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Tavi 1

martivi, rTuli, optimizaciisa da
gadawyvetilebis amocanebi

1.1 polinomur droSi amoxsnadi da maTi YmsgavsiA rTuli amocanebi

• eileris cikli grafSi (EC)

mocemulia: grafi G = (V,E).

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafSi iseTi gza, romelic yvela wiboze gaivlis erTxel
da mxolod erTxel?

eileris ciklis amocana farTod gamoiyeneba praqtikaSi. magaliTad, mocemulia qalaqis ruka, rom-
lis mixedviTac dasagegmia nagvis an safosto manqanebis marSruti. cxadia, rom manqanam qalaqis
yvela quCaze erTxel mainc unda gaiaros. drois dasazogad unda vipovnoT iseTi marSruti, rom-
liTac yvela quCaze zustad erTxel gavivliT (Tu es SesaZlebelia). SeniSvna: aq unda CavTvaloT,
rom yvela quCaze gavla moZraobis intensiurobaze damokidebuli araa.

igive amocana Semdegnairadac SeiZleba davsvaT: SesaZlebelia Tu ara mocemuli geometriuli fig-
uris xelis auReblad qaRaldze daxazva ise, rom ukve daxazuli aRar gadavxazoT?

rogorc pirvel semestrSi vnaxeT, am amocanis amoxsna rTuli ar aris:

aramimarTul bmul grafSi arsebobs eileris gza, Tu kenti valentobis wveroebis raodenoba orze
meti ar aris. aRsaniSnavia, rom Tu grafSi kenti valentobis wvero ar arsebobs, maSin igi eileris
cikls Seicavs.

savarjiSo 1.1: daamtkiceT, rom kenti valentobis mqone wveroebis raodenoba luwia.

Tu grafi mimarTulia (da, ra Tqma unda, Zlierad bmuli), maSin

igi Seicavs eileris cikls, Tu mis yvela wveroSi Semavali da gamavali wiboebis raodenoba tolia;

igi Seicavs eileris gzas u wverodan v wveroSi, Tu u wveros Semaval wiboTa raodenoba erTiT
naklebia gamavalze, xolo v wverosTvis ki piriqiT: Semaval wiboTa raodenoba erTiT metia gamavalze,
xolo yvela danarCen wveroSi Semaval da gamomaval wiboTa raodenoba tolia.

savarjiSo 1.2: daamtkiceT zemoT moyvanili gamonaTqvamebi (ix. pirveli semestris masala).

savarjiSo 1.3: dawereT algoriTmi, romelic mocemuli grafisTvis eileris ciklis arsebobas
daadgens.

Tu grafSi eileris cikli (an gza) arsebobs, misi dadgenac swrafad SeiZleba: pirvel rigSi unda
vipovnoT nebismieri cikli, davixsomoT da sawyisi grafidan misi wiboebi amovSaloT. cxadia,
rom amoSlis Semdeg darCenil grafSi eileris ciklis arsebobis piroba SenarCunebuli iqneba
(radgan ciklSi Semavali wveroebis valentoba oriT Semcirdeba). igive procedura rekursiulad
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6 Tavi I martivi, rTuli, optimizaciisa da gadawyvetilebis amocanebi

gavimeoroT manam, sanam grafSi wiboebi ar gamoileva. dagvrCeba sawyis grafSi arsebuli ciklebis
simravle, romelTa gaerTianebac mTels grafs mogvcems.

savarjiSo 1.4: daamtkiceT, rom miRebuli simravlis ciklebis gaerTianeba marTlac mTel sawyis
grafs mogvcems da nebismieri ori cikli saerTo wibos ar Seicavs.

savarjiSo 1.5: dawereT algoriTmi, romelic zemoT agebuli ciklebis simravlisgan eileris gzas
gamoiTvlis da SeafaseT misi bijebis raodenobis zeda zRvari.

eileris ciklis algoriTmi bevr praqtikul (maT Soris zemoT xsenebul nagvis Segrovebis) amo-
canas gadagviWrida, magram, samwuxarod, praqtikaSi arsebuli amocanebis Sesabamis grafebSi umetes
SemTxvevaSi eileris ciklis piroba ar kmayofildeba. aseT SemTxvevaSi dasmulia ufro zogadi

Cineli fostalionis amocana mocemul G grafSi ipovneT iseTi umoklesi marSruti, romelic
yvela wiboze erTxel mainc gadaivlis.

am amocanis gadasaWrelad pirvel rigSi unda SevqmnaT sruli Sewonili G′ = (V ′, E′) grafi, rome-
lic G grafis kentiani wveroebisgan Sedgeba da (u, v) ∈ E′ wibos wona G grafis Sesabamis wveroebs
Soris minimaluri gzis sigrZis tolia. G′ grafze optimaluri dawyvilebis amocanis (perfect match-
ing) amoxsna (anu iseTi wiboebis simravlis gamoyofa, romlebiTac mTeli grafi gadaifareba da arc
erT wyvils saerTo wvero ar aqvs, Tan aseT simravleebs Soris virCevT iseTs, romelTa wiboebis
wonebis jami inimaluria) gvaZlevs im wiboTa simravles, romelic unda daematos G grafs. am saxiT
Seqmnil G1 grafze eileris cikli unda arsebobdes, radgan yovel or kentian wveros vaerTebT wi-
boTi da yvela wvero luwiani gamova.

savarjiSo 1.6:dawereT mocemuli grafis optimaluri dawyvilebis gamoTvlis algoriTmi da SeafaseT
misi bijebis raodenobis zeda zRvari.

SeniSvna: aq gasaTvaliswinebelia is faqti, rom G′ grafis optimalur dawyvilebaSi G grafSi
arsebuli wiboebi ar unda Sediodes.

Tu G1 grafze eileris ciklSi YaxalA wiboebs Sesabamisi umoklesi gziT SevcvliT, miviReT umok-
les gzas, romelic yvela wiboze erTxel mainc gadaivlis.

rac Seexeba mimarTul grafs, G′ grafis wiboebi unda iyos mimarTuli nakleb gamomavali wiboe-
bis mqone wverodan nakleb Semavali wiboebis mqone wverosken, riTac Seiqmneba orad dayofili
mimarTuli grafi da optimaluri dawyvilebis amocanac masze unda gadaiWras.

magaliTisTvis ganvixiloT ?? naxazSi moyvanili G (a), G′ (b) da G1 (g) grafebi.
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savarjiSo 1.7: ?? naxazSi moyvanili G1 grafis meSveobiT gamoiangariSeT G grafis optimaluri
marSruti.

savarjiSo 1.8: daamtkiceT, rom zemoT moyvanili meTodiT gamoTvlili gza minimaluri iqneba.

savarjiSo 1.9: dawereT algoriTmi, romelic Cineli fostalionos amocanas gadaWris.

savarjiSo 1.10: ra sigrZis iqneba Cineli fostalionis amocanis amoxsna xeebisTvis?



1.1 polinomur droSi amoxsnadi da maTi YmsgavsiA rTuli amocanebi 7

eileris ciklis povnis paradigma Zalian mniSvnelovania grafebze paraleluri algoriTmebis
agebaSi. xSirad grafze ageben damfarav xeebs da mere iyeneben eileris ciklebis teqnikas maTi
damuSavebisTvis.

amas garda, mniSvnelovania grafSi eileris ciklebis raodenobis gamoTvlac.

• hamiltonis cikli grafSi (HC)

mocemulia: grafi G = (V,E).

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafSi iseTi gza, romelic yvela wveroze gaivlis erTxel
da mxolod erTxel?

erTi SexedviT es amocana eileris ciklis amocanis msgavsia da SeiZleba vifiqroT kidec, rom
ufro martivad amoixsnaa SesaZlebeli. magram misTvis polinomur droSi momuSave algoriTmi
jer-jerobiT araa cnobili. ufro metic: rogorc SemdgomSi vnaxavT, arc isaa cnobili, SesaZle-
belia Tu ara am amocanisTvis amdagvari algoriTmis dawera.

analogiurad SeiZleba CamovayaliboT hamiltonis gzis amocanac (igive hamiltonis cikli, mxo-
lod sawyis wveroSi dabruneba aRaraa saWiro).

hamiltonis gzis amocana uaRresad mniSvnelovania praqtikaSic. ase, magaliTad, genur inJineriaSi
aqvT geneturi kodis nawilebi a1, ..., an da wesebi, romeli nawili romels SeiZleba gadaebas. Tu am
kodebs ganvixilavT, rogorc grafis wveroebs da erTmaneTze gadabmad nawilebs Soris gavavlebT
(mimarTul) wibos, hamiltonis cikli gviCvenebs im genetur kods, romelic SeiZleba Seiqmnas mo-
cemuli nawilebidan.

meore gamoyeneba SeiZleba iyos skolis avtobusis marSrutis dagegmva: Tu mocemuli gvaqvs moswavlee-
bis sacxovrebeli misamarTebi (grafis wveroebi) da SemaerTebeli gzebi (grafis wiboebi), hamil-
tonis (minimaluri) cikli optimalur marSruts mogvcems.

garda amisa, rogorc vnaxanT, hamiltonis ciklis amocana e.w. NP-srul amocanaTa klass ganekuTvneba,
rac imas niSnavs, rom misi swrafad amoxsna Cvens garSemo arsebuli amocanebis umetesobis swrafad
amoxsnis gzas gvaCvenebda.

• umoklesi gza grafis wveroebs Soris

mocemulia: Sewonili grafi G = (V,E) da misi ori wvero u, v ∈ V .

pasuxi: mimdevroba (x1, ..., xk), sadac xi ∈ V , xi ̸= xj , Tu i ̸= j.

ipovneT umoklesi gza grafSi mocemul or wveros Soris.

umoklesi gzis amocana uaRresad mniSvnelovania praqtikaSi, mag. marSrutizaciis amocanebSi.

am amocanisTvis swrafi algoriTmi ix. meore semestris konspeqtSi.

• maqsimaluri martivi gza grafis wveroebs Soris

mocemulia: Sewonili grafi G = (V,E) da misi ori wvero u, v ∈ V .

pasuxi: mimdevroba (x1, ..., xk), sadac xi ∈ V , xi ̸= xj , Tu i ̸= j.

ipovneT maqsimaluri martivi gza am or wveros Soris (martivi ewodeba iseT gzas, romelic ciklebs
ar Seicavs).

arc am amocanisTvisaa polinomur droSi momuSave algoriTmi cnobili da arc aravin icis, Sesa-
Zlebelia Tu ara am amocanisTvis amdagvari algoriTmis dawera.

erTi SexedviT es amocana praqtikul gamoyenebas moklebulia, magram Tu davuSvebT, rom erTi
wverodan meoreze gadasvla raime ekonomikur transaqciasTanaa dakavSirebuli da gadasuli wi-
bos wona finansur mogebas (an uaryofiTi wonis SemTxvevaSi wagebas) aRniSnavs, maSin maqsimaluri
gza maqsimaluri mogebis tolfasia.

aqve unda aRiniSnos am amocanis hamiltonis ciklTan kavSiri: Tu araSewonil grafSi hamiltonis
cikli arsebobs, maSin swored es iqneba maqsimaluri gza.

savarjiSo 1.11: rogor SeiZleba maqsimaluri gzis amocanis amoxsniT hamiltonis ciklis (da, Sesabamisad,
gzis) amocanis gadaWra?
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• udidesi sruli qvegrafi Clique

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.
ra aris iseT wveroTa maqsimaluri qvesimravlis zoma, romelSic nebismieri ori wvero erTmaneT-
Tan iqneba dakavSirebuli (anu G grafis yvelaze didi sruli qvegrafis wveroebis raodenoba)

es amocanac rTulia: misTvis swrafi algoriTmi cnobili araa (da arc isaa cnobili, amoxsnadia
Tu ara swrafad)

udidesi saerTo qvegrafis amocana (SemoklebiT kliki, Clique) msgavsi obieqtebis (klasterebis)
aRmoCenaSi umTavres rols TamaSobs. magaliTad, Tu saWiroa gayalbebis aRmoCena dokumentebis
(fulis, fasiano qaRaldebis, sadazveo maqinaciebis da sxva) did simravleSi, pirvel rigSi unda
ganisazRvros YmsgavsebaA (rogorc wesi, es e.w. Yhemingis manZilisA an Sesabamis veqtorebs Soris
kuTxis kosinusiT xdeba). arsebul dokumentebs Tu ganvixilavT, rogorc grafis wveroebs, xolo
msgavs dokumentebs wiboebiT SevaerTebT (rac ufro didia msgavsebis koeficienti, miT ufro mok-
lea maT Soris gza). rogorc wesi, arsebul dokumentebs (mag. fulis nomrebs) Soris didi msgavseba
ar unda iyos, magram didi raodenobis dokumentebis gayalbebis SemTxvevaSi msgavseba ufro didia
xolme. aqedan gamomdinare, udidesi sruli qvegrafi YmsgavsA obieqtebis did raodenobas ipovnis,
risi ufro dawvrilebiTi analizis Semdeg gayalbebis povna ufro martivi iqneba.

swored am ideebze dayrdnobiT ganaviTara amerikis gadasaxadebis samsaxurma yalbi dokumentaciis
aRmoCenis sistema.

rogorc vTqviT, am amocanisTvis polinomuri algoriTmi ar aris cnobili (da arc is viciT, Sesa-
Zlebelia Tu ara aseTis arseboba). rogorc SemdgomSi vnaxavT, es amocanac e.w. NP-srul amocanaTa
klass ganekuTvneba da, rogorc gamocdilebam aCvena, misi zustad amoxsnis nacvlad sxva gzebia
mosaZebni.

erT-erTi pirveli gamosavalia ara udidesi, aramed (lokalurad) maqsimaluri sruli qvegrafis
moZebna, rac xSirad praqtikul amocanebSi sakmarisia xolme. lokalurad maqsimaluri ewodeba
iseT srul qvegrafs, romlisTvisac sawyisi grafis nebismieri sxva wveros mierTeba srulobas
daukargavs.

lokalurad maqsimaluri sruli qvegrafis sapovnelad SeiZleba wveroebis dalageba maTi valen-
tobis klebadobis mixedviT, pirvel (maqsimaluri valentobis mqone) wveros klikis simravleSi
CavrTavT, Semdeg rig-rigobiT CavyvebiT sias da CavrTavT im wveroebs, romlebic srul grafs
Segviqmnis. Tu Sesabamisi wveros klikTan mikuTvnebas erTi bitiT aRvniSnavT da maT yvelas e.w.
bit-veqtorSi gavaerTianebT, am algoriTmis realizacia O(|V |+ |E|) droSi iqneba SesaZlebeli.

savarjiSo 1.12: dawereT programa, romelic lokalurad maqsimalur srul qvegrafs wrfiv droSi
gamoiTvlis.

meore xerxi, rac SeiZleba praqtikaSi gamogvadges, ara sruli, aramed mWidro qvegrafebis Zeb-
naa. xSirad praqtikul amocanebSi sruli qvegrafebis nacvlad mWidro qvegrafis moZebnac ukve
sakmarisia. aRsaniSnavia, rom sruli qvegrafi amavdroulad maqsimalurad mWidro qvegrafia.

minimum k rigis (valentobis) qvegrafis povna (anu iseTis, romlis wveroebis rigic aris minimum
k) advilad SeiZleba: gravSi amovagdebT im wveroebs (da Sesabamis wiboebs), romelTa rigic ufro
dabalia. am proceduram SeiZleba gamoiwvios darCenili wveroebis rigis Semcireba (Tu isini sak-
marisad bevr amogdebul wverosTan iyvnen mierTebulni). am proceduras vimeorebT manam, sanam ar
dagvrCeba mxolod Sesabamisad maRali rigis wveroebi.

savarjiSo 1.13: dawereT algoriTmi O(|V | + |E|) rigis algoriTmi, romelic k-mWidro qvegrafs
gamoiTvlis.

SeniSvna: gamoiyeneT grafis mezoblobis siiT aRwera da SezRuduli zomis prioritetuli rigi.

bolos unda aRiniSnos, rom Tu grafi planarulia, masSI maqsimaluri sruli qvegrafi 2, 3 an 4
wverosgan unda Sedgebodes (topologiis erT-erTi Teorema gveubneba, rom K5, anu 5 wveroiani
sruli grafi planaruli ver iqneba).

savarjiSo 1.14: dawereT algoriTmi, romelic O(|V |) droSi gamoiTvlis planaruli grafis maqsi-

malur qvegrafs.

rac Seexeba Clique amocanis zogad amoxsnas, misTvis mravali sxvadasxva midgomaa ganviTarebuli,
rac ZiriTadad albaTuri evristikis ideebs eyrdnoba, magram es Tema Cveni am semestris kursis
farglebs cdeba da SemdegSi unda iqnas ganxiluli.
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• izolirebuli wveroebis simravle IS

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.

ra aris iseT wveroTa maqsimaluri qvesimravlis zoma, romelSic nebismieri ori wvero erTmaneT-
Tan ar iqneba dakavSirebuli (anu G grafis yvelaze didi izolirebuli wveroebis simravlis el-
ementebis raodenoba)

• grafis gadafarva V C

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.

ra aris iseT wveroTa minimaluri qvesimravlis zoma, romliTac grafis yvela wibo gadaifareba?
(Tu e wibo v wveros Seicavs, maSin amboben, rom v gadafaravs e wibos)

• grafis qromatuli ricxvi CN

mocemulia: grafi G = (V,E).

pasuxi: k ∈ N.
mocemuli grafisTvis gansazRvreT, minimum ramden frad SeiZleba misi SeRebva.

ganmarteba 1.1: mocemulia grafi G = (V,E). misi SeRebva ewodeba iseT ϕ : V → N asaxvas, romelic
yovel wveros raime naturalur ricxvs (fers) Seusabamebs ise, rom mezoblebs (wiboTi SeerTebul
wveroebs) erTi da igive feri (erTi da igive ricxvi) ar Seesabamebodes: (u, v) ∈ E ⇒ ϕ(u) ̸= ϕ(v).

Zalian mniSvnelovania Semdegi ori amocana:

ganmarteba 1.2: G1 = (V1, E1) da G2 = (V2, E2) grafs ewodeba erTmaneTis izomorfuli (aRiniSneba G1
∼= G2),

Tu moiZebneba iseTi bieqcia f : V1 → V2, rom (v, u) ∈ E1 ⇔ (f(v), f(u)) ∈ E2 (anu G1 grafSi ori wvero
SeerTebulia wiboTi maSin da mxolod maSin, Tu meore grafSi maTi saxeebia SeerTebuli wiboTi).

ganmarteba 1.3: G′ = (V ′, E′) grafs ewodeba G = (V,E) grafis qvegrafi, Tu V ′ ⊂ V da (u, v) ∈ E′ ⇒ (u, v) ∈ E.

• grafTa izomorfizmi GI

mocemulia: ori grafi G1, G2

pasuxi: YkiA an YaraA

gansazRvreT, arsebobs Tu ara mocemul grafebs Soris erTmaneTis izomorfizmi, anu G1
∼= G2

• qvegrafis izomorfizmi SGI

mocemulia: ori grafi G1, G2

pasuxi: YkiA an YaraA

gansazRvreT, moiZebneba Tu ara G1 grafis iseTi G′ qvegrafi, rom G′ ∼= G2?

• komi voiaJeris (mogzauri vaWris) amocana TSP

mocemulia: Sewonili grafi G

pasuxi: k ∈ R
gansazRvreT iseTi minimaluri marSruti, romelic yvela wveroze erTxel mainc gaivlis

savarjiSo 1.15: ganvixiloT grafi G, romelic mocemulia Semdeg naxazSi.
savarjiSo grafi
masSi SeiZleba gamoiyos sam elementiani izolirebuli simravle {v7, v9, v4}. SesaZlebelia Tu ara masSi
ufro didi izolirebuli simravlis povna? ras mogvcems pasuxad IS(G)?

savarjiSo 1.16: zemoT moyvanili G grafisTvis ra iqneba Clique(G)? CN(G)? HC(G)? V C(G)? TSP (G)?
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v1

v2

v4

v3

v8

v6

v7

v5

v9

arsebobs Tu ara masSi eileris cikli? (pasuxi daamtkiceT)

savarjiSo 1.17: igive G grafSi ipovneT maqsimaluri martivi gza v1 da v2 wveroebs Soris.

savarjiSo 1.18: C++ enaze dawereT programa, romelic matricis saxiT mocemuli grafisTvis gadaWris
eileris ciklis amocanas.

paragrafis bolos kvlav moviyvanoT ramodenime mniSvnelovani amocana.

• naturaluri ricxvis simartivis testi

mocemulia: naturaluri ricxvi n ∈ N.
pasuxi: YkiA an YaraA

daadgineT, martivia Tu ara n.

SeniSvna: es amocana antikuri droidan moyolebuli rTulad iTvleboda. misi udidesi praqtikuli
gamoyenebis (magaliTad, kriptografiaSi) miuxedavad, swrafi algoriTmi cnobili ar iyo, sanam
2002 wels indoelma informatikosebma O(k12) zeda zRvris mqone algoriTmi SeimuSaves, romelic
SemdgomSi kidev ufro gaumjobesda. dawvrilebiTi informaciisTvis ixileT

Manindra Agrawal, Neeraj Kayal, and Nitin Saxena, PRIMES is in P

Annals of Mathematics, vol. 160, pp. 781 - 793, Springer Verlag, 2004

aRsaniSnavia, rom algoriTmis drois zeda zRvari yovelTvis monacemis sigrZezea damokidebuli,
amitomac zemoT moyvanil formulaSi vixmareT parametri k, romelic mocemuli n ricxvis bitebis
raodenobas aRniSnavs: k = log n.

• grafis planaruloba

mocemulia: grafi G

pasuxi: YkiA an YaraA

daadgineT, aris Tu ara igi planaruli?

iseTi amocanebis magaliTebad, romelTaTvisac realur droSi amoxsnadi algoriTmi cnobili araa
(magram arc isaa damtkicebuli, rom maTTvis aseTi algoriTmi ar arsebobs), SeiZleba moviyvanoT:

• ricxvis faqtorizacia

mocemulia: naturaluri ricxvi n ∈ N
pasuxi: naturalur ricxvTa mimdevroba p1, ..., ph

daSaleT n martiv mamravlebad: n = p1, ..., ph

• grafis optimalurad daxatva

mocemulia: grafi G

pasuxi: grafis naxazi sibrtyeze

daxazeT grafi sibrtyeze ise, rom wiboebis gadakveTis raodenoba minimaluri iyos.
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• bulis funqciaTa WeSmariteba (SAT )

mocemulia: bulis algebris n cvladze damokidebuli funqcia f : Bn → B, romelic Cawerilia

koniunqciuri normaluri formiT

pasuxi: YkiA an YaraA

arsebobs Tu ara misi cvladebis iseTi mniSvnelobebi, rom es funqcia iyos WeSmariti (anu iRebdes
mniSvnelobas 1)?

