nax. 34:

brZanebebiT es Semdegnairad Caiwereba:

moc.: x aris im Canaweris misamarTi, romlis Semdegac unda Cajdes axali Canaweri; S aris axali
Canaweris misamarTi.

• R(S) = R(x) (axali elementi unda miuTiTebdes aqtualuri elementis momdevno elementze);

• L(S) = x (axali elementi unda miuTiTebdes aqtualur elementze);

• L(R(x)) = S (aqtualuri elementis momdevno elementi unda iyos axali elementi);

• R(x) = S (aqtualuri elementis momdevno elementi unda iyos axali elementi).

savarjiSo 6.7: mocemulia bmuli sia da S misamarTze ganTavsebuli axali Canaweri. dawereT brZanebaTa
mimdevroba, romelTa saSualebiTac SeiZleba axali elementis siis pirvel elementad Camateba.

savarjiSo 6.8: mocemulia bmuli sia da S misamarTze ganTavsebuli axali Canaweri. dawereT brZanebaTa
mimdevroba, romelTa saSualebiTac SeiZleba axali elementis siis bolo elementad Camateba.

imisaTvis, rom vipovnoT bmuli siis bolo Canaweri, unda YviaroT marjvnivA manam, sanam ar Segvxvdeba
bolo elementi. aqedan gamomdinare, es SeiZleba moxerxdes Semdegi brZanebebis saSualebiT:

mocemulia: bmuli sia da misi erT-erTi elementis misamarTi x.

• while( R(x) != 0)

x = R(x)

savarjiSo 6.9: daamtkiceT, rom am ciklis damTavrebis Semdeg x cvladSi siis bolo elementis misamarTi
ewereba.

savarjiSo 6.10: dawereT brZanebaTa mimdevroba, romliTac bmuli siis pirveli elementis povna Sei-
Zleba.

savarjiSo 6.11: mocemulia bmuli sia da misi erT-erTi elementis misamarTi x. agreTve mocemulia
raRaca mniSvneloba M . dawereT brZanebaTa mimdevroba, romelTa meSveobiTac SeiZleba imis dadgena,
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gvxvdeba Tu ara bmul siaSi elementis Canaweri, romlis mniSnvelobacaa M (anu, sxva sityvebiT rom
vTqvaT, Tu x raime Canaweris misamarTia, Key(x) = M ).

savarjiSo 6.12: mocemulia n elementiani bmuli sia. gamoiangariSeT am siaSi elementis Camatebasa da
waSlisaTvis saWiro operaciaTa raodenoba da SeafaseT misi zeda zRvari O aRniSvniT.

savarjiSo 6.13: mocemulia Cveulebrivi masivi, romelic Sedgeba n elementisagan. dawereT am masivSi
elementis Camatebis algoriTmi. gamoiangariSeT misi bijebis raodenoba da SeafaseT misi zeda ZRvari
O aRniSvniT.

savarjiSo 6.14: ra upiratesoba aqvs bmul sias masivTan SedarebiT?
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