1.2 optimizaciisa da gadawyvetilebis amocanebi

advili SesamCnevia, rom aq moyvanil amocanebSi zogierTis pasuxia YkiA an YaraA da zogierTis – raRac
konkretuli ricxvi an sxva maTematikuri struqtura, romelic garkveul winapirobas akmayofilebs.
iseT amocanebs, romlTa pasuxi SeiZleba iyos YkiY an YaraA, gadawyvetilebis amocana ewodeba, xolo
meore tipisas ki - optimizaciis.
gadawyvetilebis amocanebia, magaliTad, hamiltonis ciklis, eileris ciklis, grafis planarulobis
testis, simartivis testis, grafis izomorfizmis, qvegrafis izomorfizmis da sxva amocanebi. maTSi
imis dadgenaa saWiro, ekuTvnis Tu ara monacemi ama Tu im klass: Tu mocemuli gvaqvs yvela SesaZlo
planaruli grafis simravle, romelsac Cven pirobiTad vuwodebT GP , mocemuli G grafisTvis mxolod
Semdegi sakiTxis garkvevaa saWiro: G ∈ GP ?
aseve, hamiltonis ciklis mqone grafTa simravle Tu aRiniSneba rogorc GH , hamiltonis ciklis amo-
cana igivea, rac SekiTxva G ∈ GH? amitom amdagvar amocanebs uwodeben Ygadawyvetilebis amocanasA:
gadawyviteT, ekuTvnis Tu ara monacemi raRac simravles (atarebs Tu ara garkveul Tvisebas).

amisgan gansxvavebulia, magaliTad, gadafarvis amocana V C . aq yvela SesaZlo gadafarvidan unda avir-
CioT minimaluri. aseve CN SeRebvis amocanac: yvela SesaZlo SeRebvidan minimaluri; TSP : yvela Sesa-
Zlo marSrutidan, romelic yvela qalaqze gadis, minimaluri da a.S. sxva sityvebiT rom vTqvaT, aq
SesaZlo amonaxsnebidan virCevT raRac TvalsazrisiT optimalurs. amitomac aseTi tipis amocanebs
uwodeben YoptimizaciisasA.

ganmarteba 1.4: Tu mocemulia raime gadawyvetilebis amocana A monacemTa simravliT X , maSin LA =

{x | x ∈ X, A(x) =ki} monacemTa qvesimravles (iseT monacemTa simravles, romlebzec am amocanis pasuxi
iqneboda YkiA) am A amocanis ena ewodeba.

savarjiSo 1.19: sityvierad axseniT, ra aris LEC , LTSPk
, LV Ck

da LCNk
.

sainteresoa kavSiri optimizaciisa da gadawyvetilebis amocanebs Soris.
warmovidginoT, rom gvaqvs Semdegi gadawyvetilebis amocana:

grafis k frad SeRebva (CNk)
mocemulia: grafi G da ricxvi k ∈ N
pasuxi: YkiA an YaraA
gaeciT pasuxi SekiTxvas: SeiZleba Tu ara G grafis k frad SeRebva?

Tu gvaqvs am amocanis algoriTmi, advilad SevZlebT CN optimizaciis amocanis gadaWrasac:

algoriTmi 1: grafis SeRebvis algoriTmi
. mocemulia: grafi G

1: k = 1;
2: while(CNj(G) = YaraA);
3: k ++
4: return(k)
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analogiurad, Tu gvaqvs V Ck gadawyvetilebis amocanis algoriTmi, romelic mogvcems pasuxs YkiA maSin
da mxolod maSin, Tu mocemuli grafi gadaifareba k wveroTi, misi meSveobiT advilad SeiZleba gadai-
Wras Sesabamisi optimizaciis amocanac.

savarjiSo 1.20: CamoayalibeT IS, Clique, TSP da V C Sesabamisi gadawyvetilebis amocanebi.

savarjiSo 1.21: mocemulia ISk, Cliquek, TSPk da V Ck gadawyvetilebis amocanebis algoriTmebi. maTi
gamoyenebiT dawereT Sesabamisi optimizaciis amocanebis algoriTmebi.

1.3 araamoxsnadi amocanebi

erT-erTi yvelaze Zveli amocana, romelsac algoriTmuli amoxsna ar aqvs (garkveuli resursebiT
SezRudvis gaTvaliswinebiT), antikuri saberZneTidan modis da ramodenime aTasi weli gadauWreli rCe-
boda - figurebis fargliTa da saxazaviT ageba (ix. pirveli semestris kursi YalgoriTmebis SesavaliA).
rogorc XIX saukuneSi maTematikosebma daamtkices, SeuZlebelia iseTi algoriTmebis povna, romliTac
erTeulovani wris farTobis mqone kvadratis agebas SevZlebdiT farglisa da saxazavis gamoyenebiT.
samagierod SeiZleba aseTi farTobis mqone kvadrats nebismieri sizustiT mivuaxlovdeT - amocanis
odnavi Secvlisas igi amoxsnadi xdeba: mocemulia wre farTobiT S1 da raime dadebiTi ricxvi ϵ > 0
(sizuste). farglisa da saxazavis gamoyenebiT aageT iseTi kvadrati, romlis farTobi S2 mocemuli
sizustiT iqneba mocemuli wris farTobis siaxloveSi, anu |S1 − S2| ≤ ϵ.
meore magaliTad SeiZleba hilbertis X problemis moyvana: mocemulia nebismieri diofantes poli-
nomiuri gantoleba mTeli koeficientebiT: an · xn

n + · · · + a1 · x1
1 + a0 = 0, sadac ai ∈ Q, 0 ≤ i ≤ n, n ∈ N.

SeimuSaveT meTodi (anu algoriTmi), romelic nebismieri aseTi polinomisaTvis gagvcemda pasuxs (ki an
ara) SekiTxvaze, aqvs Tu ara am gantolebas mxolod racionaluri fesvebi? rogorc aRmoCnda, arc am
amocanas aqvs algoriTmuli amoxsna (aqve SevniSnoT, rom garkveul konkretul SemTxvevebSi es sakiTxi
gadaiWreba. aq laparakia imaze, rom ar arsebobs iseTi algoriTmi, romelic nebismieri monacemisTvis
gagvcemda pasuxs).
aRsaniSnavia, rom es amocanebi algoriTmis gansazRvrebaze adre Camoyalibda da wminda maTematikuri
xerxebiT iqna gadaWrili, Tumca maT informatikaSi Zalian mniSvnelovani roli iTamaSes.
pirveli amocana (anu igive problema), romlis amouxsnadobac algoriTmul meTodebze dayrdnobiT
damtkicda, e.w. SeCerebis amocanaa: nebismieri algoriTmisaTvis (programisTvis) da misi monacemisaTvis
daadgineT, SeCerdeba Tu Caicikleba es algoriTmi mocemul monacemze. amis konkretuli magaliTia sami
programa, romelTagan pirveli rig-rigobiT gadaamowmebs naturalur ricxvebs da SeCerdeba maSin da
mxolod maSin, Tuki iseT luw ricxvs aRmoaCens, romelic ori sxva luwi ricxvis jams warmoadgens.

algoriTmi 2: luw ricxvTa Semowmeba (pirveli versia)

1: n = 0;
2: do
3: n++;
4: while(2n ̸= 2k + 2p)

meore algoriTmi rig-rigobiT gadaamowmebs naturalur ricxvebs da SeCerdeba maSin da mxolod maSin,
Tu iseT kent ricxvs aRmoaCens, romelic erTi luwi da erTi kenti ricxvis jams warmoadgens.

algoriTmi 3: luw ricxvTa Semowmeba (meore versia)

1: n = 0;
2: do
3: n++;
4: while(2n ̸= 2k + (2p− 1))

cxadia, rom pirvel algoriTmzec da meorezec winaswar SeiZleba imis Tqma, SeCerdeba Tu ara igi.
magram ganvixiloT algoriTmi, romelic rig-rigobiT gadaamowmebs luw ricxvebs da SeCerdeba maSin
da mxolod maSin, Tu ganxiluli ricxvi maqsimum ori martivi ricxvis jamisagan ar Sedgeba.
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algoriTmi 4: luw ricxvTa Semowmeba (mesame versia)

1: n = 1;
2: do
3: n++;
4: while(2n ̸= p1 + p2) /* es luwi ricxvi ar warmodgeba ori martivi ricxvis jamis saxiT */

algoriTmi 5: SeCerebis diagonaluri algoriTmi D
. monacemi: raime algoriTmi A

1: while(H(A(A))== YkiA) /* SeniSvna: aq YAA algoriTmis aRmweri sityvaa (mag. misi kodi) */

es ukanaskneli amocana Tanamedrove maTematikis erT-erTi udidesi Ria problemaa (goldbaxis hipoTeza)
da, cxadia, jer-jerobiT winaswar ver vityviT, SeCerdeba Tu ara zemoT moyvanili algoriTmi. amrigad,
mocemuli algoriTmis analiziT zogjer dabejiTebiT SeiZleba imis Tqma, SeCerdeba Tu ara igi, zog-
jer ki -- ara.

ganmarteba 1.5: mocemulia raime A algoriTmi da misi raime X monacemi. sakiTxs, SeCerdeba Tu ara A
algoriTmi X monacemze SeCerebis amocana ewodeba.

kargi iqneboda iseTi algoriTmis aRmoCena, romelic nebismieri A algoriTmisa da X monacemisTvis
gvetyoda, Caicikleba Tu ara A(X). amiT mravali Ria problema gadaiWreboda (mag. goldbaxis hipoTeza).
magram, samwuxarod, aseTi ram SeuZlebelia, rac Semdeg TeoremaSi mtkicdeba:

Teorema 3.1: SeCerebis amocana araamoxsnadia

damtkiceba: davuSvaT sawinaaRmdego: vTqvaT, arsebobs iseTi H algoriTmi, romelic monacemad iRebs

nebismieri A algoriTmisa da X monacemis aRmwer sityvebs da gvetyvis, SeCerdeba Tu ara A(X). sxva
sityvebiT rom vTqvaT,

H(A,X) =

{
YkiA, A algoriTmi SeCerdeba X monacemze;
YaraA, A algoriTmi ar SeCerdeba X monacemze.

axla ki SevqmnaT iseTi algoriTmi D(X), romelic monacemad iRebs raRac X sityvas, romelic Tavis
Tavad raime algoriTmis aRweraa:

algoriTmi 6: SeCerebis diagonaluri algoriTmi D
. monacemi: raime algoriTmi A

1: while(H(A(A))== YkiA) /* SeniSvna: aq YAA algoriTmis aRmweri sityvaa (mag. misi kodi) */

ese igi, D algoriTmi monacemad miiRebs raime A algoriTmis aRweras da SeCerdeba maSin da mxolod
maSin, Tu A algoriTmi missave aRmweri sityvis monacemze ar SeCerdeba (aq gasaTvaliswinebelia is
faqti, rom TviT algoriTmis aRwerac raRac sityvaa, romelic monacemad SeiZleba aviRoT).
axla ganvixiloT, Tu ra moxdeba, rodesac D algoriTmi Tavis aRweras miiRebs monacemad. D(D) niSnavs,
rom D algoriTmi missave aRmweri sityvis monacemze SeCerdeba maSin da mxolod maSin, Tu D algoriTmi
missave aRmweri sityvis monacemze ar SeCerdeba, es ki winaaRmdegobaa!

r.d.g.
es faqti ar niSnavs aucileblad imas, rom raRaca amocanebisTvis ver vityviT, Caicikleba Tu ara maTi
algoriTmebi. usasrulod bevri amocanisaTvis dagvWirdeba axali meTodebis Zieba, rom am SekiTxvaze
pasuxi gavceT. SeCerebis amocana algoriTmulad amoxsnadi rom yofiliyo, maTematikuri logikisa da
informatikis erT-erTi umniSvnelovanesi ganxra -- TeoremaTa avtomaturi mtkiceba -- advilad gadai-
Wreboda, axla ki saWiroa TeoremaTa klasifikacia da yoveli calkeuli klasisaTvis avtomaturi mt-
kicebebis meTodebis Zieba. msgavsi problemebi wamoiWreba aseve programuli kodis sisworis avtomatur
mtkicebaSic.

Zalian mniSvnelovania aseve meore araamoxsnadi amocana, romelic Ypostis Sesabamisobis problemisA
Post Correspondence Problem, mokled PCP saxeliTaa cnobili:
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postis Sesabamisobis problema (Post Correspondence Problem, PCP )
mocemulia: P = ((x1, y1), (x2, y2), ..., (xn, yn)), xi, yi ∈ Σ+ aracarieli sityvebis wyvilTa mimdevroba, romel-
sac Cven Yamocanis pirobasA, an mokled YpirobasA vuwodebT.
I = (i1, ..., ik), ij ∈ {1, 2, ..., n} mimdevrobas ewodeba mocemuli pirobis amonaxsni, Tu xi1 ◦ xi2 ◦ · · · ◦ xin =
yi1 ◦ yi2 ◦ · · · ◦ yin .
TvalsaCinoebisTvis P problema SegviZlia warmovidginoT, rogorc dominos qvebi, romelzedac erT
mxares xi da meoreze ki yi sityva weria, Tan TiToeuli tipis qva usasrulod bevri SeiZleba iyos (Sesa-
Zlebelia, rom I amoxsnaSi ik = il, Tu k ̸= l.
maSin amocana SemdegSi mdgomareobs: SeiZleba Tu ara dominos qvebi ise davalagoT erTmaneTis gverdiT,
rom zeda nawilSi warmoqmnili sityva (sadac mxolod xi qvesityvebi gveqneba) daemTxvas qveda nawilSi
warmoqmnil sityvas?

magaliTi 3.1: mocemulia problema P = ((1, 101), (10, 00), (011, 11)), rac gvaZlevs: x1 = 1, x2 = 10, x3 = 011 da

y1 = 101, y2 = 00, y3 = 11. amis amonaxsni iqneba I = (1, 3, 2, 3):
x1 ◦ x3 ◦ x2 ◦ x3 = 1 ◦ 011 ◦ 10 ◦ 011 = 101 ◦ 11 ◦ 00 ◦ 11 = 101110011 = 101 ◦ 11 ◦ 00 ◦ 11 = y1 ◦ y3 ◦ y2 ◦ y3
Tu amas warmovidgenT, rogorc dominos qvebis mimdevrobas, miviRebT:

101

1 011

11

10

00

011

11

cxadia, rom Tu erT amocanas ramodenime amoxsna aqvs, maTi kombinaciac amoxsnas gvaZlevs. amitom Sei-
Zleba wamoiWras SekiTxva: Tu mocemulia raime amoxsna, SeiZleba Tu ara misi sxva amoxsnebis kombina-
ciebad warmodgena? wina magaliTSi moyvanili amoxsna ar SeiZleba ase daiyos. anu, rogorc amboben, igi
primitiulia.
zeda magaliTis ganxilvisas SeiZleba warmoiSvas STabeWdileba, rom postis problema sulac ar aris
rTuli. amitom ganvixiloT Semdegi
magaliTi 3.2:

P = ((001, 0), (01, 011), (01, 011), (10, 001)); x1 = 001, x2 = 01, x3 = 01, x4 = 10, y1 = 0, y2 = 011, y3 = 101, y4 = 001.
misi umoklesi amoxsnac ki 66 wyvilisagan Sedgeba, riTac am problemis sirTulis pirveli Sefaseba
SeiZleba:
I = (2, 4, 3, 4, 4, 2, 1, 2, 4, 3, 4, 3, 4, 4, 3, 4, 4, 2, 1, 4, 4, 2, 1, 3, 4, 1, 1, 3, 4, 4, 4, 2, 1, 2, 1, 1, 1, 3, 4, 3, 4, 1, 2, 1, 4, 4, 2, 1, 4, 1,

(1, 3, 4, 1, 1, 3, 1, 1, 3, 1, 2, 1, 4, 1, 1, 3)

sruli gadarCevis meTodiT SeiZleba Seiqmnas algoriTmi, romelic postis amocanis I amoxsnas mogvcemda,
Tu aseTi arsebobs. amoxaxsnis ararsebobis SemTxvevaSi aseTi algoriTmi Caicikleba.

savarjiSo 1.22: dawereT programa, romelic sruli gadarCeviT mogvcems PCP amocanis pasuxs aseTis
arsebobis SemTxvevaSi. daamtkiceT misi siswore da daiTvaleT bijebis raodenoba im daSvebiT, rom
mocemuli pirobisTvis amonaxsni arsebobs.

uxeSad, amocanebi or klasad SeiZleba daiyos: iseTebi, romlisTvisac algoriTmuli amoxsna ar ar-
sebobs (anu am amocanebis gadaWra sasrul droSi ar SeiZleba - maTi yvela algoriTmi minimum erT
monacemze mainc Caicikleba) da iseTebad, romlebisTvisac algoriTmuli amoxsna arsebobs. iseT amo-
canebSi, romlebisTvisac algoriTmebi arsebobs, gamoyofen amocanaTa sirTulis ramodenime klass.
aRmoCnda, rom erT-erT klasSi iseTi amocanebia, romelTaTvisac realur (anu polinomiur) droSi
amoxsna arsebobs, xolo meoreSi - iseTebi, romelTaTvisac realur droSi amoxsna dReisaTvis cno-
bili ar aris. aqve unda aRiniSnos, rom YefeqturiA, YswrafiA, Yrealur droSiA amoxsnadi algoriTmebi
igivea, rac Ypolinomur droSi amoxsnadiA (ix. pirveli semestris leqciaTa kursi).

mniSvnelovania Semdegi garemoeba: fargliTa da saxazaviT konkretuli geometriuli figurebis agebis
amocana gadauWrelia mxolod garkveuli meTodebis gamoyenebiT -- Tu Cven sakiTxs ise davsvamT, Sei-
Zleba Tu ara igive figurebis raime meTodiT ageba, maSin pasuxi dadebiTi iqneba. danarCeni aq ganxiluli
araamoxsnadi amocanebi ki zogadad gadauWrelia -- ar arsebobs raime meTodi, romelic am SekiTxvebze
pasuxs sasrul droSi gagvcemda. es ki imas niSnavs, rom amocanis Camoyalibebisas mniSvnelovan rols
TviT resursebis SerCeva TamaSobs.



1.4 rekursiuli da rekursiulad gadaTvladi amocanebi 15

mniSvnelovani SeniSvna: Cven aq SeCerebis amocanis araamoxsnadoba garkveuli aparatis, kerZod Cveni
fsevdokodis meSveobiT davamtkiceT, rac araamoxsnadobis mtkicebis garkveul intuicias iZleva. ma-
gram aravis uTqvams, rom ar arsebobs raime sxva ena an meTodi, riTac es amocana sasrul droSi amoixsne-
boda. logikuria SekiTxva, ra aparatia iseTi YuniversaluriA, romliT damtkicebuli Teoremac nebis-
mier sxva gamoTvlis saSualebasac moicavs? amaze calsaxa pasuxi ar arsebobs, Tumca sayovelTaod
miRebulia e.w. CerCis Tezisi, romelic cnobilma amerikelma mecnierma alonso CerCma Camoayaliba,
romlis mixedviTac Tu raime amocana ar amoixsneba e.w. tiuringis manqaniT (romelsac xSirad aseve
tiuring-postis manqanasac uwodeben), maSin igi veranairi sxva meTodiT ver gadaiWreba sasrul droSi.
aqve unda aRiniSnos, rom tiuringis manqana martivi gamomTvlelis maTematikuri modelia, romelic
xSirad gamoiyeneba Teoriul informatikaSi, rogorc zogadi gamomTvleli, magram misi formalurad
Camoyalibeba da masze dayrdnobiT TeoremaTa mtkiceba Cveni kursis farglebs cdeba - Cven algoriT-
mebis zogadi ganmartebiTa da fsevdokodiT SemovifarglebiT.

1.4 rekursiuli da rekursiulad gadaTvladi amocanebi

rogorc ukve aRvniSneT, gadawyvetilebis amocanebis daxmarebiT optimizaciis amocanis gadaWra Sei-
Zleba. magram rogor SegviZlia TviT gadawyvetilebis amocanis Camoyalibeba? am SekiTxvaze pasuxis
gasacemad ganvixiloT zogadi midgoma: gadawyvetilebis amocanaSi gvainteresebs, akmayofilebs Tu ara
raime A monacemi B Tvisebas. magaliTad, A monacemad SeiZleba ganvixiloT raime grafi da B Tvisebad –
hamiltonis cikli (am SemTxvevaSi miviReT HC), an koniunqciuri normaluri formiT Cawerili funqcia
da Tviseba, rom es funqcia cvladebis raime mniSvnelobaze iRebs pasuxs 1 (amocana SAT ) da mravali
sxva.

savarjiSo 1.23: CamoayalibeT ISk, Cliquek, TSPk da V Ck gadawyvetilebis amocanebis monacemebi da Sesamowme-
beli Tvisebebi.

simartivisTvis Cven aq da SemdgomSi amocanasa da misi amonaxsnebis simravles (amocanis enas) gavai-
givebT da ubralod YamocanasA an YproblemasA vuwodebT.

ganmarteba 1.6:Tu mocemuli LA amocanisTvis arsebobs raime algoriTmi, romelic mocemuli x sityvisTvis
SeCerdeba im SemTxvevaSi, Tu x ∈ LA (da YkiA pasuxsac mogvcems), magram SeiZleba ar SeCerdes, Tu x ̸∈ LA,
maSin aseT enas (amocanas) rekursiulad gadaTvladi ewodeba. Tu igive amocanisTvis arsebobs iseTi
algoriTmi, romelic nebismieri sityvisTvis SeCerdeba da x ∈ LA SekiTxvaze swor pasuxsac gagvcems,
maSin aseT enas (amocanas) rekursiuli ewodeba.

savarjiSo 1.24: ra damokidebulebaa rekursiul amocanaTa da rekursiulad gadaTvladi amocanebis
simravleebs Soris? pasuxi daasabuTeT.

aRsaniSnavia, rom termini YrekursiuliA da Yrekursiulad gadaTvladiA 1930an wlebSi ganviTarebuli
rekursiuli funqciebis Teoriidan modis: nebismieri gamoTvladi funqcia SeiZleba aRiweros ramod-
enime martivi funqciis rekursiuli jaWvis agebiT. magram arsebobs iseTi funqciebic, romelTa gamo-
Tvlac am meTodiT ar SeiZleba an garkveul SemTxvevaSi ar SeiZleba (rogorc es wina ganmartebaSia
aRniSnuli).

rekursiulad gadaTvladi amocanis erT-erTi yvelaze cnobili magaliTia zemoT moyvanili PCP .
misi araamoxsnadobis damtkiceba cnobili araamoxsnadi amocanis, kerZod ki SeCerebis problemis masze
YdayvaniTA mtkicdeba (anu PCP amocanis meSveobiT SeCerebis amocanis gadaWris SesaZleblobiT - daaxloebiT
ise, rogorc gadawyvetilebis amocaniT optimizaciis problemas vxsnidiT). dayvanis arssa da teqnikas
Cven SemdgomSi dawvrilebiT ganvixilavT.

savarjiSo 1.25: daamtkiceT, rom Semdegi amocanebi rekursiulad gadaTvladia (CaTvaleT, rom algo-
riTmis monacemi orobiT anbanzea mocemuli):

• mocemuli A algoriTmisTvis gansazRvreT, SeCerdeba Tu ara igi Bn, n ∈ N enis nebismier monacemze;

• mocemuli A algoriTmisTvis gansazRvreT, SeCerdeba Tu ara igi Bn, n ∈ N enis raime monacemze;
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• ori A da B algoriTmisTvis gansazRvreT, arsebobs Tu ara w ∈ B∗ monacemi, romlisTvisac A(w) ̸=
B(w).

savarjiSo 1.26: Semdegi gamonaTqvamebidan romelia WeSmariti da romeli - mcdari? pasuxi daasabuTeT

• Tu amocana rekursiulad gadaTvladia, igi aseve rekursiulicaa;

• Tu amocana rekursiulia, igi aseve rekursiulad gadaTvladicaa;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba ar SeCerdes raime x ∈ LK monacemze;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba ar SeCerdes raime x ̸∈ LK monacemze;

• K rekursiulad gadaTvladi amocanis algoriTmi SeiZleba SeCerdes raime x ̸∈ LK monacemze;

• K rekursiuli amocanis algoriTmi SeiZleba SeCerdes raime x ̸∈ LK monacemze;

• K rekursiuli amocanis algoriTmi SeiZleba ar SeCerdes raime x ̸∈ LK monacemze.



Tavi 2

grafis Semovlis algoriTmebi

bevri algoriTmi, romelic muSaobs grafebze, saWiroebs grafis wveroebis da wiboebis garkveul damu-
Savebas. grafebis SemovlisTvis arsebobs ori ZiriTadi algoriTmi - siganeSi Zebna (breadth-first search,
BFS) da siRrmeSi Zebna (depth-first search, DFS). es algoriTmebi gamoiyeneba rogorc araorientirebuli,
ise orientirebuli grafebisTvis. garda maTi ZiriTadi daniSnulebisa (wveroebisa da wiboebis Se-
movla), maTi gamoyeneba sasargebloa grafebis rigi mniSvnelovani Tvisebis dasadgenad (mag, grafis
bmulobis, aciklurobis da a.S.)

2.1 siganeSi Zebnis algoriTmi

siganeSi Zebnis algoriTmi grafis Semovlis erT-erTi martivi algoriTmia, romelic grafebTan mo-
muSave bevri algoriTmis safuZvels warmoadgens. magaliTad, minimaluri damfaravi xis agebis primis
algoriTmi, erTi wverodan umoklesi manZilis povnis deiqstras algoriTmi iyeneben siganeSi Zebnis
algoriTmis msgavs ideebs.
vTqvaT mocemulia G=(V,E) grafi da misi s sawyisi wvero (source vertex). siganeSi Zebnis (breadth-first
search) algoriTmi adgens umokles manZils s-dan yvela miRwevad wveromde (manZilad aq iTvleba umokles
gzaze wiboTa raodenoba, wibos wona erTis tolad iTvleba). algoriTmis muSaobis procesSi miiReba
e.w. Zebnis xe, romelic moicavs fesvidan miRwevad yvela wveros.
meti TvalsaCinoebisaTvis CavTvaloT, rom algoriTmis muSaobis procesSi grafis wveroebi SesaZloa
iyos TeTri, ruxi an Savi feris. Tavdapirvelad yvela wvero TeTri ferisaa, xolo algoriTmis muSao-
bis dros TeTri wvero SeiZleba gadaiqces ruxad, xolo ruxi - Savad (magram ara piriqiT). ruxad iRebeba
is wvero, romelic algoriTmma aRmoaCina, magram jer araa Semowmebuli misgan gamomavali sxva wiboebi,
xolo Savad iRebeba is wvero, romlisganac gamomavali yvela wibo ukve Semowmebulia.
Tavidan Zebnis xe Sedgeba mxolod fesvisagan. roca algoriTmi pirvelad aRmoaCens axal (TeTri feris)
v wveros, romelic ukve napovni u wveros mosazRvrea, v wvero xdeba u wveros Svili (child) da iRebeba
ruxad, xolo (u,v) wibo emateba Zebnis xes. aseT wibos uwodeben xis wibos (tree edge). u wvero xdeba
v wveros mSobeli (parent) da Tuki misi yvela Svili napovnia, iRebeba Savad. Tu wibos mivyavarT ukve
aRmoCenil wverosTan, romelic ar warmoadgens mis uSualo winapars, mas uwodeben jvaredin wibos
(cross edge). yoveli wveros aRmoCena xdeba mxolod erTxel, amitom wveros ar SeiZleba erTze meti
mSobeli hyavdes. "winaprisa" da "STamomavlis" cnebebic am SemTxvevaSi Cveulebrivad ganisazRvreba.
procedura BFS (breadth-first-search - ganivad Zebna) iyenebs grafis warmodgenas mosazRvre wveroTa siiT.
yoveli u wverosaTvis damatebiT inaxeba misi feri color[u] da misi mSobeli π[u]. Tuki mSobeli jer
napovni ar aris an u=s, maSin π[u]=NIL. manZili s-dan u-mde iwereba d[u] velSi. ruxi wveroebis Sesanaxad
gamoiyeneba rigi Q (ganmarteba Tavis bolos).
2-5 striqonebSi yvela wverosaTvis feri xdeba TeTri, mniSvnelobebi - usasruloba, xolo mSoblebi
- NIL. me-6 striqonSi xdeba fesvis (s wveros) damuSaveba. me-7 striqonSi Q cariel rigs emateba misi
pirveli wevri - s wvero. programis ZiriTadi cikli (8-16 striqonebi) sruldeba Q rigis dacariele-
bamde, e.i. sanam arseboben ruxi feris wveroebi, anu wveroebi, romlebic aRmoCenilia, magram romelTa
mosazRvreobis siebi jer ganxiluli ar aris. pirveli iteraciis win, erTaderTi ruxi feris wvero
da erTaderTi wvero aris sawyisi s wvero. me-9 striqoniT ganisazRvreba ruxi wvero u rigis TavSi,
romelic Semdeg amoiSleba Q rigidan. 10-15 striqonebSi for cikli ganixilavs u-s yvela mosazRvre v
wveros mosazRvre wveroTa siaSi. Tuki maT Soris aRmoCndeba TeTri feris wvero, is iRebeba ruxad, mis

17
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Algorithm 7: Breadth First Search (BFS)

Input: grafi G = (V,E) da sawyisi wvero s
Output: grafis ganivad Zebnisas aRmoCenili wveroebis mimdevroba

1 BFS(G, s) :
2 for ∀u ∈ V \{s} :
3 color[u] = TeTri;

4 d[u] = ∞;

5 π[u] = NIL;

6 color[s] = ruxi; d[s] = 0; π[s] = NIL; Q = ∅;
7 ENQUEUE(Q, s);

8 while Q ̸= ∅ :
9 u = DEQUEUE(Q);

10 for ∀v ∈ Adj[u] :
11 if color[v] == TeTri :
12 color[v] = ruxi;

13 d[v] = d[u] + 1;

14 π[v] = u;

15 ENQUEUE(Q, v);

16 color[u] = Savi;

17 return d, π

mSoblad cxaddeba u da manZilad fesvamde - d[u]+1, xolo Tavad es wvero Tavsdeba Q rigis boloSi.
amis Semdeg u wvero iRebeba Savad (16 striqoni).
sur. 2.1-ze mocemulia BFS proceduris muSaoba araorientirebuli grafisaTvis da agebulia siganeSi
Zebnis xe. muqad aRniSnulia xis wiboebi T (tree edges). wiboebi, romlebic ar Sedian siganeSi Zebnis xeSi,
aris jvaredini wiboebi - C (cross edges).
siganeSi Zebnis Sedegi SeiZleba damokidebuli iyos u-s mosazRvre wveroebis Tanmimdevrobaze, me-10
striqonSi. siganeSi Zebnis xeebi SeiZleba gansxvavdebodes, magram manZili d, romelsac iTvlis algo-
riTmi, ar aris damokidebuli wveroTa ganxilvis rigze.
ganvsazRvroT proceduris muSaobis dro. yoveli wvero rigSi Tavsdeba mxolod erTxel da aseve
erTxel xdeba misi amoReba rigidan, amitom rigTan dakavSirebul operaciebze daixarjeba O(V) dro.
mosazRvre wveroTa sia aseve erTxel ganixileba, roca Sesabamisi wvero amoiReba rigidan. mosazRvre
wveroTa siebSi elementTa jamuri sigrZe ki E-s tolia (araorientirebul grafSi 2|E|), amitom am op-
eraciaze daixarjeba O(E) dro. inicializacias sWirdeba O(V) dro. maSasadame, algoriTmis muSaobis
saerTo dro iqneba O(V+E).
siganeSi Zebna poulobs manZilebs fesvidan grafis TiToeul miRwevad wveromde. ganvsazRvroT umok-
lesi gzis sigrZe (shortest-path distance) δ(s,v) - s fesvidan v wveromde, rogorc wiboebis minimaluri rao-
denoba s fesvidan v wveromde raime gzaze. Tu gza s-dan v-mde ar arsebobs, maSin δ(s, v) =∞. δ(s, v) sigrZis
gzas s fesvidan v wveromde ewodeba umoklesi gza (shortest path). aseTi gza SeiZleba ramdenime iyos. qve-
moT ganxiluli iqneba umoklesi gzebis ufro zogadi saxe, roca saqme gvaqvs wonian wiboebTan da gzis
sigrZe wiboebis wonaTa jamis tolia. Cvens SemTxvevaSi ki wiboTa wonebi erTeulis tolad iTvleba da
gzis sigrZe wiboTa raodenobas udris.

lema 2.1. vTqvaT mocemulia G=(V,E) grafi (orientirebuli an araorientirebuli) da misi nebismieri s
wvero. maSin misi nebismieri (u, v) ∈ E wibosTvis samarTliania δ(s, v) ≤ δ(s, u) + 1.

Proof. Tu u wvero miRwevadia s-dan, maSin miRwevadia v-c. am SemTxvevaSi, umoklesi gza s-dan v-de ar
SeiZleba iyos imaze grZeli, vidre umoklesi gza s-dan u-mde, romelsac mosdevs (u,v) wibo. ase, rom
dasamtkicebeli utoloba sruldeba. xolo, Tu u wvero ar aris miRwevadi s-dan, maSin, δ(s, u) = ∞ da
utoloba am SemTxvevaSic sruldeba.

lema 2.2. vTqvaT mocemulia G=(V,E) grafi (orientirebuli an araorientirebuli) da vTqvaT, sruldeba
procedura BFS(G,s), maSin proceduris dasrulebis Semdeg, yoveli v ∈ V wverosTvis, mniSvneloba d[v],
gamoTvlili BFS(G,s) proceduriT, akmayofilebs utolobas d[v] ≥ δ(s, v).

Proof. gamoviyenoT induqcia ENQUEUE operaciis raodenobis mixedviT. induqciis hipoTeza mdgomare-
obs imaSi, rom yoveli v ∈ V wverosTvis, sruldeba piroba d[v] ≥ δ(s, v).
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induqciis bazisi aris mdgomareoba, romelic dgeba s sawyisi wveros rigSi damatebis Semdeg BFS(G,s)
proceduris me-7 striqonSi. am SemTxvevaSi piroba sruldeba: d[s] = 0 = δ(s, s), xolo ∀v ∈ V − {s}-sTvis
d[v] =∞ ≥ δ(s, v).
induqciis yovel bijze ganvixiloT TeTri wvero v, romelic ixsneba Zebnis procesSi u wverodan. in-
duqciis hipoTezis Tanaxmad, d[u] ≥ δ(s, u). me-13 striqonSi miniWebisa da lema 2.1-s gamoyenebiT, miviRebT:

d[v] = d[u] + 1 ≥ δ(s, u) + 1 ≥ δ(s, v)

amis Semdeg, v wvero emateba rigs. radgan igi am dros iRebeba ruxad, xolo 12-15 striqonebi srul-
deba mxolod TeTri wveroebisTvis, v wvero rigs aRar daemateba, amrigad, misi mniSvneloba d[v] aRar
Seicvleba, ase rom induqciis hipoTeza sruldeba.

lema 2.3. vTqvaT, BFS(G,s) proceduris Sesrulebis procesSi, Q rigSi Sedis wveroebi < v1, v2, . . . , vr >,
sadac v1 - Q rigis Tavia, xolo vr - Q rigis bolo. maSin yoveli i=1, 2, . . . , r-1-sTvis samarTliania
d[vr] ≤ d[v1] + 1 da d[vi] ≤ d[vi+1].

Proof. davamtkicoT induqciiT, Q rigTan Catarebuli operaciebis raodenobis mixedviT. induqciis ba-
zisad CavTvaloT mdgomareoba, roca rigSi aris erTi s wvero. am SemTxvevaSi lemis piroba sruldeba.
induqciis yovel bijze unda davamtkicoT, rom lema sruldeba Q rigSi wveros rogorc Camatebis, ise
amoRebis Semdegac.
Tu rigidan viRebT mis Tavs, v1-s, rigis axali Tavi xdeba v2 (Tu rigi carieldeba raime wveros rigidan
amoRebiT, lema sruldeba). induqciis hipoTezis Tanaxmad, d[v1] ≤ d[v2], magram maSin miviRebT d[vr] ≤
d[v1] + 1 ≤ d[v2] + 1, xolo yvela danarCeni utoloba rCeba ucvleli. amrigad, lema sruldeba, roca
rigis axali Tavi xdeba v2.
CavamatoT rigSi wvero (BFS proceduris me-15 striqoni), is gaxdeba vr+1, (radgan Q rigi Seicavs <
v1, v2, . . . , vr > wveroebs), am momentSi, u wvero, romlis mosazRvre wveroTa sia ganixileboda, ukve amoRe-
bulia rigidan da induqciis hipoTezis Tanaxmad, rigis axali v1 TavisTvis, sruldeba utoloba: d[v1] ≤
d[u]. amrigad, d[vr+1] = d[v] = d[u] + 1 ≤ d[v1] + 1, garda amisa, induqciis hipoTezis Tanaxmad, d[vr] ≤ d[u] + 1,
da d[vr] ≤ d[u] + 1 = d[v] = d[vr+1], xolo danarCeni utolobebi rCeba ucvleli. amrigad lema sruldeba
rigSi axali wveros Camatebis Semdegac.

Sedegi 2.1. vTqvaT, procedura BFS(G,s) Sesrulebis procesSi, Q rigs emateba jer vi da Semdeg vj
wveroebi, maSin vj wveros rigSi Camatebis momentSi, sruldeba utoloba: d[vi] ≤ d[vj ].

Teorema 2.1. (siganeSi Zebnis koreqtuloba) vTqvaT, mocemuliaG=(V,E) grafi (orientirebuli an araori-
entirebuli) da vTqvaT, sruldeba procedura BFS(G,s) s fesvis mqone G=(V,E) grafisaTvis. maSin muSao-
bis procesSi BFS(G,s) xsnis s-dan miRwevad yvela v ∈ V wveros, da proceduris damTavrebis Semdeg,
yvela v ∈ V wverosTvis, Sesruldeba toloba d[v] = δ(s, v). amis garda, s-dan miRwevadi nebismieri v ̸= s
Tvis erT-erTi umoklesi gza s-dan v-mde aris umoklesi gza s-dan π[v]-mde, romelsac mosdevs wibo (π[v], v).

Proof. davuSvaT sawinaaRmdego. vTqvaT, romelime wverosTvis, d mniSvneloba ar udris umoklesi gzis
sigrZes. vTqvaT, v aris minimaluri δ(s, v) sigrZis mqone wvero, im wveroebs Soris, romlisTvisac ar
aris sworad gamoTvlili d mniSvneloba. cxadia, v ̸= s. lema 2.2 Tanaxmad, d[v] ≥ δ(s, v), amitom, Cveni
daSvebis gamo, d[v] > δ(s, v). v wvero miRwevadi unda iyos s-dan, radgan winaaRmdeg SemTxvevaSi, δ(s, v) =
∞ ≥ d[v]. vTqvaT, u aris wvero, romelic uSualod win uZRvis v wveros s-dan v-mde umokles gzaze, ase,
rom Sesruldeba δ(s, v) = δ(s, u) + 1. radganac δ(s, u) = δ(s, v), xolo v aris minimaluri δ(s, v) sigrZis
mqone wvero, romlisTvisac ar aris sworad gamoTvlili d mniSvneloba, amitom d[u] = δ(s, u). sabolood,
miviRebT:

d[v] > δ(s, v) = δ(s, u) + 1 = d[u] + 1 (2.1)

axla, ganvixiloT momenti, roca procedura BFS(G,s) iRebs u wveros Q rigidan me-9 striqonSi. am mo-
mentSi v wvero SeiZleba iyos TeTri, ruxi an Savi. vaCvenoT, rom samive SemTxvevisTvis miviRebT winaaR-
mdegobas (2.1)-Tan.
Tu v wvero TeTria, maSin me-13 striqonSi sruldeba miniWeba d[v] = d[u] + 1, romelic ewinaaRmdegeba
(2.1)-s. Tu v wvero Savia, maSin is ukve amoRebulia rigidan da Sedegi 2.1-s Tanaxmad, d[v] ≤ d[u], rac,
agreTve, ewinaaRmdegeba (2.1)-s. Tu v wvero ruxia, mas es feri SeeZlo mieRo rigidan ω wveros amoSlis
dros. ω wvero amoSlilia u wveros amoSlamde da misTvis sruldeba toloba d[v] = d[ω] + 1. Sedegi
2.1-dan ki gamomdinareobs, rom d[ω] ≤ d[u], amitom d[v] ≤ d[u] + 1, romelic aseve ewinaaRmdegeba (2.1)-s.
amrigad, yoveli v ∈ V wverosTvis, sruldeba toloba d[v] = δ(s, v). damtkicebis dasasruleblad SevniS-
noT, rom Tu π[v]=u, maSin d[v]=d[u]+1. amitom, umoklesi gza s-dan v-mde SegviZlia miviRoT, Tu vipoviT
umokles gzas s-dan π[v]-mde da Semdeg gavivliT (π[v], v) wiboze.
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s fesvis mqone G=(V,E) grafisaTvis, ganvixiloT Gπ winamorbedobis qvegrafi (predecessor subgraph), ro-
gorc Gπ = (Vπ, Eπ), sadac:

Vπ = {v ∈ V : π[v] ̸= NIL} ∪ {s}

Eπ = {(π[v], v) : v ∈ Vπ − {s}}

Gπ qvegrafi warmoadgens siganeSi Zebnis xes (breadth-first tree), Tu Vπ Sedgeba s-dan miRwevadi wveroe-
bisgan da yoveli v ∈ Vπ wverosaTvis Gπ-Si arsebobs erTaderTi martivi gza s-dan v-Si, romelic erT-
droulad aris umoklesi gza s-dan v-Si G grafSi. siganeSi Zebnis xe warmoadgens xes, radgan is bmulia
da |Eπ| = |Vπ| − 1.
Semdegi lema aCvenebs, rom s fesvis mqone G=(V,E) grafisaTvis BFS(G,s) proceduris Sesrulebis Semdeg,
winamorbedobis qvegrafi warmoadgens siganeSi Zebnis xes.

lema 2.4. G=(V,E) grafisaTvis BFS(G,s) proceduris Sesrulebis Semdeg, procedura π-s agebs ise, rom
winamorbedobis qvegrafi Gπ = (Vπ, Eπ) warmoadgens siganeSi Zebnis xes.

Proof. me-14 striqonSi π[v]=u miniWeba xorcieldeba maSin da mxolod maSin, roca (u, v) ∈ E da δ(s, v) <
∞, anu roca v miRwevadia s-dan. amitom, Vπ Sedgeba V-s im wveroebisgan, romlebic miRwevadia s-dan.
radgan Gπ warmoadgens xes, Teorema 1.1-s mixedviT, is Seicavs erTaderT gzas s-dan Vπ simravlis yovel
wveromde. Teorema 2.1-s gamoyenebiT, ki davaskvniT, rom yoveli aseTi gza umoklesia.

Semdegi procedura beWdavs s-dan v-mde yvela wveros, mas Semdeg, rac BFS(G,s) proceduriT ukve agebu-
lia siganeSi Zebnis xe.

Algorithm 8: PRINT PATH

Input: grafi G = (V,E), wveroebi s da v, mSoblebis masivi π
Output: gza s-dan v-Si

1 PRINT-PATH(v) :

2 if v == s :
3 print(s);

4 elif π[v] == NIL :
5 print(’ gza ar arsebobs’);
6 else:
7 PRINT-PATH(π[v]);
8 print(v);

funqciis muSaobis dro dasabeWdi gzis sigrZis proporciulia, radgan yoveli rekursiuli gamoZaxeba
erTi erTeuliT amcirebs gzas fesvamde.

2.2 siRrmeSi Zebnis algoriTmi

siRrmeSi Zebnis algoriTmi (depth-first search) iwyebs grafis wveroebis Semovlas nebismieri wverodan,
yovel iteraciaze algoriTmi gadadis mimdinare wveros mosazRvre wveroze da es procesi grZeldeba
manam, sanam ar miaRwevs Cixs, anu iseT mdgomareobas, roca wveros ar hyavs gauvleli mosazRvre wvero. am
SemTxvevaSi, algoriTmi brundeba erTi wiboTi ukan, wveroSi, romlidanac is moxvda CixSi da agrZelebs
process im adgilidan. algoriTmi asrulebs muSaobas, roca brundeba sawyis wveroSi, romelic am
momentisTvis ukve Cixia. Tu grafSi darCenilia gauvleli wveroebi, algoriTmi irCevs erT-erT maTgans
da procesi meordeba.
siRrmeSi Zebnis strategia SeiZleba asec CamovayaliboT: viaroT grafSi win (siRrmeSi), sanam arsebobs
gauvleli wibo. Tu gauvleli wibo aRar arsebobs, davbrundeT ukan da veZeboT sxva gza. ase gava-
grZeloT manam, sanam ar amoiwureba yvela wvero, romelic miRwevadia sawyisidan. Tuki gauvleli wvero
mainc darCa, aviRoT erT-erTi da gavimeoroT procesi, sanam ar iqneba Semovlili grafis yvela wvero.
ganivad Zebnis msgavsad, roca pirvelad gamovlindeba mosazRvre v wvero, u-s mniSvneloba Tavsdeba π[v]-
Si. miiReba xe (an xeebi - Tuki Zebna ganmeordeba ramdenime wverodan). siRrmeSi Zebnis procesSi miiReba
winamorbedobis qvegrafi, romelic ase ganisazRvreba:

Gπ = (V,Eπ) , sadac Eπ = {(π[v], v) : v ∈ V da π[v] ̸= NIL}
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winamorbedobis qvegrafi warmoadgens siRrmeSi Zebnis tyes, romelic SeiZleba Sedgebodes siRrmeSi
Zebnis xeebisagan. Eπ simravleSi Semaval wiboebs uwodeben xis wiboebs.
siRrmeSi Zebnis algoriTmic iyenebs wveroebis Sefervas. Tavidan yvela wvero TeTria. wveros aRmoCenis
Semdeg igi xdeba ruxi. roca wvero mTlianad damuSavebulia, anu Tu misi mosazRvre wveroebis sia
bolomde ganxilulia, igi xdeba Savi. yoveli wvero xvdeba siRrmeSi Zebnis mxolod erT xeSi (amitom
es xeebi ar gadaikveTebian).
garda amisa siRrmeSi Zebna TiToeul wveros miuwers drois Wdeebs (timestamp). yovel wveros aqvs ori
Wde: d[u]-Si Caiwereba, Tu rodis iqna aRmoCenili wvero (da gaxda ruxi), xolo f [u]-Si - rodis dasrulda
wveros damuSaveba (da gaxda Savi).
SeiZleba drois Wdeebis aseTi interpretaciac: movaTavsoT wvero stekSi, misi aRmoCenis momentSi, da
amoviRoT stekidan maSin roca is xdeba Cixi.
qvemoT moyvanil DFS proceduraSi d[u] da f [u] warmoadgenen mTel ricxvebs 1-dan 2|V |-mde. nebismieri
wverosaTvis sruldeba utoloba d[u] < f [u]. u wvero iqneba TeTri d[u] momentamde, d[u]-sa da f [u]-s Soris
iqneba ruxi, xolo f [u]-is Semdeg Savi.
mimdinare drois time cvladi globaluria da gamoiyeneba drois WdeebisaTvis.

Algorithm 9: Depth First Search (DFS)

Input: grafi G = (V,E)
Output: grafis siRrmeSi Zebnisas aRmoCenili wveroebis mimdevroba

1 DFS(G) :
2 for ∀u ∈ V :
3 color[u] = TeTri;

4 π[u] = NIL;

5 time = 0;

6 for ∀u ∈ V :
7 if color[u] == TeTri :
8 DFS-VISIT(u)

9 return d, f, π

10 DFS-VISIT(u) :
11 color[u] = ruxi;

12 time++; d[u] = time;

13 for ∀v ∈ Adj[u] :
14 if color[v] == TeTri :
15 π[v] = u;

16 DFS-VISIT(v);

17 color[u] = Savi;

18 time++; f[u] = time;

2-4 striqonebSi yvela wvero xdeba TeTri, xolo π-s mieniWeba mniSvneloba NIL. me-5-e striqonSi gani-
sazRvreba sawyisi (nulovani) dro. 6-8 striqonebSi xdeba procedura DFS-VISIT-s gamoZaxeba im wveroe-
bisaTvis, romlebic TeTria gamoZaxebis momentisaTvis (proceduris wina gamoZaxebam isini SeiZleba
Savi gaxados). es wveroebi warmoadgenen siRrmeSi Zebnis xeTa fesvebs.
DFS-VISIT(u) proceduris gamoZaxebisas u wvero TeTria. me-11 striqonSi is ruxi xdeba. me-12-e striqonSi
misi aRmoCenis dro Seitaneba d[u]-Si (winaswar drois mTvleli 1-iT izrdeba). 13-16 striqonebSi ganix-
ileba u-s mosazRvre wveroebi da xdeba DFS-VISIT proceduris gamoZaxeba u-s mosazRvre im wveroe-
bisaTvis, romlebic TeTri feris arian gamoZaxebis momentSi. u-s yvela mosazRvre wveros ganxilvis
Semdeg, igi xdeba Savi da f [u]-Si iwereba am movlenis amsaxveli dro (str. 17, 18).
sur. 2.2-ze mocemulia DFS proceduris Sesrulebis procesi da siRrmeSi Zebnis tye orientirebuli
grafisaTvis. muqad aRniSnulia xis wiboebi (tree edges). wiboebi, romlebic ar Sedian siRrmeSi Zebnis
tyeSi, aRniSnulni arian Semdegnairad: ukuwiboebi - B (back edges), jvaredini wiboebi - C (cross edges),
pirdapiri wiboebi - F (forward edges).
SevniSnoT, rom siRrmeSi Zebnis Sedegi SeiZleba damokidebuli iyos wveroebis ganxilvis Tanmimde-
vrobaze, (DFS proceduris me-6 str.), agreTve, mosazRvre wveroebis ganxilvis Tanmimdevrobaze, (DFS-
VISIT proceduris me-13 str.). praqtikaSi aRniSnuli garemoeba ar qmnis problemas, radgan siRrmeSi
Zebnis algoriTmis nebismieri Sedegi SeiZleba efeqturad iqnas gamoyenebuli da faqtobrivad erTnair
Sedegebs iZleva siRrmeSi Zebnaze dafuZnebuli algoriTmebisTvis.
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daviTvaloT DFS proceduris muSaobis dro: ciklebi 2-4 da 6-8 striqonebSi moiTxoven Θ(V ) dros. pro-
cedura DFS-VISIT-s gamoZaxeba xdeba mxolod erTxel yoveli wverosTvis. DFS-VISIT(u) proceduris
gamoZaxebisas cikli 13-16 striqonebSi sruldeba |Adj[v]|-jer. da radgan∑

v∈V

|Adj[v]| = Θ(E)

amitom DFS-VISIT proceduris 13-16 striqonebis Sesrulebis dro iqneba Θ(E). DFS proceduris muSao-
bis dro ki - Θ(V + E).
SevniSnoT, rom siRrmeSi Zebnis xeebisagan Sedgenili winamorbedobis qvegrafi zustad Seesabameba DFS-
VISIT proceduris rekursiuli gamoZaxebebis struqturas. saxeldobr, u = π[v] maSin da mxolod maSin,
roca moxda DFS-VISIT(v) gamoZaxeba wveros mosazRvre wveroebis ganxilvis dros.
siRrmeSi Zebnis meore mniSvnelovani Tviseba imaSi mdgomareobs, rom wveroTa aRmoCenisa da damuSa-
vebis damTavrebis droebi qmnian wesier frCxilur struqturas. aRvniSnoT u wveros povna marcxena
frCxiliTa da wveros saxeliT - "(u", xolo misi damuSavebis damTavreba wveros saxeliTa da marjvena
frCxiliT - "u)". movlenaTa CamonaTvali iqneba frCxilebisagan wesierad agebuli gamosaxuleba. maga-
liTad sur. 2.3-ze gamosaxuli grafisaTvis:
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nax. 2.3:

adgili aqvs mtkicebulebebs:

Teorema 2.2. (frCxiluri struqturis Sesaxeb) siRrmeSi Zebnis dros orientirebul an araorientire-
bulG = (V,E) grafSi nebismieri ori u da v wverosaTvis sruldeba mxolod erT-erTi debuleba Semdegi
samidan:

• [d[u], f [u]] da [d[v], f [v]] monakveTebi ar gadaikveTeba

• [d[u], f [u]] monakveTi mTlianad Sedis [d[v], f [v]] SigniT da u wvero v-s STamomavalia siRrmeSi Zebnis
xeSi

• [d[v], f [v]] monakveTi mTlianad Sedis [d[u], f [u]] SigniT da v wvero u-s STamomavalia siRrmeSi Zebnis
xeSi

Sedegi 2.2. v wvero u-s STamomavalia siRrmeSi Zebnis tyeSi orientirebul an araorientirebul G =
(V,E) grafSi maSin da mxolod maSin, roca d[u] < d[v] < f [v] < f [u].

Teorema 2.3. (TeTri gzis Sesaxeb). v wvero u-s STamomavalia siRrmeSi Zebnis tyeSi (orientirebul
an araorientirebul) G = (V,E) grafSi maSin da mxolod maSin, roca d[u] drois momentSi (u wveros
aRmoCenis), arsebobs gza u-dan v-Si, romelic Sedgeba mxolod TeTri wveroebisagan.

Proof. davuSvaT, v wvero u-s STamomavalia. vTqvaT, w nebismieri wveroa u-dan v-Si mimaval gzaze siRrmeSi
Zebnis tyeSi, ase rom w warmoadgens u-s STamomavals. Sedegi 2.2-s Tanaxmad, d[u] < d[w], amitom d[u]
momentSi, w wvero TeTria.
axla, davuSvaT, rom d[u] momentSi, arsebobs gza u-dan v-Si, romelic Sedgeba mxolod TeTri wveroebis-
agan, magram v wvero ar xdeba u-s STamomavali siRrmeSi Zebnis xeSi. zogadobis SeuzRudavad Segvi-
Zlia vigulisxmoT, rom u-dan v-mde gzis yvela danarCeni wvero xdeba u-s STamomavali (winaaRmdeg
SemTxvevaSi, v-s rolSi aviRebT aRniSnul gzaze u-sTan uaxloes wveros, romelic ar xdeba u-s STa-
momavali). vTqvaT, w aris v wveros winamorbedi am gzaze, e.i. is u-s STamomavalia. (u da w SeiZleba
sinamdvileSi erTi wvero iyos). Sedegi 2.2-is Tanaxmad, f [w] ≤ f [u]. SevniSnoT, rom v wveros aRmoCena
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xdeba mas Semdeg, rac aRmoCenilia u, magram w wveros damuSavebis damTavrebamde. amrigad, d[u] < d[v] <
f [w] < f [u]. Teorema 2.2-is Tanaxmad, [d[v], f [v]] monakveTi mTlianad ekuTvnis [d[u], f [u]] monakveTs. Sedegi
2.2-is Tanaxmad ki, v wvero gaxdeba u-s STamomavali.

grafis Semovlis algoriTmebis gamoyeneba

bmuli komponentebi

rogorc viciT, araa aucilebeli, rom grafSi yvela nawili bmuli iyos, anu SeiZleba arsebobdes ori
wvero, romelTa Soris SemaerTebeli gza ar moiZebneba. aseTi calkeuli komponentebis povna funda-
menturi amocanaa grafTa TeoriaSi: rodesac raime amocana dayofil grafebze unda amoixsnas, umetes
SemTxvevaSi unda davadginoT damoukidebeli nawilebi da isini cal-calke davamuSaoT.
magaliTad, Tu mocemulia raime simravle, masze mocemuli eqvivalentobis mimarTeba, rogorc viciT,
am simravles eqvivalenturobis klasebad yofs da Tu am mimarTebas grafis saxiT gamovxatavT, TiTo
klasi am grafis bmulobis komponenti iqneba.

rogorc siRrmeSi, aseve siganeSi Zebnis algoriTmebis gamoyenebiT advilad SeiZleba grafis bmulobis
komponentebis gamoyofa: avirCevT nebismier wveros da am romelime algoriTmiT SemovivliT danarCen
SesaZlo wveroebs, romlebsac erTi da igive niSans davadebT (magaliTad, mTvlelis ricxvi). Tu grafSi
sxva wveroebic darCa, mTvlels erTiT gavzrdiT da igive proceduras gavimeorebT manam, sanam grafis
yvela wveros raime niSani ar daedeba.

savarjiSo 2.1: dawereT bmulobis komponentebis gamoyofis algoriTmi, daamtkiceT misi siswore da
gamoiTvaleT bijebis zeda zRvari.

xeebisa da ciklebis povna

xeebi - acikluri (uciklo) grafebi - saintereso grafTa yvelaze martiv klass qmnian. siRrmeSi Zebnis
meTodi pirdapir gvaZlevs imis pasuxs, aris Tu ara mocemuli grafi xe: Tu Zebnis procesSi ganvlil
wibos aRvniSnavT rogorc Yxis wibosA, xolo iseT wibos, romelsac ar gadavivliT (magaliTad iseTs,
romelsac erTi wverodan ukve Seswavlil wveroSi mivyavarT) aRvniSnavT, rogorc YdamatebiTsA, mo-
cemuli grafi iqneba xe maSin da mxolod maSin, Tu siRrmeSi Zebnis Semdeg damatebiTi wiboebi ar aqvs.
radgan nebismieri xisaTvis |E| = |V | − 1, am algoriTmis drois zeda zRvari iqneba O(|V |).
Tu grafi Seicavs cikls, misi aRmoCena SeiZleba pirvelive damatebiTi wibos povniT: Tu aRmoCnda da-
matebiTi wibo (u, v), maSin ukve Seqmnil xeSi unda arsebobdes gza u wverodan v wveroSi da igi (u, v)
wibosTan erTad mogvcems cikls.

savarjiSo 2.2: daamtkiceT, rom nebismieri damatebiTi (u, v) wibos wvereobs Soris arsebobs SemaerTe-
beli gza.

savarjiSo 2.3: siRrmeSi Zebnis gamoyenebiT dawereT algoriTmi, romelic mocemuli grafisaTvis daad-
gens, aris Tu ara igi xe da Tu ara, ciklebsac ipovnis.

savarjiSo 2.4: ganixileT wina amocanaSi dawerili algoriTmi. SeiZleba Tu ara misi saSualebiT yvela
ciklis aRmoCena?

savarjiSo 2.5: SeiZleba Tu ara igive amocanis siganeSi Zebnis meTodiT gadaWra?

orad SeRebili grafebi

grafis SeRebvis zogad amocanaSi grafis wveroebi ise unda SeiRebos, rom wiboTi SeRebil or wveros
sxvadasxva feri qondes. cxadia, Tu yvela wveros sxvadasxva frad SevRebavT, es amocana gadaiWreba,
magram sainteresoa grafis rac SeiZleba cota frad SeRebvis amocana - mokled: grafis SeRebvis amocana
- romelic farTod gamoiyeneba algoriTmebis Teoriasa Tu praqtikaSi:
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• efeqturi cxrilebis SedgenaSi - magaliTad, mravalbirTvian procesorebSi amocanis nawilebis
paralelurad damuSavebis mizniT - ra nawili ris Semdeg unda damuSavdes;

• radiotalRebis sixSireebis efeqtur dadgenaSi - magaliTad, Tu ori momxmarebeli radiogadam-
cems xmarobs, axlos mdgomebs sxvadasxva sixSireebi unda qondeT, Sors mdgomebs SeiZleba erTi
da igive;

• registrebis efeqturad danawilebis amocana - procesoris registrebis gamoyenebiT monacemebis
damuSaveba gacilebiT ufro swrafad SeiZleba, vidre RAM mexsierebidan. magram radgan xSirad
cvladTa raodenoba registrebis raodenobas aWarbebs, saWiroa imis dadgena, ra dros romeli
cvladi Caiweros registrebSi;

• saxeTa amocnobaSi - magaliTad, mocemuli suraTiT katalogSi adamianis moZebna;

• arqeologiuri an biologiuri masalis analizi - rogorc biologiaSi, aseve arqeologiaSi monace-
mebi xis saxiT SegviZlia SevinaxoT: erTi saxeoba an kultura meoredan momdinareobs, erTi saxeoba
an kultura sxva ramodenimes warmoSobs.

zogadad, grafis minimalurad SeRebvis amocana (an misi qromatuli ricxvis dadgenis amocana, rogorc
mas uwodeben xolme), Zneli gadasaWrelia. misi erT-erTi mniSvnelovani qveamocanaa, SeiZleba Tu ara
mocemuli grafis or frad SeRebva, an, sxva sityvebiT rom vTqvaT, iseT or nawilad dayofa, romelSic
wveroebi erTmaneTisgan izolirebulni arian. aseTi grafis magaliTia moyvanili naxazSi ??.

orad SeRebili grafis magaliTi

orad SeRebil grafs zogjer orad dayofilsac uwodeben. imis dasadgenad, SeiZleba Tu ara mocemuli
grafis orad dayofa, Semdegi strategiiT SeiZleba moqmedeba:
virCevT erT-erT wveros, romelsac vRebavT romelime frad (davuSvaT, TeTrad). siRrmeSi an siganeSi
ZebniT axlad aRmoCenil wveros vRebavT misi mSoblis (im wverosi, romelTanac aris dakavSirebuli)
gansxvavebuli feriT (TeTri an Savi). Semdeg yoveli aRmouCeneli wverosaTvis vamowmebT, aris Tu ara
igi mierTebuli or erTsa da imave frad SeRebil wverosTan da Tu asea, es imas unda niSnavdes, rom
grafi ar SeiRebeba (ar daiyofa) orad. Tu algoriTmi am saxis konfliqtis gareSe dasruldeba, es imas
unda niSnavdes, rom grafi orad SeiReba.

savarjiSo 2.6: daamtkiceT am meTodis siswore. damokidebulia Tu ara es meTodi imaze, Tu romel sawyis
wveros aviRebT?

savarjiSo 2.7: am meTodze dayrdnobiT dawereT algoriTmi, romelic daadgens, SeiZleba Tu ara grafis
orad SeRebva.

topologiuri dalageba

ganvixiloT nax. ??-Si moyvanili sami grafis magaliTi.

(a) (b) (g) (d)

aramimarTuli cikluri, mimarTuli cikluri da mimarTuli acikluri grafebi
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pirveli grafi araa mimarTuli da Seicavs cikls; meore mimarTulia da cikls Seicavs, xolo mesame ki
mimarTulia, magram cikls ar Seicavs (acikluria), radgan ver movZebniT iseT daSvebul gzas, romelic
gayveba isrebs da romelime wverodan isev igive wveroSi dagvabrunebda.
aseT struqturas acikluri mimarTuli grafi ewodeba da maTi daxazva SeiZleba ise, rom yvela wibo
marcxnidan marjvniv iyos mimarTuli (magaliTad, nax. ??(d)), rasac am grafis topologiur dalagebas
uwodeben.

aRsaniSnavia, rom mxolod aciklur mimarTul grafebs SeiZleba movuZebnoT topologiuri dalageba,
radgan nebismieri cikli romelime kvanZidan ukan (anu marjvnidan marcxniv) dagvabrunebda, Tanac acik-
lur mimarTul grafebs yovelTvis movuZebniT erT topologiur dalagebas mainc.

topologiur dalagebas didi mniSvneloba aqvs mTel rig praqtikul amocanebSi, magaliTad zemoT
naxseneb cxrilis SedgenaSi.

SiRrmeSi Zebnis algoriTmiT advilad SegviZlia mimarTuli grafis aciklurobis dadgena (rac da-
mokidebulia imaze, Segvxvdeba Tu ara muSaobis procesSi zemoT naxsenebi YdamatebiTi wiboebiA). Tu
grafi acikluria, maSin algoriTmis msvlelobisas Seqmnili R mimdevroba topologiuri dalagebis
Tanmimdevrobas gvaZlevs.

savarjiSo 2.8: daamtkiceT, rom siRrmeSi Zebnis procesSi Seqmnili R mimdevroba topologiuri dalage-
bis Tanmimdevrobas gvaZlevs.

saartikulacio kvanZebi

xSirad saWiroa imis dadgena, Tu minimum ramdeni kvanzis amogdebaa saWiro bmuli grafidan imisaTvis,
rom igi nawilebad daiSalos. qvemoT moyvanil naxazSi naCvenebia sami grafi, romelTa daSla minimum
erTi (a), ori (b) da sami (g) kvanZis amogdebiT SeiZleba. am SemTxvevaSi ityvian, rom grafia erTad bmuli,
an orad bmuli, samad bmuli da, zogadad, n-ad bmuli.
ityvian aseve, rom grafis bmulobis koeficientia n.

(a) (b) (g)

erTad, orad da samad bmuli grafi
Tu grafis bmulobis koeficientia 1, maSin ityvian, rom mas aqvs e.w. saartikulacio kvanZi.

saartikulacio kvanZebis Zebna Zalian mniSvnelovania magaliTad sakomunikacio qselebis stabiluro-
bis dadgenaSi. zogadad, rac ufro maRalia qselis Sesabamisi grafis bmulobis koeficienti, miT ufro
stabiluria igi.
advili SesamCnevia, rom saartikulacio kvanZebis Zebna grafidan rig-rigobiT wveroebis amogdebiTa da
darCenili struqturis bmulobaze SemowmebiT SeiZleba.

savarjiSo 2.9: dawereT algoriTmi, romliTac grafis saartikulacio kvanZebis arsebobas davadgenT.
daamtkiceT misi siswore da daiTvaleT bijebis zeda zRvari.

2.3 wiboTa klasifikacia

grafis wiboebi iyofa ramdenime kategoriad imis mixedviT, Tu ra rols TamaSoben isini siRrmeSi Zebnis
dros. es klasifikacia sasargebloa sxvadasxva amocanebis ganxilvisas. magaliTad, orientirebul
grafs ar gaaCnia ciklebi maSin da mxolod maSin, roca siRrmeSi Zebnis algoriTmi ver poulobs masSi
"ukuwiboebs".
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G grafisTvis Gπ siRrmeSi Zebnis tyis gamoyenebiT SeiZleba ganvsazRvroT wiboebis oTxi tipi:

1. xis wiboebi (tree edges) - esaa Gπ grafis wiboebi. (u, v) wibo iqneba xis wibo, Tu v wvero aRmoCenilia
am wibos damuSavebis dros.

2. ukuwiboebi (back edges) - esaa (u, v) wiboebi, romlebic aerTeben u wveros mis v winaparTan siRrmeSi
Zebnis xeze. orientirebuli grafebisaTvis damaxasiaTebeli maryuJebi ukuwiboebad iTvlebian.

3. pirdapiri wiboebi (forward edges) - esaa (u, v) wiboebi, romlebic aerTeben wveros mis STamomavalTan,
magram ar Sedian siRrmeSi Zebnis xeSi.

4. jvaredini wiboebi (cross edges) - grafis yvela sxva wibo. maT SeuZliaT SeaerTon siRrmeSi Zebnis xis
ori iseTi wvero, romelTa Soris arc erTi araa meoris winapari an wveroebi, romlebic sxvadasxva
xeebs ekuTvnian.

2. (b) naxazze grafi mocemulia imdagvarad, rom xis wiboebi da pirdapiri wiboebi miemarTebian qvemoT,
xolo ukuwiboebi - zemoT.
DFS algoriTmiT SesaZlebelia wiboTa klasifikacia. (u, v) wibos tipi SeiZleba ganisazRvros v wveros
feriT, pirveli damuSavebis dros (ar xerxdeba mxolod pirdapir da jvaredin wiboebs Soris gansxvave-
bis povna):

1. TeTri feri - xis wibo

2. ruxi feri - ukuwibo

3. Savi - pirdapiri an jvaredini wibo

pirveli SemTxveva uSualod algoriTmis muSaobidan gamomdinareobs. meore SemTxvevisTvis SevniSnoT,
rom ruxi wveroebi yovelTvis qmnian STamomavlebis mimdevrobas, romlebic Seesabamebian DFS-VISIT
proceduris gamoZaxebebs. ruxi wveroebis raodenoba erTiT metia siRrmeSi Zebnis xeze ukanasknelad
gaxsnili wveros siRrmeze. wveroebis aRmoCena xdeba am mimdevrobis pirveli, "yvelaze Rrma", ruxi
wverodan, ase rom wibo, romelic aRwevs sxva rux wveros, aRwevs sawyisi wveros winapars. mesame SemTxve-
visTvis, pirdapiri da jvaredini wiboebis gansasxvaveblad SegviZlia gamoviyenoT d-s mniSvneloba: Tu
d[u] < d[v], maSin (u, v) wibo pirdapiria, xolo Tu d[u] > d[v] - jvaredini.
araorientirebuli grafi saWiroebs gansakuTrebul ganxilvas, radgan erTi da igive wibo (u, v) = (v, u)
orjer unda damuSavdes (TiTojer orive bolodan) da SesaZloa sxvadasxva kategoriaSi moxvdes. am
SemTxvevaSi is unda mivakuTvnoT im kategorias, romelic Cvens CamonaTvalSi ufro win dgas. imave
Sedegs miviRebT, Tuki CavTvliT, rom wibos tipi ganisazRvreba misi pirveli damuSavebisas da ar icvleba
meore damuSavebiT. irkveva, rom aseTi SeTanxmebisas pirdapiri da jvaredini wiboebi araorientirebul
grafSi ar iqneba da adgili aqvs Teoremas.

Teorema 2.4. siRrmeSi Zebnisas araorientirebul G grafSi nebismieri wibo an xis wiboa, an ukuwibo.

2.4 topologiuri sortireba

vTqvaT, mocemulia orientirebuli acikluri grafi (directed acyclic graph). am grafis topologiuri sor-
tireba (topological sort) gulisxmobs wveroebis ganlagebas iseTi wrfivi TanmimdevrobiT, rom nebismieri
wibo mimarTuli iyos am TanmimdevrobaSi naklebi nomris mqone wverodan meti nomris mqone wverosaken.
cxadia, rom Tuki grafi Seicavs cikls, aseTi Tanmimdevroba ar iarsebebs. amocana SegviZlia sxvagvara-
dac davsvaT: ganvalagoT grafis wveroebi horizontalur wrfeze ise, rom yvela wibo mimarTuli iyos
marcxnidan marjvniv.
magaliTisaTvis ganvixiloT aseTi SemTxveva: dabneuli profesorisaTvis dilemadaa qceuli dilaobiT
Cacma. man zogierTi ramis Cacmisas aucileblad unda daicvas moqmedebebis Tanmimdevroba (mag.: jer
windebi, Semdeg fexsacmeli), zog SemTxvevaSi ki Tanmimdevrobas mniSvneloba ara aqvs (mag.: windebi
da Sarvali). sur. 2.4a-ze es damokidebulebani mocemulia orientirebuli grafis saxiT. (u, v) wibo
aRniSnavs, rom u unda iqnas Cacmuli v-ze adre. am grafis topologiuri sortirebis erT-erTi varianti
mocemulia sur. 2.4b-ze.
wveroebis gverdiT miTiTebulia maTi damuSavebis dawyebisa da damTavrebis droebi. sur. 2.4b-Si grafi
topologiurad sortirebulia. wveroebi dalagebulia damuSavebis damTavrebis droTa mixedviT. yvela
wibo mimarTulia marcxnidan marjvniv.
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nax. 2.4:

Algorithm 10: Topological Sort

Input: (DAG) orientirebuli acikluri grafi G = (V,E)
Output: topologiurad sortirebuli wveroebis mimdevroba

1 TICA-SRT() :
2 L = []; // carieli sia
3 DFS(G); // wveros damuSavebis damTavrebisas
4 //(DFS-VISIT, str.18)
5 // davamatoT wvero siis dasawyisSi
6 return L

Semdegi algoriTmi topologiurad alagebs orientirebul aciklur grafs.
topologiuri sortireba sruldebaΘ(V +E) droSi, radgan amdeni dro sWirdeba siRrmeSi Zebnas, xolo
siaSi wveros Caweras sWirdeba O(E) dro. algoriTmis siswore mtkicdeba Semdegi lemis daxmarebiT:

lema 2.5. orientirebuli grafi ar Seicavs ciklebs maSin da mxolod maSin, roca siRrmeSi Zebnis
algoriTmi ver poulobs masSi ukuwiboebs.

Proof. vTqvaT, arsebobs (u, v) ukuwibo, maSin v aris u-s winapari siRrmeSi Zebnis xeze, amrigad, grafSi
arsebobs gza v-dan u-Si da (u, v) wibo asrulebs cikls.
vTqvaT, grafSi gvaqvs cikli c. davamtkicoT, rom am SemTxvevaSi siRrmeSi Zebna aucileblad ipovis
ukuwibos. ciklis wveroebidan amovirCioT wvero v, romelic pirvelad iqna aRmoCenili, da vTqvaT,
(u, v) c-Si Semavali wiboa. d[v] momentSi v-dan u-Si mivyavarT TeTri wveroebisagan Semdgar gzas. Teorema
2.3 (TeTri gzis Sesaxeb)-is Tanaxmad, u gaxdeba siRrmeSi Zebnis tyeSi, amitom (u, v) iqneba ukuwibo.

Teorema 2.5. TOPOLOGICAL-SORT (G) procedura sworad asrulebs topologiur sortirebas acik-
luri orientirebuli G grafisTvis.

Proof. vTqvaT, G = (V,E) acikluri orientirebuli grafisTvis Sesrulda DFS procedura, romelic
gamoiTvlis misi wveroebisTvis damTavrebis dros. sakmarisia vaCvenoT, rom Tu nebismieri ori gansx-
vavebuli u da v wverosTvis arsebobs (u, v) wibo, maSin f [v] < f [u]. (u, v) wibos damuSavebis momentSi, wvero
v ar SeiZleba iyos ruxi (am SemTxvevaSi, is iqneboda u-s winapari, xolo (u, v) wibo iqneboda ukuwibo, rac
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ewinaaRmdegeba lema 2.5-s, amitom, (u, v) wibos damuSavebis momentSi, wvero v unda iyos an TeTri, an Savi.
Tu v TeTria, is gaxdeba u-s STamomavali da f [v] < f [u]. Tu is ukve Savia, maSin, f [v]-s mniSvneloba ukve
dadgenilia, xolo u jer damuSavebis procesSia, amitom f [v] < f [u]. amrigad, acikluri orientirebuli
grafis nebismieri (u, v) wibosTvis sruldeba f [v] < f [u].

2.5 Zlierad bmuli komponentebi

siRrmeSi Zebnis algoriTmis gamoyenebis klasikuri magaliTia grafis Zlierad bmul komponentebad
daSla. orientirebul grafebze momuSave mravali algoriTmi iwyeba grafSi Zlierad bmuli kompo-
nentebis moZebniT. amis Semdeg amocana ixsneba calkeuli komponentebisaTvis, xolo Semdeg xdeba kom-
binireba am komponentTa kavSirebis Sesabamisad.
gavixsenoT, rom G = (V,E) orientirebuli grafis Zlierad bmuli komponenti ewodeba U ⊂ V wveroTa
maqsimalur simravles, sadac nebismieri ori u da v wvero (u, v ∈ U) erTmaneTisagan miRwevadia. G = (V,E)
grafis Zlierad bmuli komponentebis Zebnis algoriTmi iyenebs "transponirebul" GT = (V,ET ) grafs,
romelic miiReba sawyisi grafidan wiboTa mimarTulebebis SebrunebiT. aseTi grafi SeiZleba aigos
O(V + E) droSi (vgulisxmobT, rom orive grafi moicema mosazRvre wveroTa siiT). cxadia, rom G da
GT grafebs erTi da igive Zlierad bmuli komponentebi aqvT. Semdegi algoriTmi poulobs Zlierad
bmul komponentebs G = (V,E) orientirebul grafSi siRrmeSi Zebnis orjer gamoyenebiT - G da GT

grafebisaTvis. algoriTmis muSaobis droa O(V + E).

Algorithm 11: Strongly Connected Components

Input: orientirebuli grafi G = (V,E)
Output: Zlierad bmuli komponentebis wveroebis sia

1 STRONGLY-CONNECTED-COMPONENTS(G) :

2 DFS(G); // vipovoT f masivi
3 // wveroebis damuSavebis damTavrebis droebi

4 avagoT GT ; // avagoT grafis transponirebuli grafi

5 DFS(GT ); // gare ciklSi DFS str.6
6 // wveroebi f klebadobis mixedviT CaviaroT
7 // agebuli Zebnis xeebi iqneba
8 // G grafis Zlierad bmuli komponentebi
9 return Zlierad bmuli komponentebis sia
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fg h
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nax. 2.5:

sur. 2.5a-ze ruxi foniT aRniSnulia G grafis Zlierad bmuli komponentebi, naCvenebia agreTve siR-
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rmeSi Zebnis tye da drois Wdeebi GT grafisaTvis. sur. 2.5b-ze mocemulia G grafis siRrmeSi Zebnis
xe, romelic proceduris me-5 striqonSi gamoiTvleba. b, c, g, h wveroebi warmoadgenen siRrmeSi Zebnis
xeTa fesvebs GT grafisaTvis da Seferili arian Savad sur. 2.5c-ze mocemulia acikluri orientire-
buli grafi, romelic miiReba G grafis Zlierad bmuli komponentebis wertilebamde SekumSviT. mas
komponentebis grafs uwodeben.
am algoriTmis idea eyrdnoba komponentebis grafis GSCC = (V SCC , ESCC) Tvisebas, romelic SemdegSi
mdgomareobs: vTqvaT, G grafs aqvs Zlierad bmuli komponentebi C1, . . . , Ck . wveroTa V SCC = {v1, . . . , vk}
simravle Sedgeba vi wveroebisgan grafis yoveli Zlierad bmuli Ci komponentisTvis. Tu G-Si arsebobs
wibo (x, y) raime ori wverosTvis x ∈ Ci, y ∈ Cj , maSin komponentebis grafSi arsebobs wibo (vi, vj) ∈ ESCC

. sxva sityvebiT rom vTqvaT, Tu G grafis yovel Zlierad bmul komponentSi SevkumSavT mosazRvre
wveroebis damakavSirebel wiboebs, miviRebT GSCC grafs, romlis wveroebs warmoadgenen G grafis
Zlierad bmuli komponentebi. ix. sur. 2.5c.
komponentebis grafis ZiriTadi Tviseba mdgomareobs imaSi, rom es grafi warmoadgens aciklur orien-
tirebul grafs, rac gamomdinareobs Semdegi lemidan:

lema 2.6. vTqvaT, C da C ′ orientirebuli G grafis gansxvavebuli Zlierad bmuli komponentebia, da
vTqvaT, u, v ∈ C da u′, v′ ∈ C ′, garda amisa, vTqvaT, G grafSi arsebobs gza u-dan u′-Si. maSin G grafSi ar
SeiZleba arsebobdes gza v′-dan v-Si.

Proof. TuG grafSi arsebobs gza v′-dan v-Si, maSinG-Si arsebobs gzebi u-dan v′-Si da v′-dan u-Si. e.i. u da v′

erTmaneTisTvis miRwevadi wveroebia, rac ewinaaRmdegeba pirobas, rom C da C ′ G grafis gansxvavebuli
Zlierad bmuli komponentebia.

radgan, procedura STRONGLY-CONNECTED-COMPONENTS orjer asrulebs siRrmeSi Zebnas, am TavSi
CavTvaloT, rom d[u] da f [u] aRniSnaven aRmoCenis da damTavrebis droebs DFS proceduris pirveli
gamoZaxebis Sesrulebis dros (str. 2).
SemoviRoT Semdegi aRniSvnebi: vTqvaT, U ⊆ V , d(U) = minu∈U{d[U ]}, f(U) = maxu∈U{f [u]}. e.i. d(U) warmoad-
gens wveros aRmoCenis yvelaze adrindel dros U -s wveroebs Soris, xolo f(U) - damTavrebis yvelaze
gvian dros U -s wveroebs Soris.

lema 2.7. vTqvaT, C da C ′ orientirebuliG = (V,E) grafis gansxvavebuli Zlierad bmuli komponentebia,
da vTqvaT, arsebobs wibo (u, v) ∈ E, sadac u ∈ C da v ∈ C ′, maSin f(C) > f(C ′).

Proof. imis mixedviT, siRrmeSi Zebnis procesSi Zlierad bmul romel komponentSi, C-Si Tu C ′-Sia pirve-
lad aRmoCenili wvero, gvaqvs ori SemTxveva:

• Tu d(C) < d(C ′), aRvniSnoT C-Si aRmoCenili pirveli wvero x-iT. d[x] momentSi yvela wvero C-Si
da C ′-Si TeTria. G-Si arsebobs gza x-dan C-s yvela wveromde, romelic Sedgeba mxolod TeTri
wveroebisgan. radgan, (u, v) ∈ E, d[x] momentSi, nebismieri ω ∈ C ′ wverosTvis, G-Si arsebobs agreTve
gza x-dan ω-Si, romelic Sedgeba mxolod TeTri wveroebisgan. TeTri gzis Sesaxeb Teoremis Tanax-
mad, yvela wvero C-Si da C ′-Si, xdeba x-s STamomavali siRrmeSi Zebnis xeze. Sedegi 2.2-is Tanaxmad,
f [x] = f(C) > f(C ′).

• Tu d(C) > d(C ′), aRvniSnoT C ′-Si aRmoCenili pirveli wvero y-iT. d[y] momentSi yvela wvero C ′-Si
TeTria. G-Si arsebobs gza y-dan C ′-s yvela wveromde, romelic Sedgeba mxolod TeTri wveroe-
bisgan. TeTri gzis Sesaxeb Teoremis Tanaxmad, yvela wvero C ′-Si xdeba y-s STamomavali siRrmeSi
Zebnis xeze. Sedegi 2.2-is Tanaxmad, f [y] = f(C ′). d[y] momentSi yvela wvero C-Si TeTria. radgan
arsebobs wibo (u, v) C-dan C ′-Si, lema 2.6-is Tanaxmad, ar arsebobs gza C ′-dan C-Si. e.i. C-Si ar aris
y-dan miRwevadi wveroebi. amgvarad, f [y] momentSi yvela wvero C-Si rCeba TeTri, rac niSnavs, rom
nebismieri ω ∈ C wverosTvis, gvaqvs f [ω] > f [y], saidanac gamomdinareobs, rom f [x] = f(C) > f(C ′).

Sedegi 2.3. vTqvaT, C da C ′ orientirebuli G = (V,E) grafis gansxvavebuli Zlierad bmuli komponen-
tebia, da vTqvaT, arsebobs wibo (u, v) ∈ ET , sadac u ∈ C da v ∈ C ′ maSin f(C) < f(C ′).

Proof. radgan (u, v) ∈ ET (v, u) ∈ E, G-s da GT -s aqvs erTi da igive Zlierad bmuli komponentebi, lema
2.7-dan gamomdinareobs, rom f(C) < f(C ′).
Sedegi 2.3-s saSualebiT, ganvixiloTrogor muSaobs procedura STRONGLY-CONNECTED-COMPONENTS.
rodesac vaxorcielebT siRrmeSi Zebnas GT grafze, viwyebT im x wverodan, romlisTvisac f [x] maqsi-
maluria. es wvero ekuTvnis raime Zlierad bmul C komponents. amasTan, moxdeba C-s yvela wveros
ganxilva. Sedegi 2.3-is Tanaxmad, GT grafSi ar aris wibo, romelic akavSirebs C-s sxva Zlierad bmul
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komponentTan (radgan maSin f(C) < f(C ′), rac ewinaaRmdegeba imas, rom f [x] maqsimaluria.) amitom x-
dan siRrmeSi Zebnis dros ar xdeba sxva komponentebis wveroebis ganxilva. amrigad xe, romlis fesvi
aris x, Seicavs mxolod C-s wveroebs. mas Semdeg, rac ganxiluli iqneba C-s yvela wvero, proceduris
me-5 striqonSi xdeba wveros arCeva im sxva Zlierad bmul C ′ komponentidan, romlisTvisac f(C ′) maqsi-
maluria yvela sxva komponentTan SedarebiT. Sedegi 2.3-s Tanaxmad, GT grafSi erTaderTi wibo, rome-
lic daakavSirebda C ′-s sxva komponentebTan SeiZleba iyos mimarTuli C-Si, magram C-s damuSaveba ukve
dasrulebulia. amrigad, yoveli siRrmeSi Zebna axorcielebs mxolod erTi Zlierad bmuli komponen-
tis damuSavebas.

Teorema 2.6. procedura STRONGLY-CONNECTED-COMPONENTS(G) koreqtulad axorcielebs Zlierad
bmul komponentebis Zebnas G grafSi.

Proof. visargebloT induqciiT siRrmeSi Zebnis dros GT grafSi xeebis raodenobis mixedviT da davamt-
kicoT, rom yoveli xis fesvi qmnis Zlierad bmul komponents. k = 0-Tvis es mtkiceba samarTliania.
davuSvaT, siRrmeSi Zebnis pirveli k xe (str. 5) warmoadgens Zlierad bmul komponents da ganvixiloT
k + 1-e xe. vTqvaT, am xis fesvia u da vTqvaT, u ekuTvnis C Zlierad bmul komponents. radgan GT grafSi
siRrmeSi Zebna xorcieldeba wveroebis f [u] sididis klebadobis mixedviT, amitom nebismieri C ′ Zlierad
bmuli komponentisTvis, romlis wveroebi jer ganxiluli ar aris da romelic gansxvavebulia C-gan,
samarTliania: f [u] = f(C) > f(C ′). induqciis daSvebis Tanaxmad, u wveros aRmoCenis momentSi, C-s yvela
wvero TeTria, TeTri gzis Sesaxeb Teoremis Tanaxmad, C-s yvela wvero u-s garda, warmoadgens u-s STamo-
mavals siRrmeSi Zebnis xeze. garda amisa, GT -s yvela wibo, romelic gamodis C-dan, mimarTuli SeiZleba
iyos ukve ganxiluli Zlierad bmuli komponentebis wveroebisken. amitom, arc erT C-gan gansxvavebul
Zlierad bmul komponentSi ar aris wvero, romelic iqneboda u-s STamomavali siRrmeSi Zebnis xeze. am-
rigad, GT -s u fesvis mqone siRrmeSi Zebnis xis wveroebi, qmnian zustad erT Zlierad bmul komponents,
rac amtkicebs Teoremas.

rigi (Queue) aris dinamikuri simravle, romelSic elementebis Camateba da waSla nebismier poziciaSi ki
ar xdeba, aramed ganisazRvreba simravlis struqturiT. rigidan SeiZleba mxolod im elementis waSla,
romelic masSi pirveli iqna Camatebuli, anu rigSi yvelaze didxans imyofeba, xolo elementis Camateba
xdeba rigis bolos: rigi organizebulia principiT: pirveli movida - bolo wavida anu FIFO (first-in, first-
out).
Q rigSi v elementis damatebis operacia aRiniSneba rogorc ENQUEUE(Q,v), xolo pirveli elementis
amoSla - DEQUEUE(Q), amasTan es operacia abrunebs pirveli elementis mniSvnelobas. ganisazRvreba
rigis Tavi (head) da bolo (tail). yoveli axaldamatebuli elementi aRmoCndeba rigis boloSi, xolo
wasaSleli TavSi. head(Q) aris rigis dasawyisis indeqsi, xolo tail(Q) Tavisufali ujris indeqsi, ro-
melic gankuTvnilia axali elementis Casamateblad. rigi Sedgeba masivis elementebisgan, romlebic
dganan Sesabamisad head(Q), head(Q) + 1, . . . , tail(Q)− 1 adgilebze.
steki (stack) aris dinamikuri simravle, romelSic SeiZleba mxolod bolo elementis amoSla, xolo
elementis Camateba SeiZleba mxolod mis bolos. organizebulia principiT: bolo movida - pirveli
wavida anu LIFO (last-in, first-out).

2.6 savarjiSoebi

1. sur. 2.6 grafebisTvis ganaxorcieleT siganeSi Zebna, aageT siganeSi Zebnis xe.
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nax. 2.6:

2. sur. 2.6 grafebisTvis ganaxorcieleT siRrmeSi Zebna. aageT siRrmeSi Zebnis tye.

3. vTqvaT, mocemuli gvaqvs G = (V,E) araorientirebuli grafi. samarTliania Tu ara Semdegi mtkice-
bulebebi:
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(a) siRrmeSi Zebnis yvela tye (dawyebuli sxvadasxva sawyisi wverodan) Seicavs xeebis erTi da
igive raodenobas.

(b) siRrmeSi Zebnis yvela tye Seicavs xis wiboebis erTi da igive raodenobas.

4. vTqvaT, mocemuli gvaqvs G = (V,E) orientirebuli grafi. aCveneT, rom (u, v) wibo aris xis wibo an
pirdapiri wibo maSin da mxolod maSin, roca d[u] < d[v] < f [v] < f [u].

5. sur. 2.7a grafSi daalageT wveroebi topologiuri sortirebis algoriTmiT.
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nax. 2.7:

6. G = (V,E) grafSi, sadac V = {v, s, w, q, t, x, y, z}
E = {(v, w), (w, s), (s, v), (q, w), (q, s), (q, t), (t, y), (y, q), (t, x), (x, z), (z, x)} ganaxorcieleT siRrmeSi Zebna da
moaxdineT wiboTa klasifikacia.

7. ipoveT Zlierad bmuli komponentebi sur. 2.7b grafSi.
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Tavi 3

minimaluri damfaravi xeebi

vTqvaT, mocemulia bmuli araorientirebuli G = (V,E) grafi. grafis yoveli (u, v) ∈ E wibosaTvis
mocemulia w(u, v) arauaryofiTi wona. vipovoT iseTi bmuli, acikluri qvesimravle T ⊆ E, romelic
moicavs yvela wveros da romlisTvisac jamuri wona

w(T ) =
∑

(u,v)∈T

w(u, v)

minimaluria. radgan T simravle acikluria da aerTebs G grafis yvela wveros, is qmnis xes, romelsac
uwodeben am grafis damfarav xes (spanning tree). aseTi T simravlis povnis amocanas ki uwodeben amo-
canas minimaluri damfaravi xis (minimum-spanning-tree problem) Sesaxeb. aq sityva "minimaluri" aRniSnavs
"minimalur SesaZlo wonas". SevniSnoT, rom Tuki ganvixilavT mxolod xeebs, maSin wonaTa arauaryofi-
Tobis piroba SegviZlia ugulebelvyoT, radgan yvela damfarav xeSi wiboTa erTnairi raodenobaa da
SegviZlia erTi da igive sididiT gavzardoT yvela wibos wona, rac maT dadebiTad aqcevs.
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nax. 3.1:

sur. 3.1-ze mocemulia bmuli grafisa da misi minimaluri damfaravi xis magaliTi, romlis wiboebic
gamoyofilia. minimaluri damfaravi xis jamuri wonaa 37 da aseTi xe erTaderTi araa. Tuki (b, c) wibos
SevcvliT (a, h) wiboTi, miviRebT sxva damfarav xes imave jamuri woniT.
Cven ganvixilavT minimaluri damfaravi xis povnis or xerxs: primisa da kraskalis algoriTmebs. orive
algoriTmi iyenebs "xarb" strategias - eZebs "lokalurad saukeTeso" variants muSaobis yovel bijze.
Cveni algoriTmebis zogadi sqema aseTia: saZebni damfaravi xe aigeba A simravles yovel bijze Tan-
daTanobiT - Tavdapirvelad cariel emateba TiTo wibo da SenarCunebulia Tviseba (am Tvisebas uwo-
deben algoriTmis ciklis invariants) - "ciklis nebismieri iteraciis win A simravle warmoadgens
romeliRac minimaluri damfaravi xis qvesimravles". morig bijze damatebuli (u, v) wibo imgvarad
amoirCeva, rom ar dairRves es Tviseba, e.i. A ∪ {(u, v)} aseve unda iyos minimaluri damfaravi xis qvesim-
ravle. aseT wibos uwodeben usafrTxo wibos (safe edge) A-saTvis.
cxadia, rom mTavari problema me-3 striqonSi usafrTxo wibos moZebnaa, magram manamde SevniSnoT, rom
aseTi wibo garantirebulad arsebobs, radgan me-4 striqonis Sesrulebis dros, ciklis invariantis
Tanaxmad, unda arsebobdes minimaluri damfaravi xe T , rom A ⊆ T . amitom unda arsebobdes wibo (u, v) ∈ T ,
iseTi, rom (u, v) /∈ A da (u, v) usafrTxo wiboa A xisTvis.
vidre usafrTxo wibos moZebnis algoriTmebs ganvixilavdeT, ganvsazRvroT ramdenime termini.
G = (V,E) araorientirebuli grafis (S, V \S) Wrili (cut) ewodeba misi wveroTa simravlis gayofas or
qvesimravled.

35
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Algorithm 12: Generic MST

Input: bmuli araorientirebuli grafi G = (V,E) da wonis funqcia w : E → R
Output: grafis damfaravi xe

1 GENERIC-MST(G, w) :

2 A = ∅;
3 while ( A ar aris damfaravi xe ) :
4 movZebnoT (u, v) usafrTxo wibo A xisTvis;
5 A = A ∪ {(u, v)};
6 return A

ityvian, rom (u, v) ∈ E wibo kveTs (crosses) (S, V \S) Wrils, Tu misi erTi bolo ekuTvnis S-s, xolo meore
bolo - (V \S)-s. Wrili SeTanxmebulia wiboTa A simravlesTan (respects the set A), Tu A-dan arc erTi
wibo ar kveTs am Wrils. Wrilis mier gadakveTil wiboTa simravleSi gamoyofen umciresi wonis wibos,
romelsac msubuqs (light edges) uwodeben.

Teorema 3.1. vTqvaT G = (V,E) bmuli araorientirebuli grafia da mis wiboTa simravleze gansazRvru-
lia namdvili woniTi w funqcia. vTqvaT A wiboTa simravlea, romelic warmoadgens G grafis romelime
minimaluri damfaravi xis qvesimravles. vTqvaT (S, V \S) warmoadgens G grafis iseT Wrils, romelic Se-
Tanxmebulia A-sTan, xolo (u, v) wibo am Wrilis msubuqi wiboa. maSin (u, v) wibo warmoadgens usafrTxo
wibos A-saTvis.

Proof. vTqvaT, T minimaluri damfaravi xea, romelic Seicavs A-s. davuSvaT, T ar Seicavs (u, v) wibos,
radgan winaaRmdeg SemTxvevaSi, dasamtkicebeli debuleba cxadia. vaCvenoT, rom arsebobs sxva mini-
maluri damfaravi xe T ′, romelic Seicavs A ∪ {(u, v)}. amiT damtkicdeba, rom (u, v) wibo usafrTxoa
A-sTvis.
T bmulia, amitom is Seicavs raime p gzas (erTaderTs) u-dan v-Si. (u, v) wibo qmnis cikls am gzasTan
erTad. radgan u da v wveroebi ekuTvnian (S, V \S) Wrilis sxvadasxva qvesimravles, p gzaze arsebobs
minimum erTi wibo, romelic kveTs Wrils. vTqvaT, es wiboa (x, y). igi ar ekuTvnis A-s, radgan Wrili
SeTanxmebulia A-sTan. davumatoT T xes (u, v) wibo da miRebuli ciklidan amoviRoT (x, y) wibo, miviTebT
axal damfarav xes T ′ = T\{(x, y)} ∪ {(u, v)}.
axla, vaCvenoT, rom T ′ minimaluri damfaravi xea. radgan (u, v) msubuqi wiboa, romelic kveTs (S, V \S)
Wrils, T -dan amoWril (x, y) wibos, aqvs aranaklebi wona, vidre mis nacvlad damatebul (u, v)-s. (w(u, v) ≤
w(x, y)). amitom T ′-s wona SeiZleba mxolod Semcirebuliyo,

w(T ′) = w(T )− w(x, y) + w(u, v) ≤ w(T )

magram T minimaluri damfaravi xea, e.i. T ′-c unda iyos igive wonis sxva minimaluri damfaravi xe. amitom
T ′-Si Semavali (u, v) wibo usafrTxoa.

Teorema 3.1-is daxmarebiT ganvixiloT rogor muSaobs procedura GENERIC-MST. algoriTmis muSaobis
procesSi, A simravle yovelTvis acikluria (is minimaluri damfaravi xis qvesimravlea). algoriTmis
muSaobis yovel momentSi grafi GA = (V,A) warmoadgens tyes da misi nebismieri bmuli komponenti aris
xe. (zogierTi xe SeiZleba Sedgebodes mxolod erTi wverosgan, mag.: roca algoriTmi iwyebs muSaobas,
A simravle carielia, xolo tye Seicavs |V | raodenoba erTi wveros Semcvel xes). garda amisa, A-s
nebismieri usafrTxo (u, v) wibo akavSirebs GA-s sxvadasxva komponents, radgan simravle A ∪ {(u, v)}
unda iyos acikluri.
procedura GENERIC-MST-Si, cikli 3-5 striqonebSi sruldeba |V | − 1-jer, radgan napovni unda iqnas
minimaluri damfaravi xis yvela |V | − 1 wibo. Tavidan, roca A = ∅, GA-Si aris xeebis |V | raodenoba da
yoveli iteracia amcirebs am raodenobas erTiT. roca GA-Si rCeba erTi xe, algoriTmi sruldeba.

Sedegi 3.1. vTqvaT G = (V,E) bmuli araorientirebuli grafia da wiboTa E simravleze gansazRvrulia
namdvili woniTi w funqcia. vTqvaT A wiboTa simravlea, romelic warmoadgens G grafis romelime
minimaluri damfaravi xis qvesimravles. ganvixiloT tye GA = (V,A) da vTqvaT C = (VC , EC) - misi
erT-erTi bmuli komponentia (xea). Tu (u, v) msubuqi wiboa, romelic akavSirebs C-s GA-s raime sxva
komponentTan, maSin es wibo usafrTxoa A-sTvis.

Proof. Wrili (VC , V \VC) SeTanxmebulia A-sTan da (u, v) msubuqi wiboa am WrilisTvis, amitom is us-
afrTxoa A-sTvis.
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ganvixiloT minimaluri damfaravi xis povnis ori algoriTmi. TiToeuli maTgani iyenebs usafrTxo wi-
bos amorCevis sakuTar wess (procedura GENERIC-MST, str. 4). kraskalis algoriTmSi A simravle war-
moadgens tyes, A-s emateba usafrTxo wiboebi, romlebic arian ori sxvadasxva komponentis damakavSire-
beli minimaluri wonis mqone wiboebi. primis algoriTmSi A simravle warmoadgens erTian xes, A-s
emateba usafrTxo wiboebi, romelTac aqvT minimaluri wona da romlebic aerTianeben fesvis mqone xes
am xis gareT mqone wveroebTan.

3.1 kraskalis algoriTmi

kraskalis algoriTmis muSaobis nebismier momentSi amorCeul wiboTa A simravle (damfaravi xis naw-
ili) ar Seicavs ciklebs. algoriTmi eZebs usafrTxo wibos tyeSi dasamateblad, (u, v) minimaluri wo-
nis mqone wibos povniT yvela im wibos Soris, romelic akavSirebs sxvadasxva xes tyeSi. aRvniSnoT ori
xe, romelic ukavSirdeba erTmaneTs (u, v) wiboTi C1-iT da C2-iT. radgan (u, v) wibo msubuqia (C1, V \C1)
WrilisTvis, Sedegi 3.2-dan gamomdinareobs, rom (u, v) wibo usafrTxoa. sur. 3.2-ze naCvenebia Tu rogor
muSaobs algoriTmi.
algoriTmi MST-KRUSKAL(G,w) iyenebs sam operacias, romelic muSaobs TanaukveT simravleebze.
TanaukveT simravleebze gansazRvruli monacemTa struqtura ganisazRvreba TanaukveTi dinamikuri sim-
ravleebis S = (S1, S2, . . . , Sk) nakrebiT. yoveli simravlis identificireba xdeba warmomadgenliT (rep-
resentative) romelic aris am simravlis raime elementi. simravlis yoveli elementi warmoadgens raime
obieqts. aRvniSnoT es obieqti x-iT. ganvixiloT Semdegi sami operacia:

MAKE-SET(x) ("SevqmnaT simravle") - qmnis axal simravles, romlis erTaderTi elementia x (amitom x
iqneba warmomadgenelic). radgan simravleebi ar unda TanaikveTon, x obieqti ar unda Sediodes
arc erT sxva simravleSi.

FIND-SET(x) ("movZebnoT simravle") - procedura abrunebs mimTiTebels im simravlis warmomadgenelze,
romelic Seicavs x elements.

UNION(x,y) - aerTianebs x-is da y-is Semcvel dinamikur simravleebs (aRvniSnoT isini Sx-iT da Sy-iT)
axal simravleSi. igulisxmeba, rom operaciis Sesrulebamde aRniSnuli simaravleebi ar Tanaikve-
Tebodnen. miRebuli warmomadgeneli aris Sx ∪Sy simravlis elementi. xolo Zveli simravleebi Sx

da Sy waiSleba.

zemoT Tqmulidan gamomdinare, grafis ori u da v wvero ekuTvnis erT simravles (anu komponents), roca
FIND-SET(u) = FIND-SET(v).

Algorithm 13: Minimum Spanning Tree - Kruskal

Input: bmuli araorientirebuli grafi G = (V,E) da wonis funqcia w : E → R
Output: g rafis minimaluri wonis damfaravi xe

1 MST-KRUSKAL(G, w) :

2 A = ∅;
3 for ∀v ∈ V :
4 MAKE-SET(v);

5 sort(E); // davalagoT wiboebis wonebis zrdis mixedviT
6 for ∀(u, v) ∈ E :
7 if FIND-SET(u) ̸= FIND-SET(v) :
8 A = A ∪ {(u, v)};
9 UNION(u,v);

10 return A

algoriTmis 2-4 striqonebSi xdeba A simravlis inicializacia carieli simravliT da iqmneba |V | xe,
romelic Seicavs TiTo wveros. me-5 striqonSi wiboebi lagdeba wonaTa araklebadobis mixedviT. 6-9
striqonebSi cikli for amowmebs, ekuTvnian Tu ara wibos wveroebi erTsa da imave xes. Tu ekuTvnian,
maSin am wibos damateba tyisaTvis ar SeiZleba (radgan Seiqmneba cikli) da xdeba wibos ukugdeba, xolo
Tu wibos wveroebi ekuTvnian sxvadasxva xes, maSin wibo emateba A-s (me-8 striqoni) da am wiboTi dakav-
Sirebuli ori xe erTiandeba (me-9 striqoni).
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nax. 3.2:
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kraskalis algoriTmis muSaobis dro damokidebulia TanaukveT simravleebze monacemTa struqturis
realizaciaze. ganvixiloT TanaukveTi simravleebis warmodgenebi bmuli siebis da fesvis mqone xeebis
saxiT.
TanaukveTi simravleebi SeiZleba warmodgenili iqnan bmuli siebis saxiT. yovel bmul siaSi pirveli
obieqti warmoadgens mis warmomadgenels. am bmuli siis yoveli obieqti Seicavs simravlis elements,
mimTiTebels simravlis Semdegi elementis Semcvel obieqtze da mimTiTebels warmomadgenelze. yovel
bmul siaSi aris mimTiTebeli mis warmomadgenelze (head) da mimTiTebeli mis bolo elementze (tail).
TanaukveTi simravleebis aseTi warmodgenis SemTxvevaSi, MAKE-SET(x) da FIND-SET(x) procedurebs
sWirdeba O(1) dro. MAKE-SET(x) qmnis axal bmul sias erTaderTi x obieqtiT, xolo FIND-SET(x)
abrunebs mimTiTebels x elementis Semcveli simravlis warmomadgenelze. UNION(x,y) procedura srul-
deba Semdegnairad: sia, romelic Seicavs x elements, emateba sias, romelic Seicavs y elements. y ele-
mentis Semcveli siis tail mimTiTebeli gamoiyeneba imisTvis, rom swrafad ganvsazRvroT sad davamatoT
x-is Semcveli sia. axali simravlis mimTiTebeli xdeba y-is Semcveli siis mimTiTebeli. amasTan unda
ganaxldes mimTiTeblebi x-is Semcveli siis yoveli obieqtisTvis, razec daxarjuli dro wrfivadaa
damokidebuli x-is Semcveli siis sigrZeze.
vTqvaT, gvaqvs x1, . . . , xn obieqti. sruldeba MAKE-SET(x)-is n operacia da, Semdeg, UNION(x,y)-is n − 1
operacia. MAKE-SET(x)-is n operacias sWirdeba Θ(n) dro, xolo, radgan UNION(x,y)-is i-uri operacia
aaxlebs i obieqts, UNION(x,y)-is n− 1 operaciiT ganaxlebuli obieqtebis raodenobaa:

n−1∑
i=1

i = Θ(n2)

operaciebis mimdevroba bmuli sis SemTxvevaSi
operacia ganaxlebuli obieqtebis raodenoba
MAKE-SET(x1) 1
MAKE-SET(x2) 1
...

...
MAKE-SET(xn) 1
UNION(x1, x2) 1
UNION(x2, x3) 2
UNION(x3, x4) 3
...

...
UNION(xn−1, xn) n− 1

operaciebis saerTo raodenobaaa 2n− 1, ase rom saSualod TiToeul operacias sWirdeba Θ(n) dro.
UNION proceduras, warmodgenili realizaciiT, uares SemTxvevaSi, erTi gamoZaxebisTvis, saSualod,
sWirdeba Θ(n) dro, radganac SeiZleba aRmoCndes, rom grZel sias vaerTebT mokle siasTan da, amitom
unda ganaxldes am grZeli siis yvela wevris mimTiTebeli warmomadgenelze. davuSvaT, axla, rom yoveli
sia Seicavs misi sigrZis aRmniSvnel vels da yovelTvis vaerTebT mokle sias grZelTan, maSin mtkicdeba,
rom MAKE-SET, FIND-SET, UNION m operaciebis mimdevrobis SesrulebisTvis (romelTaganac n mimdev-
roba MAKE-SET operaciaa) saWiro dro xdeba O(m+ n log n).
Tu TanaukveT simravleebs warmovadgenT fesvis mqone xeebis saxiT, sadac yoveli kvanZi simravlis erT
elements Seesabameba, xolo yoveli xe warmoadgens erT simravles, maSin SesaZlebelia MAKE-SET,
FIND-SET, UNION procedurebis ufro swrafi ganxorcieleba.
TanaukveT simravleTa tyeSi (disjoint-set forest) yoveli elementi miuTiTebs mxolod mSobelze. yoveli
xis fesvi aris warmomadgeneli da aris Tavisi Tavis mSobelic.
TanaukveT simravleebze operaciebis asimtoturad swrafad Sesrulebis saSualebas iZleva ori evris-
tika: " gaerTianeba rangiT" da " gzis SekumSva".
operaciebi Semdegnairad sruldeba:

MAKE-SET(x) - qmnis xes erTi kvanZiT Θ(1) droSi, n raodenoba erT elementiani simravlis Seqmnas
dasWirdeba Θ(n) dro.

FIND-SET(x) - abrunebs x kvanZis Semcveli xis x kvanZidan xis fesvamde gadaadgilebiT (romelic aris
warmomadgeneli) mSoblebis mimTiTeblis gavliT. TiToeul aseT operacias sWirdeba O(n) dro.
gavlili kvanZebi am gzaze qmnian Zebnis gzas (find path).

UNION(x,y) - xorcieldeba y xis fesvis mierTebiT x xis fesvTan da y xis amoRebiT tyidan. am operacias
sWirdeba Θ(1) dro.
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gavecnoT or evristikas, romelTa gamoyenebiTac SesaZlebelia droiTi sazRvris Semcireba:

I evristika: gaerTianeba rangiT (union by rank) dafuZnebulia ideaze, rom yovelTvis, UNION operaciis
Sesrulebis dros, naklebi raodenobis kvanZis Semcveli xis fesvi uerTdebodes meti raodeno-
bis kvanZis Semcveli xis fesvs. amisTvis gamoiyeneba fesvis rangis (rank) cneba. rank[x] aris x
kvanZis simaRle (x-dan mis STamomaval foTlamde wiboebis raodenoba yvelaze grZel gzaze). am
evristikis gansaxorcieleblad, yoveli kvanZisTvis Senaxuli unda gvqondes rank[x] (MAKE-SET
proceduris mier erTelementiani simravlis Seqmnis dros, rank[x]=0). FIND-SET ar cvlis rangebs.
advili dasamtkicebelia, rom radgan nebismieri kvanZis rangi ar aRemateba ⌊log n⌋-s, Zebnis yoveli
operacia xorcieldeba O(log n) droSi, amrigad, ara umetes n − 1 raodenoba UNION operaciisa da
m raodenoba FIND-SET operaciis Sesrulebas dasWirdeba O(n+m log n) dro.

II evristika: gzis SekumSva (path compression) gamoiyeneba FIND-SET operaciis Sesrulebis procesSi da
yvela kvanZs uSualod uTiTebs fesvze. es evristika ar cvlis kvanZebis rangebs.

ori xis gaerTianebis UNION proceduris gamoyenebis dros gvaqvs ori SemTxveva:

1. Tu or xes aqvs erTnairi rangi, maSin virCevT erT-erTi xis fesvs mSoblad da vzrdiT mis rangs
erTiT.

2. Tu erTi xis rangi metia meore xis rangze, maSin didi rangis mqone xis fesvi xdeba mSobeli
kvanZi naklebi rangis mqone xis fesvisTvis, xolo rangebis mniSvnelobebi rCeba igive.

Semdeg fsevdokodebSi p[x] aRniSnavs x-s mSobels.

Algorithm 14: Disjoint Set Data Structure Operations

1 MAKE-SET(x) :

2 p[x] = x;

3 rank[x] = 0;

4 FIND-SET(x) :

5 if x ̸= p[x] :
6 p[x] = FIND-SET(p[x]);

7 return p[x];

8 LINK(x,y) :

9 if rank[x] > rank[y] :
10 p[y] = x;

11 else:
12 p[x] = y;

13 if rank[x] == rank[y] :
14 rank[y] += 1;

15 UNION(x,y) :

16 LINK(FIND-SET(x), FIND-SET(y));

daviTvaloT kraskalis algoriTmis muSaobis dro. inicializacias sWirdeba dro O(V ) (str. 2-4). E
wiboebis dalagebas wonebis mixedviT - O(E logE) (str. 5). 6-9 striqonebSi sruldeba O(E) raodenoba
FIND-SET da UNION operacia TanaukveT simravleTa tyeze. V raodenoba MAKE-SET operaciasTan er-
Tad, amas sWirdeba O((V +E)α(V )) dro, sadac α Zalian nela zrdadi funqciaa. radgan G bmuli grafia,
samarTliania |E| ≥ |V |−1 ase, rom, operaciebi TanaukveT simravleebze saWiroebenO(Eα(V )) dros, garda
amisa, radgan α(|V |) = O(log V ) = O(logE), kraskalis algoriTmis muSaobis droa O(E logE). SevniSnoT,
rom |E| < |V |2 , amitom log |E| = O(log V ) da kraskalis algoriTmis muSaobis dro SeiZleba CavweroT
rogorc O(E log V ).

3.2 primis algoriTmi

primis algoriTmi gamoirCeva imiT, rom A simravlis wiboebi yovelTvis qmnian erTian xes. primis al-
goriTmiT minimaluri damfaravi xis formireba iwyeba nebismieri sawyisi r wverodan. yovel bijze xes
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emateba umciresi wonis wibo im wiboebs Soris, romlebic wveros aerTeben xis arawevr wveroebTan. ze-
moxsenebuli Sedegis mixedviT aseTi wibo usafrTxoa A-saTvis, e.i. miiReba minimaluri damfaravi xe.
procedurisaTvis Semavali monacemebia: bmuli G grafi, wiboTa w wonebi da r sawyisi wvero. real-
izaciisas mniSvnelovania swrafad avarCioT msubuqi wibo. algoriTmis muSaobisas yvela wvero, rome-
lic jer ar gamxdara xis wevri, inaxeba Q prioritetebian rigSi. v wveros prioriteti ganisazRvreba
key[v] mniSvnelobiT, romelic udris im wiboebis minimalur wonas, romelic aerTebs v-s A xesTan. Tu
aseTi wibo ar arsebobs - key[v] =∞. π[v] veli xis wveroebisTvis miuTiTebs mSobels, xolo sxva wveroe-
bisaTvis xis wveros, romliskenac mivyavarT key[v] wonis wibos (Tu aseTi wibo ramdenimea, maSin mi-
eTiTeba erT-erTi).
algoriTmis muSaobis procesSi, A simravle procedura GENERIC-MST-Si aris Semdegi:

A = {(v, π[v]) : v ∈ V \{r}\Q}

roca algoriTmi asrulebs muSaobas, Q prioritetebiani rigi carielia, xolo minimaluri damfaravi
xe G-Tvis aris xe:

A = {(v, π[v]) : v ∈ V \{r}}

Algorithm 15: Minimum Spanning Tree - Prim

Input: bmuli araorientirebuli grafi G = (V,E), wonis funqcia w : E → R da sawyisi wvero r
Output: grafis minimaluri wonis damfaravi xe

1 MST-PRIM(G, w, r) :

2 for ∀u ∈ V :
3 key[u] = ∞;

4 π[u] = NIL;

5 key[r] = 0;

6 Q = V; // prioritetuli rigi, key gvaZlevs prioritets
7 while Q ̸= ∅ :
8 u = EXTRACT-MIN(Q);

9 for ∀v ∈ adj[u] :
10 if v ∈ Q and w(u,v) < key[v] :
11 π[v] = u;

12 key[v] = w(u,v);

13 return π; // xe ganisazRvreba (v, π[v]) wiboebiT

2-6 striqonebSi yvela wveros gasaRebi xdeba ∞-s toli, garda r fesvisa, romlis gasaRebi 0-s tolia
da is aRmoCndeba pirveli dasamuSavebeli wvero. yvela wverosTvis mSoblebis velSi Caiwereba mniSvne-
loba NIL da yvela wvero Caiwereba Q prioritetebian rigSi. while ciklis yoveli iteraciis win, 7-12
striqonebSi:

• A = {(v, π[v]) : v ∈ V \{r}\Q}

• minimalur damfarav xeSi ukve Sesuli wveroebi ekuTvnis V \Q simravles

• yvela v ∈ Q wverosTvis, samarTliania: Tu π[v] ̸= NIL, maSin key[v] <∞ da key[v] aris im (v, π[v]) msub-
uqi wibos wona, romelic akavSirebs v-s raime wverosTan, romelic ukve moTavsebulia minimalur
damfarav xeSi.

me-8 striqonSi ganisazRvreba u wvero, romelic ekuTvnis (V \Q,Q) Wrilis gadamkveT msubuq wibos (pir-
veli iteraciis garda). xdeba u-s amoReba Q-dan, da misi damateba xis wveroebis V \Q simravleSi. mo-
cemuli ciklis pirveli gavlisas xe Sedgeba erTaderTi wverosagan. yvela danarCeni wvero imyofeba
rigSi. key[v]-s mniSvneloba maTTvis r-dan v-Si wibos sigrZis an usasrulobis (Tuki wibo ar arsebobs)
tolia. algoriTmis muSaoba mocemulia sur. 3.3-ze. EXTRACT-MIN(Q) Slis minimalur elements Q
rigidan da abrunebs mas.
algoriTmis muSaobis dro damokidebuliaQ prioritetebiani rigis realizaciaze. Tuki gamoyenebulia
orobiTi grova, maSin muSaobis dro kraskalis algoriTmis analogiuria - O(E log V ). (2-6 striqonebSi
inicializacia SeiZleba SevasruloT O(V ) droSi. while cikli sruldeba |V |-jer da yoveli operacia
EXTRACT-MIN sruldeba O(log V ) droSi. EXTRACT-MIN-is Sesrulebis saerTo dro gaxdeba O(V log V ).
cikli 9-12 striqonebSi sruldebaO(E)-jer. me-9 striqonSi Semowmeba -O(1) droSi. xolo me-12 striqoni
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nax. 3.3:

Sesruldeba O(log V ) droSi. sabolood, primis algoriTmis muSaobis saerTo dro iqneba O(V log V +
E log V ) = O(E log V ). fibonaCis grovis gamoyenebis SemTxvevaSi Sefaseba SeiZleba Semcirdes O(E +
V log V )-mde.

3.3 savarjiSoebi

1. ipoveT minimaluri damfaravi xe sur. 3.4 grafebisTvis:

(a) kraskalis algoriTmiT

(b) primis algoriTmiT (c sawyisi wverodan)
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nax. 3.4:

2. aCveneT, rom grafs aqvs erTaderTi minimaluri damfaravi xe, Tu grafis yoveli WrilisTvis ar-
sebobs erTaderTi msubuqi wibo, romelic kveTs am Wrils. moiyvaneT kontrmagaliTi, romelic
aCvenebs, rom sawinaaRmdego debuleba ar sruldeba.

3. vTqvaT, (u, v) minimaluri wonis mqone wiboaG grafSi, aCveneT, rom (u, v) ekuTvnisG grafis romelime
minimalur damfarav xes.

4. G(V,E) bmuli, araorientirebuli grafisTvis, ganvixiloT wiboebis E simravle, romlis yoveli
elementi warmoadgens msubuq wibos grafis raime SesaZlo WrilisTvis. moiyvaneT magaliTi, roca
es simravle ar qmnis minimalur damfarav xes.
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α(n) Zalian nela zrdadi funqciaa. realur amocanebSi, romelSic gamoiyeneba TanaukveTi simravleebi,
α(n) ≤ 4.
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Tavi 4

umoklesi gzebi erTi wverodan

Tu mocemulia Sewonili grafi, xSirad saWiroa xolme mis or wveros Soris umoklesi gzis dadgena
(or wveros SemaerTebel yvela SesaZlo gzas Soris iseTis arCeva, romlis wiboTa wonebis jami mini-
maluria).

am amocanis gadaWraze Zalian bevri sxva amocanaa damokidebuli, maT Soris:

• satransporto qselebSi or punqts Soris umoklesi gzis povna: Tu grafs ganvixilavT rogorc
qalaqebs (wveroebi) da maT SemaerTebel gzebs (wiboebi), an qalaqSi quCebs (wiboebi) da maT gada-
kveTebs (wveroebi), erTi punqtidan meoreSi gadasvlisaTvis umciresi gzis gamoTvla am amocanis
gadaWriT SeiZleba;

• nalaparakevi teqstis amocnobis erT-erTi umTavresi amocana erTnairi JReradobis sityvebis (omo-
fonebis) gansxvavebaa. aseT sityvebzea agebuli akaki wereTelis cnobili leqsi YaRmarT-aRmarTA:

aRmarT-aRmarT mivdiodi me nela,
serzed Sevdeq, Wmunvis ali menela;
mzeman sxivi momafina maSina,
sicocxle vgrZen, sikvdilma ver maSina.

Tu enis sityvebs aRvniSnavT, rogorc grafis wveroebs da YmsgavsA sityvebs wiboebiT SevaerTebT
(Tanac msgavsebis koeficients wibos wonad mivuwerT - rac ufro msgavsia ori sityva, ufro na-
klebs), wveroebs Soris umoklesi gzis povna winadadebis azris dadgenaSi dagvexmareba.

• grafTa ganlagebaSi: xSirad saWiroa xolme grafis YcentrisA dadgena da ise ganlageba, rom igi
mis SuagulSi moeqces. aseTi SeiZleba iyos wvero, romlis maqsimaluri daSoreba yvela sxva
wverosTan yvelaze dabalia. cxadia, rom amis dasadgenad saWiroa nebismier or wveros Soris
manZilis codna.

aRsaniSnavia, rom umciresi damfaravi xe yovelTvis umcires manZils ar mogvcems, rogorc es Semdgom
naxazSia naCvenebi.
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minimaluri damfaravi xe (a) da Semoxazuli wverodan umoklesi manZilis xe (b)

savarjiSo 4.1: moiyvaneT sxva xeebis magaliTi, romlebSic umciresi damfaravi xe ar mogvcems umokles
manZilebs.
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4.1 umoklesi gzis povnis amocana

vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi namdvili woniTi w : E → R funqciiT.
p =< v0, v1, . . . , vk > gzis wonas (weight) uwodeben am gzaSi Semavali yvela wibos wonebis jams:

w(p) =

k∑
i=1

w(vi−1, vi)

u-dan v-Si umoklesi gzis wona (shortest-paths weight), gansazRvrebis Tanaxmad, tolia:

δ(u, v) =

{
min{w(p)} Tu arsebobs gza u-dan v-Si

∞ winaaRmdeg SemTxvevaSi

umoklesi gza (shortest-path) u-dan v-Si - esaa nebismieri p gza u-dan v-Si, romlisTvisac w(p) = δ(u, v).
wonebSi SeiZleba vigulisxmoT ara marto manZilebi, aramed dro, Rirebuleba, jarima, zarali da a.S.
siganeSi Zebnis algoriTmi SegviZlia ganvixiloT, rogorc umoklesi gzebis Sesaxeb amocanis amoxsnis
kerZo SemTxveva, roca TiToeuli wibos wona 1-is tolia.

ganixilaven umoklesi gzebis amocanis sxvadasxva variants. am TavSi Cven ganvixilavT amocanas umok-
lesi gzebis Sesaxeb erTi wverodan (single-source shortest-path problem): mocemuli gvaqvs orientirebuli
wonadi G = (V,E) grafi da sawyisi wvero s (source vertex). saWiroa vipovoT umoklesi gzebi s-dan yvela
v ∈ V wveromde. am amocanis amoxsnis algoriTmi gamoiyeneba sxva amocanebis amosaxsneladac, kerZod:

umoklesi gza erTi wverosaken: mocemulia saboloo t wvero (destination vertex). saWiroa movZebnoT umok-
lesi gzebi t wveromde yoveli v ∈ V wverodan. Tuki SevabrunebT mimarTulebas yvela wiboze, es amocana
daiyvaneba amocanaze umoklesi gzebis Sesaxeb erTi wverodan.

umoklesi gza wveroTa mocemuli wyvilisaTvis: mocemulia u da v wveroebi, movZebnoT umoklesi gza
u-dan v-Si. ra Tqma unda, Tuki Cven movZebniT yvela umokles gzas u-dan, amocana amoixsneba. unda aRiniS-
nos, rom ufro swrafi meTodi (romelic gamoiyenebda im faqts, rom umoklesi gza mxolod or wveros
Sorisaa mosaZebni) jerjerobiT napovni ar aris.

umoklesi gzebi wveroTa yvela wyvilisaTvis: wveroTa yoveli u da v wyvilisaTvis movZebnoT umok-
lesi gza u-dan v-Si. am amocanis amoxsna SeiZleba, Tuki rig-rigobiT vipoviT umokles gzas wveroTa
yvela wyvilisaTvis. Tumca es araa optimaluri meTodi da ufro efeqtur midgomas momdevno TavebSi
ganvixilavT.

4.1.1 umoklesi gzebis amocanis optimaluri struqtura

umoklesi gzebis povnis algoriTmebi, Cveulebriv, eyrdnobian im Tvisebas, rom umoklesi gzis yoveli
nawili TviTon aris umoklesi gza. e.i. umoklesi gzebis amocanas aqvs optimalurobis Tviseba qveamo-
canebisaTvis, rac imas niSnavs, rom amocanis amosaxsnelad SesaZloa gamoyenebul iqnas dinamikuri
programirebis meTodi an xarbi algoriTmi. marTlac, deiqstras algoriTmi xarb algoriTms warmoad-
gens, xolo floid-vorSelis algoriTmi, romelic wveroTa yvela wyvilisTvis eZebs umokles gzebs,
dinamikuri programirebis meTods iyenebs.

lema 4.1. (umoklesi gzis monakveTebi umoklesia). vTqvaT, mocemuli gvaqvs orientirebuli wonadi G =
(V,E) grafi woniTi w : E → R funqciiT. Tu p =< v1, v2, . . . , vk > umoklesi gzaa v1-dan vk-mde da 1 ≤ i ≤
j ≤ k, maSin pij =< vi, vi+1, . . . , vj > warmoadgens umokles gzas vi-dan vj-mde.

Proof. Tu p gzas davSliT Semadgenel nawilebad, v1
p1i∼ vi

pij∼ vj
pjk∼ vk, Sesruldeba Semdegi: w(p) = w(p1i)+

w(pij)+w(pjk). axla davuSvaT, rom arsebobs gza p′ij vi-dan vj-mde, romlis wonac akmayofilebs utolobas:

w(p′ij) < w(pij). maSin v1
p1i∼ vi

p′
ij∼ vj

pjk∼ vk aris gza v1-dan vk-mde, romlis wona w(p) = w(p1i) + w(p′ij) + w(pjk)
naklebia w(p)-ze, rac ewinaaRmdegeba pirobas, rom p umoklesi gzaa vi-dan vj-mde.

(CavTvaloT, rom nebismieri namdvili a ̸= −∞ ricxvisTvis sruldeba: a+∞ = ∞+ a = ∞ da nebismieri
namdvili a ̸=∞ ricxvisTvis sruldeba: a+ (−∞) = (−∞) + a = −∞)
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4.1.2 uaryofiTi wonis mqone wiboebi

zogierT SemTxvevaSi, wiboTa wonebi SesaZloa uaryofiTi iyos. am dros didi mniSvneloba aqvs ar-
sebobs Tu ara uaryofiTwoniani cikli. Tu grafi ar Seicavs s wverodan miRwevad uaryofiTwonian
cikls, maSin yoveli v ∈ V wverosTvis δ(s, v) aris sasruli sidide. xolo Tu s wverodan SesaZlebelia
uaryofiTwonian ciklTan misvla, maSin arc erTi gza s wverodan ciklis wveromde ar iqneba umoklesi,
radgan SegviZlia wonis ganuwyvetliv Semcireba. amrigad, aseT SemTxvevaSi umoklesi gza ar arsebobs
da Tvlian, rom δ(s, v) = −∞.

s
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nax. 4.1:

sur. 4.1-ze naCvenebia ra gavlenas axdens uaryofiTwoniani wiboebi da ciklebi umoklesi gzebis wonebze:
radgan, s wverodan a da b wveroebamde erTaderTi gza arsebobs, amitom:

δ(s, a) = w(s, a) = 3 δ(s, b) = w(s, a) + w(a, b) = −1

s wverodan c wveromde uamravi gza arsebobs: < s, c >,< s, c, d, c >,< s, c, d, c, d, c > da a.S., magram, radgan
< c, d, c > ciklis wona dadebiTia, umoklesi gza s wverodan c wveromde aris < s, c > da misi wonaa
δ(s, c) = 5, analogiurad, δ(s, d) = 11.
s wverodan e wveromdec uamravi gza arsebobs: < s, e >,< s, e, f, e >,< s, e, f, e, f, e > da a.S., magram, radgan
< e, f, e > ciklis wona uaryofiTia, ar arsebobs umoklesi gza s wverodan e wveromde da δ(s, e) = −∞,
analogiurad, δ(s, f) = −∞. radgan g wvero miRwevadia f -dan, SeiZleba moiZebnos usasrulod didi
uaryofiTi wonis mqone gzebi s wverodan g wveromde, amitom δ(s, g) = −∞.
h, i, j wveroebic qmnian uaryofiTwonian cikls, magram isini ar arian miRwevadi s wverodan da amitom
δ(s, h) = δ(s, i) = δ(s, j) =∞.

4.1.3 ciklebi

SeiZleba Tu ara umoklesi gza Seicavdes cikls? davrwmundiT, rom umoklesi gza ar SeiZleba Seicavdes
uaryofiTwonian cikls. is ar SeiZleba Seicavdes dadebiTwonian ciklsac, radgan am ciklis amoRebiT
umoklesi gzidan, miviRebT gzas sawyisi wverodan imave wveromde, romelsac aqvs naklebi wona. Tu cik-
lis wona nulia, maSin misi amoRebiT umoklesi gzidan, miviRebT gzas sawyisi wverodan imave wveromde,
romelsac aqvs igive wona da romelic ar Seicavs cikls. amitom, zogadobis SeuzRudavad SeiZleba CavT-
valoT, rom Tu veZebT umokles gzebs, isini ar Seicaven ciklebs. radgan G = (V,E) grafis nebismier
aciklur gzaSi SeiZleba Sediodes araumetes |V | raodenoba wveroebisa da |V | − 1 raodenoba wiboe-
bisa, SeiZleba SemovifargloT umoklesi gzebis povniT, romelic Seicavs wiboebis araumetes |V | − 1
raodenobas.

4.1.4 umoklesi gzebis warmodgena

zogjer saWiro xdeba ara marto umoklesi gzis wonis gamoTvla, aramed Tavad am gzis dadgenac. aseT
SemTxvevaSi iyeneben imave meTods, romliTac poulobdnen gzas siganeSi Zebnis xeebSi. mocemul G =
(V,E) grafSi, yoveli v ∈ V wverosTvis gamoiTvleba π[v] atributis, mSoblis, winamorbedis (prede-
cessor) mniSvneloba, romlis rolSi gamodis an sxva wvero, an mniSvneloba NIL. am TavSi ganxiluli
algoriTmebiT π[v] atributebi ise gamoiTvleba, rom v wveroSi dawyebuli winamorbedebis jaWvi, gva-
Zlevs saSualebas avagoT s wverodan v wveroSi gamavali umoklesi gzis Sebrunebuli gza. Gπ = (Vπ, Eπ)
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qvegrafs uwodeben winamorbedobis qvegrafs (predecessor subgraph), sadac

Vπ = {v ∈ V : π[v] ̸= NIL} ∪ {s} Eπ = {(π[v], v) ∈ E : v ∈ Vπ\{s}}

umoklesi gzis povnis algoriTmebis dasrulebis Semdeg, Gπ warmoadgens "umoklesi gzebis xes".
vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT. vTqvaT,
grafi ar Seicavs s ∈ V sawyisi wverodan miRwevad uaryofiTwonian ciklebs. s fesvis mqone umoklesi
gzebis xe (shortest-paths tree) aris G′ = (V ′, E′) orientirebuli qvegrafi, sadac V ′ ⊆ V , E′ ⊆ E ganisa-
zRvreba Semdegi pirobebiT:

1. V ′ - aris wveroTa simravle, romelic miRwevadia s ∈ V sawyisi wverodan G grafSi.

2. G′ grafi warmoadgens xes s wveros mqone fesviT.

3. yoveli v ∈ V ′ wverosTvis calsaxad gansazRvruli martivi gza s wverodan v wveroSi G′ grafSi,
emTxveva umokles gzas s wverodan v wveroSi G grafSi.

4.1.5 relaqsacia

relaqsaciis meqanizmi aseTia: TiToeuli v ∈ V -saTvis vinaxavT raRac d[v] ricxvs, atributs, romelic
warmoadgens s-dan v-Si umoklesi gzis wonis zeda Sefasebas, anu, ubralod umoklesi gzis Sefasebas
(shortest-path estimate). d da π masivebs sawyisi mniSvnelobebi eniWebaT Semdegi proceduriT, romlis
muSaobis droa Θ(V ):

Algorithm 16: Initialize Single Source

Input: orientirebuli grafi G = (V,E) da sawyisi wvero s
Output: mianiWebs sawyiss mniSvnelobebs d da π masivebs

1 INITIALIZE-SINGLE-SOURCE(G, s) :

2 for ∀v ∈ V :
3 d[v] = ∞;

4 π[v] = NIL;

5 d[s] = 0;

(u, v) ∈ E wibos relaqsacia SemdegSi mdgomareobs: mowmdeba SeiZleba Tu ara v wveromde aqamde arse-
buli umoklesi gzis gaumjobeseba misi u wveroze gatarebiT? dadebiTi pasuxis SemTxvevaSi xdeba d[v]
da π[v] atributebis ganaxleba. relaqsacia amcirebs d[v]-s d[u]+w(u, v)-mde. amavdroulad icvleba π[v]-c.

Algorithm 17: Relaxation

Input: orientirebuli grafi G = (V,E), woniTi funqcia w : E → R, grafis wveroebi u da v
Output: iTvlis Semowmebis momentSi ukeTesia Tu ara, rom v wveroSi movxvdeT u wverodan (u, v)

wibos gamoyenebiT

1 RELAX(u, v, w) :

2 if d[v] > d[u] + w(u,v) :
3 d[v] = d[u] + w(u,v);

4 π[v] = u;

am TavSi aRwerili algoriTmebSi jer xdeba inicializacia da Semdeg relaqsacia. relaqsacia er-
TaderTi proceduraa, romelic cvlis d[v] da π[v] atributebs. Tumca algoriTmebi gansxvavdebian imiT,
Tu ramdenjer tardeba relaqsacia da wiboTa ra TanmimdevrobisTvis. mag.: deiqstras algoriTmi acik-
luri grafebisaTvis mxolod erTxel axdens wiboTa relaqsacias, xolo belman-fordis algoriTmi -
ramdenjerme.
ganvixiloT umoklesi gzebis da relaqsacias Tvisebebi, romlebic mocemulia Semdeg debulebebSi:

lema 4.2. (samkuTxedis utoloba (triangle property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi G =
(V,E) grafi woniTi w : E → R funqciiT da s ∈ V sawyisi wveroTi. maSin nebismieri (u, v) ∈ E-saTvis,
gvaqvs:

δ(s, v) ≤ δ(s, u) + w(u, v)
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Proof. vTqvaT, arsebobs umoklesi p gza s-dan v wveroSi, maSin am gzis wona ar aRemateba nebismieri sxva
gzis wonas s-dan v-Si, kerZod, is ar aRemateba gzis wonas, romelic Sedgeba gzisgan s-dan u wveroSi da
(u, v) wibosgan.
Tu umoklesi gza s-dan v wveroSi ar arsebobs, maSin δ(s, v) = ∞ an δ(s, v) = −∞. δ(s, v) = ∞ niSnavs, rom
wvero ar aris miRwevadi s-dan, magram maSin u wveroc ar iqneba miRwevadi δ(s, u) =∞ da dasamtkicebeli
utoloba sruldeba. Tu δ(s, v) = −∞, es niSnavs, rom v wvero aris uaryofiTwoniani ciklis wvero da
dasamtkicebeli utoloba sruldeba.

lema 4.3. (zeda sazRvris Tviseba (upper-bound property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi woniTi w : E → R funqciiT. vTqvaT, s ∈ V - sawyisi wveroa. maSin INITIALIZE-SINGLE-
SOURCE(G,s) proceduris Sesrulebisa da wiboTa nebismieri TanmimdevrobiT relaqsaciis Semdeg, nebis-
mieri v ∈ V wverosaTvis sruldeba utoloba d[v] ≥ δ(s, v). Tuki romelime wverosaTvis es utoloba
gadaiqceva tolobad, d[v] = δ(s, v) maSin igi aRar Seicvleba.

Proof. davamtkicoT d[v] ≥ δ(s, v), yoveli v ∈ V wverosTvis induqciis meTodis gamoyenebiT, relaqsaciis
bijebis raodenobis mimarT. d[v] ≥ δ(s, v) utoloba samarTliania uSualod inicializaciis Semdeg,
radgan sawyisi wverosTvis, d[s] = 0 ≥ δ(s, s) (SevniSnoT, rom δ(s, s) = −∞, Tu s wvero uaryofiTwoni-
ani ciklis wveroa; winaaRmdeg SemTxvevaSi, δ(s, s) = 0), xolo v ∈ V \{s} wveroebisTvis, inicializaciis
Semdeg, d[v] =∞ da amitom d[v] ≥ δ(s, v).
induqciis bijad CavTvaloT (u, v) wibos relaqsacia. induqciis daSvebis Tanaxmad, yvela x ∈ V wve-
rosTvis, relaqsaciis win sruldeba utoloba d[x] ≥ δ(s, x). davamtkicoT, rom utoloba sruldeba
relaqsaciis Semdegac. relaqsaciis Semdeg SeiZleba Seicvalos mxolod d[v], Tu is Seicvala gveqneba:

d[v] = d[u] + w(u, v) ≥ δ(s, u) + w(u, v) ≥ δ(s, v)

sadac pirveli utoloba induqciis daSvebidan gamomdinareobs, xolo meore - samkuTxedis utolobidan.
amrigad, damtkicda, rom nebismieri wverosaTvis sruldeba utoloba d[v] ≥ δ(s, v).
davamtkicoT, rom d[v]-s mniSvneloba ar Seicvleba mas Semdeg, rac Sesruldeba d[v] = δ(s, v). radgan d[v] ≥
δ(s, v) samarTliania, d[v] ver miiRebs δ(s, v)-ze nakleb mniSvnelobas. d[v]-s mniSvneloba verc gaizrdeba,
radgan relaqsaciis Sedegad is SeiZleba mxolod Semcirdes an darCes igive.

lema 4.4. (ararsebuli gzis Tviseba (no-path property)): vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, v ∈ V wvero miuRwevadia
s-dan. maSin INITIALIZE-SINGLE-SOURCE(G,s) proceduris Sesrulebis Semdeg gvaqvs d[v] = δ(s, v) =∞ da
es toloba ar Seicvleba G grafSi wiboTa nebismieri TanmimdevrobiT relaqsaciis Semdegac.

Proof. zeda sazRvris Tvisebis Tanaxmad, sruldeba ∞ = δ(s, v) ≤ d[v], amitom d[v] =∞ = δ(s, v).

lema 4.5. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da vTqvaT (u, v) ∈ E. maSin uSualod am wibos relaqsaciis Semdeg sruldeba utoloba d[v] ≤ d[u]+w(u, v).

Proof. Tu uSualod (u, v) wibos relaqsaciamde sruldeba d[v] > d[u] + w(u, v), maSin am operaciis Semdeg,
utoloba gadaiqceva tolobad: d[v] = d[u] + w(u, v), xolo Tu (u, v) wibos relaqsaciamde sruldeba
d[v] ≤ d[u] + w(u, v) , maSin relaqsaciis procesSi, arc d[u], arc d[v] ar Seicvleba. ase, rom (u, v) wibos
relaqsaciis Semdeg, d[v] ≤ d[u] + w(u, v).

lema 4.6. (krebadobis Tviseba (convergence property)) vTqvaT, mocemuli gvaqvs orientirebuli wonadi
G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, u, v ∈ V wveroebisTvis
arsebobs umoklesi gza s ∼ u→ v. vTqvaT, Sesrulda INITIALIZE-SINGLE-SOURCE(G,s) procedura, xolo
Semdeg wiboTa garkveuli TanmimdevrobiT relaqsacia, maT Soris RELAX(u,v,w). Tu raRac momentSi (u, v)
wibos relaqsaciamde Sesrulda d[u] = δ(s, u) toloba, maSin (u, v) wibos relaqsaciis Semdeg, nebismier
momentSi, Sesruldeba toloba d[v] = δ(s, v).

Proof. zeda sazRvris Tvisebis Tanaxmad, Tu raRac momentSi (u, v) wibos relaqsaciamde Sesrulda d[u] =
δ(s, u) toloba, is Semdgomac ar Seicvleba. kerZod, (u, v) wibos relaqsaciis Semdeg. miviRebT:

d[v] ≤ d[u] + w(u, v) = δ(s, u) + w(u, v) = δ(s, v)

sadac utoloba gamomdinareobs lema 4.5-dan, xolo bolo toloba lema 4.1-dan. zeda sazRvris Tvise-
bis Tanaxmad, d[v] ≥ δ(s, v). amitom, SeiZleba davaskvnaT, rom d[v] = δ(s, v) da is aRar Seicvleba.
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lema 4.7. (gzis relaqsaciis Tviseba (path-relaxation property)) vTqvaT, mocemuli gvaqvs orientirebuli
wonadi G = (V,E) grafi woniTi w : E → R funqciiT da s sawyisi wveroTi. ganvixiloT nebismieri
umoklesi gza p =< v0, v1, . . . , vk > s = v0 wverodan vk wveromde. vTqvaT, Sesrulda INITIALIZE-SINGLE-
SOURCE(G,s) procedura, xolo Semdeg, wiboebis Semdegi TanmimdevrobiT relaqsacia:
(v0, v1), (v1, v2), . . . , (vk−1, vk), maSin am relaqsaciebis Semdeg da, Semdgomac, nebismier momentSi, sruldeba
toloba d[vk]δ(s, vk). es Tviseba samarTliania, miuxedavad imisa, xdeba Tu ara relaqsacia sxva wiboebze,
maT Soris relaqsacia im wiboebze, romlebic enacvleba p gzis wiboebs.

Proof. induqciiT davamtkicoT, rom p gzis i-uri wibos relaqsaciis Semdeg, sruldeba: d[vi] = δ(s, vi). ba-
zisad aviRoT i = 0. manam, sanam p gzaSi Semavali erTi mainc wibos relaqsacia moxdeba, inicializaciis
Semdeg, d[v0] = d[s] = 0 = δ(s, s). zeda sazRvris Tvisebis Tanaxmad, d[s]-s mniSvneloba aRar Seicvleba.
vTqvaT, (i − 1)-uri wibos relaqsaciis Semdeg sruldeba: d[vi−1] = δ(s, vi−1). ganvixiloT i-uri, (vi−1, vi)
wibos relaqsacia. krebadobis Tvisebis Tanaxmad, am wibos relaqsaciis Sedegad, d[vi] = δ(s, vi) da es
toloba aRar Seicvleba.

lema 4.8. (winamorbedobis qvegrafis Tviseba (predecessor subgraph property)) vTqvaT, mocemuli gvaqvs ori-
entirebuli wonadi G = (V,E) grafi, woniTi w : E → R funqciiT da s sawyisi wveroTi. vTqvaT, G
grafi ar Seicavs s wverodan miRwevad uaryofiTwonian ciklebs. vTqvaT, Sesrulda INITIALIZE-SINGLE-
SOURCE(G,s) procedura, xolo Semdeg, raime TanmimdevrobiT G grafis wiboebis relaqsacia, romlis
Sedegadac yoveli v ∈ V wverosTvis sruldeba toloba d[v] = δ(s, v), maSin winamorbedobis qvegrafi Gπ

warmoadgens s fesvis mqone umoklesi gzebis xes.

4.2 belman-fordis algoriTmi

belman-fordis algoriTmi (Bellman-Ford algorithm) xsnis sawyisi wverodan umoklesi gzebis povnis amo-
canas zogad SemTxvevaSi, roca nebismier wibos SesaZloa hqondes uaryofiTi wona. am algoriTmis
Rirsebad SeiZleba CaiTvalos isic, rom is gansazRvravs arsebobs Tu ara grafSi sawyisi wverodan miRw-
evadi uaryofiTwoniani cikli. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi
w : E → R funqciiT da s sawyisi wveroTi. belman-fordis algoriTmi iZleva TRUE mniSvnelobas, Tu
grafSi sawyisi wverodan araa miRwevadi uaryofiTwoniani cikli da iZleva mniSvnelobas FALSE, Tuki
aseTi cikli sawyisi wverodan miRwevadia. pirvel SemTxvevaSi algoriTmi poulobs umokles gzebs da
maT wonebs, xolo meore SemTxvevaSi - umoklesi gza ar arsebobs.

Algorithm 18: Bellman-Ford (Single Source Shortest Paths)

Input: orientirebuli grafi G = (V,E), woniTi funqcia w : E → R da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes,

algoriTmi daabrunebs TRUE-s Tu grafSi ar arsebobs uaryofiTi wonis cikli,
winaaRmdeg SemTxvevaSi FALSE-s

1 BELLMAN-FORD(G, w, s) :

2 INITIALIZE-SINGLE-SOURCE(G, s);

3 for i=1; i<|V|; i++ :
4 for ∀(u, v) ∈ E :
5 RELAX(u, v, w);

6 for ∀(u, v) ∈ E :
7 if d[v] > d[u] + w(u,v) :
8 return FALSE;

9 return TRUE;

vnaxoT, rogor muSaobs algoriTmi. str. 2-Si xdeba inicializacia. Semdeg algoriTmi (|V | − 1)-jer ime-
orebs erTsa da imave moqmedebas: axdens grafis TiToeuli wibos relaqsacias (3-5 striqonebi). Semdeg,
algoriTmi amowmebs, arsebobs Tu ara sawyisi wverodan miRwevadi uaryofiTwoniani cikli (6-8 striqo-
nebi) da abrunebs Sesabamis mniSvnelobas.
sur. 4.2-ze mocemulia belman-fordis algoriTmis muSaobis procesi. sawyisi wveroa z. wveroebSi
naCvenebia umoklesi gzebis Sefasebebi (atributi d), xolo gamoyofili wiboebi miuTiTeben mSoblebis
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mniSvnelobebs: Tu gamoyofilia (u, v) wibo, π(v) = u. amasTan, wveroebis damuSaveba xdeba leqsikografi-
ulad dalagebuli Semdegi TanmimdevrobiT:

(u, v)(u, x)(u, y)(v, u)(x, v)(x, y)(y, v)(y, z)(z, u)(z, x)

a)-ze naCvenebia inicializaciis proceduris Semdeg, uSualod wiboebis relaqsaciis win arsebuli
situacia, b)-c)-d)-ze naCvenebia wiboebis relaqsaciis Sedegad miRebuli mdgomareoba, xolo e)-ze - sa-
boloo mdgomareoba.
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nax. 4.2:

belman-fordis algoriTmis muSaobis droaO(V E). inicializacias sWirdebaΘ(V )dro; 3-5 striqonebSi,
TiToeul jerze wiboebis relaqsacias - Θ(E) dro (sul (|V |−1)-jer); 6-8 striqonebSi ciklis Sesrule-
bas ki - O(E).
qvemoT moyvanili Teorema da misi Sedegi, amtkicebs belman-fordis algoriTmis koreqtulobas.

lema 4.9. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da s sawyisi wveroTi, romelic ar Seicavs s wverodan miRwevad uaryofiTwonian cikls, maSin belman-
fordis algoriTmis 3-5 striqonebSi, for ciklis (|V | − 1) iteraciis dasrulebis Semdeg, yoveli v ∈ V
s-dan miRwevadi wverosTvis sruldeba d[v] = δ(s, v).

Proof. ganvixiloT raime s-dan miRwevadi wvero v ∈ V . vTqvaT, p =< v0, v1, . . . , vk >, v0 = s vk = v umoklesi
acikluri gzaa s-dan v-Si. p gza Seicavs araumetes (|V |−1) wibos, rac niSnavs, rom k ≤ |V |−1. for ciklis (3-
5 str.) yoveli (|V |−1) iteraciis dros, xdeba yvela |E| wibos relaqsacia, i-uri (i = 1, 2, . . . , k) iteraciis
dros relaqsirebul wiboebs Soris aris wibo (vi−1, vi). amitom, lema 4.7-s Tanaxmad, sruldeba: d[v] =
d[vk] = δ(s, vk) = δ(s, v).

Sedegi 4.1. vTqvaT, mocemuli gvaqvs orientirebuli wonadi G = (V,E) grafi woniTi w : E → R funqciiT
da s sawyisi wveroTi. maSin, yoveli v ∈ V wverosTvis, gza s-dan v-Si arsebobs maSin da mxolod maSin,
roca G grafis belman-fordis algoriTmiT damuSavebis Semdeg, sruldeba: d[v] <∞.

Teorema 4.1. (belman-fordis algoriTmis koreqtuloba) vTqvaT, belman-fordis algoriTmiT xdeba s
sawyisi wveros da w : E → R woniTi funqciis mqone orientirebuli, wonadiG = (V,E) grafis damuSaveba.
Tu G grafi ar Seicavs s wverodan miRwevad uaryofiTwonian ciklebs, maSin algoriTmi abrunebs TRUE
mniSvnelobas, yoveli v ∈ V wverosTvis, sruldeba d[v] = δ(s, v) da winamorbedobis qvegrafi Gπ aris
s fesvis mqone umoklesi gzebis xe. xolo Tu G grafi Seicavs s wverodan miRwevad uaryofiTwonian
cikls, maSin algoriTmi abrunebs FALSE mniSvnelobas.

Proof. davuSvaT, G grafi ar Seicavs s wverodan miRwevad uaryofiTwonian cikls. jer davamtkicoT,
rom algoriTmis muSaobis dasrulebis Semdeg, yoveli v ∈ V wverosTvis, sruldeba d[v] = δ(s, v). Tu
v wvero miRwevadia s-dan, es toloba gamomdinareobs lema 4.9-dan, xolo Tu v ar aris miRwevadi s-
dan - ararsebuli gzis Tvisebidan. am debulebidan da winamorbedobis qvegrafis Tvisebidan ( lema 4.8)
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gamomdinareobs, rom Gπ grafi aris umoklesi gzebis xe. axla, vaCvenoT, rom belman-fordis algoriTmi
abrunebs TRUE mniSvnelobas. algoriTmis dasrulebis Semdeg, yoveli (u, v) ∈ E wibosTvis sruldeba:

d[v] = delta(s, v) ≤ δ(s, u) + w(u, v) = d[u] + w(u, v)

amitom str. 7-Si, arc erTi Sedarebis Sedegad algoriTmi ar daabrunebs FALSE mniSvnelobas.
axla, ganvixiloT SemTxveva, roca G grafi Seicavs s wverodan miRwevad uaryofiTwonian cikls. vTqvaT,
es ciklia c =< v0, v1, . . . , vk >, sadac v0 = vk , maSin:

k∑
i=1

w(vi−1, vi) < 0 (4.1)

davuSvaT sawinaaRmdego, vTqvaT, algoriTmi abrunebs TRUE mniSvnelobas. (rac, agreTve, niSnavs, rom
algoriTmi abrunebs umokles gzebs da maT wonebs) maSin yoveli (i = 1, 2, . . . , k)-sTvis sruldeba: d[vi] ≤
d[vi−1] + w(vi−1, vi). ganvixiloT am utolobis jami ciklis yvela wverosTvis:

k∑
i=1

d[vi] ≤
k∑

i=1

(d[vi−1] + w(vi−1, vi)) =

k∑
i=1

d[vi−1] +

k∑
i=1

w(vi−1, vi)

radganac, v0 = vk, amitom c ciklis yoveli wvero
∑k

i=1 d[vi] da
∑k

i=1 d[vi−1] jamebSi gvxvdeba mxolod

erTxel da
∑k

i=1 d[vi] =
∑k

i=1 d[vi−1]. Sedegi 4.10-is Tanaxmad d[vi] atributi iRebs sasrul mniSvnelobebs,

amrigad samarTliania utoloba
∑k

i=1 w(vi−1, vi) < 0, rac ewinaaRmdegeba (4.1)-s. miviReT winaaRmdegoba.
amrigad, belman-fordis algoriTmi abrunebs TRUE mniSvnelobas, Tu grafi ar Seicavs sawyisi wvero-
dan miRwevad uaryofiTwonian cikls da abrunebs FALSE mniSvnelobas, winaaRmdeg SemTxvevaSi.

4.3 umoklesi gzebi aciklur orientirebul grafSi

aciklur orientirebul G = (V,E) grafSi erTi wverodan umoklesi gzebis mosaZebnad saWiroa Θ(V +E)
dro, Tu wiboebis relaqsacias CavatarebT topologiurad sortirebuli wveroebis mixedviT. SevniS-
noT, rom aciklur orientirebul grafSi umoklesi gzebi yovelTvis gansazRvrulia, radgan ciklebi
(maT Soris, uaryofiTwonianic) saerTod ar gvxvdeba.
topologiuri sortireba imgvarad ganalagebs wveroebs wrfivi mimdevrobiT, rom yvela wibo erTnairi
mimarTulebisaa. amis Semdeg unda ganvixiloT wveroebi am mimdevrobiT (wibos dasawyisi yovelTvis
mis boloze adre iqneba ganxiluli) da yoveli wverosaTvis movaxdinoT misgan gamomavali yvela wibos
relaqsacia.

Algorithm 19: DAG Shortest Paths (Single Source Shortest Paths)

Input: acikluri orientirebuli grafi G = (V,E), woniTi funqcia w : E → R da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes

1 DAG-SHORTEST-PATHS(G, w, s) :

2 L = TOPOLOGICAL-SORT(G);

3 INITIALIZE-SINGLE-SOURCE(G, s);

4 for ∀u ∈ L :
5 for ∀v ∈ Adj[u] :
6 RELAX(u, v, w);

7 return d, π;

algoriTmis muSaobis procesi naCvenebia sur. 4.3-ze. sawyisi wveroa s. topologiur sortirebaze (str.
2) ixarjeba Θ(V + E) dro, xolo inicializaciaze (me-3 str.) - Θ(V ). wverosTvis ciklSi (4-6 str.)
sruldeba erTi operacia, yoveli wverodan gamomavali wiboebi erTxel damuSavdeba, amrigad, Sida
ciklSi sul sruldeba |E| iteracia (5-6 str.) TiToeuli iteraciis Rirebuleba Θ(1)-ia. algoriTmis
muSaobis droa Θ(V + E) da is gamoisaxeba mosazRvre wveroTa siis zomis wrfivi funqciiT.
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nax. 4.3:

aRwerili algoriTmi SesaZlebelia gamoviyenoT e.w. "kritikuli gzebis" sapovnelad. ganvixiloT amo-
cana, sadac orientirebuli, acikluri grafis yoveli wibo warmoadgens raRac saqmianobas, xolo wibos
wona - mis Sesasruleblad saWiro dros. Tuki gvaqvs wiboebi (u, v) da (v, x), maSin (u, v) wibos Sesabamisi
samuSao unda Sesruldes (v, x) wibos Sesabamisi samuSaos dawyebamde. kritikuli gza (critical path) -
esaa ugrZelesi gza grafSi, romlis wona tolia yvela samuSaos Sesasruleblad daxarjuli drosi,
Tuki maqsimaluradaa gamoyenebuli zogierTi samuSaos paralelurad Sesrulebis SesaZlebloba. kri-
tikuli gzis wona aris yvela samuSaos Sesrulebis sruli drois qveda Sefaseba. kritikuli gzis
sapovnelad yvela wonis niSani unda Seicvalos sapirispiroTi da Sesruldes DAG-SHORTEST-PATHS
algoriTmi.

4.4 deiqstras algoriTmi

deiqstras algoriTmi poulobs G = (V,E) orientirebuli grafisaTvis umokles gzebs sawyisi s wvero-
dan yvela danarCen wveromde. aucilebelia, rom yvela wibos wona iyos arauaryofiTi w(u, v) ≥ 0 yoveli
(u, v) ∈ E.

deiqstras algoriTmis muSaobis dros gamoiyeneba S ⊆ V simravle, romelic Sedgeba im v wveroebisagan,
romelTaTvisac δ(s, v) ukve moZebnilia (e.i. d[v] = δ(s, v)). algoriTmi irCevs umciresi d[u]-s mqone u ∈ V \S
wveros, amatebs u-s S simravleSi da axdens u-dan gamomavali yvela wibos relaqsacias, ris Semdegac
cikli meordeba. wveroebi, romlebic S-s ar miekuTvnebian, inaxeba Q prioritetebian rigSi, romlis
gasaRebic ganisazRvreba d funqciis mniSvnelobebiT. igulisxmeba, rom grafi mocemulia mosazRvre
wveroTa siiT.



54 Tavi IV umoklesi gzebi erTi wverodan

Algorithm 20: Dijkstra Shortest Paths

Input: acikluri orientirebuli grafi G = (V,E), woniTi funqcia w : E → R+ da sawyisi wvero s
Output: d-Si gamoiTvlis umokles manZilebs s-dan yvela sxva wveromde, π-Si gamoiTvlis xes

1 <->sub*cmtt/m/nDIJKSTRA(G, w, s) :

2 INITIALIZE-SINGLE-SOURCE(G, s);

3 S = ∅;
4 Q = V; // prioritetuli rigi, d gvaZlevs prioritets
5 while Q ̸= ∅ :
6 u = EXTRACT-MIN(Q);

7 S = S ∪ {u};
8 for ∀v ∈ adj[u] :
9 RELAX(u, v, w);

10 return d, π;
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nax. 4.4:

deiqstras algoriTmis muSaobis procesi aRwerilia sur. 4.4-ze. sawyisi wertilia s. wveroebSi Cawer-
ilia umoklesi gzebis Sefasebebi mocemuli momentisaTvis. Savi feriT aRniSnulia wveroebi, romlebic
S simravles ekuTvnian. sxva wveroebi dganan Q = V \S prioritetebian rigSi. ruxi feris wveroebi
ciklis momdevno iteraciis dros gamodian u wveros rolSi. d da π TavianT saboloo mniSvnelobebs
Rebuloben sur. 4.4f-ze.
algoriTmis muSaobis str. 2-Si xdeba d-s da π-s, me-3 striqonSi - S-is, xolo me-4 striqonSi - Q-s ini-
cializacia. while ciklis yoveli iteraciis win, 5-9 str-Si Q = V \S. dasawyisSi Q = V . 5-9 striqonebSi
while ciklis yoveli iteraciis dros Q-dan xdeba umciresi d[u]-s mqone u wveros amoReba da is emateba S
simravles (Tavdapirvelad u = s). 8-9 striqonebSi xdeba u-dan gamosuli yoveli (u, v) wibos relaqsacia.
am dros SeiZleba Seicvalos d[v] Sefaseba da π[v] mSobeli. SevniSnoT, rom ciklis muSaobis dros Q
rigSi axali wveroebi ar emateba, xolo Q-dan amoRebuli yoveli wvero emateba S simravles mxolod
erTxel, amitom while ciklis iteraciaTa raodenobaa |V |.
radgan deiqstras algoriTmSi S simravles emateba V \S simravlidan amoRebuli yvelaze "msubuqi"
wvero, amitom amboben, rom algoriTmi muSaobs xarbi strategiiT, romelic yovelTvis ar iZleva op-
timalur Sedegs. qvemomoyvanili Teorema da misi Sedegi, romelic daumtkiceblad mogvyavs, amtkicebs
deiqstras algoriTmis koreqtulobas.

Teorema 4.2. (deiqstras algoriTmis koreqtuloba) s sawyisi wveros da woniTi w : E → R funqciis
mqone orientirebuli, wonadi G = (V,E) grafis, deiqstras algoriTmiT damuSavebis Semdeg, yoveli
u ∈ V -saTvis sruldeba d[u] = δ(s, u).

Sedegi 4.2. s sawyisi wveros da woniTi w : E → R funqciis mqone orientirebuli, wonadi G = (V,E)
grafis deiqstras algoriTmiT damuSavebis Semdeg, winamorbedobis qvegrafi Gπ warmoadgens umoklesi
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gzebis xes, romlis fesvic aris s wvero.

deiqstras algoriTmis muSaobis dro. am algoriTmSi gamoiyeneba prioritetebiani Q rigi da sami op-
eracia (INSERT (str. 4), EXTRACT-MIN (str. 6), DECREASE-KEY (aracxadad monawileobs RELAX-Si)
str. 9) INSERT da EXTRACT-MIN procedurebis gamoZaxeba xdeba yoveli wverosTvis erTxel (wveroebis
raodenobaa |V |). radgan, yoveli wvero S simravleSi emateba erTxel, algoriTmis muSaobis procesSi,
yoveli wibos (romelTa raodenobaa |E|) damuSaveba mosazRvre wveroTa siaSi xdeba erTxel (str. 8-9)
e.i. sruldeba DECREASE-KEY-s ara umetes |E| operaciisa.
Tu prioritetebiani Q rigi realizebulia rogorc masivi, maSin EXTRACT-MIN operacias dasWird-
eba O(V ) dro; algoriTmi asrulebs am operacias |V |-jer, amitom rigidan yvela elementis amoRebas
dasWirdeba O(V 2) dro. yvela danarCen operacias sWirdeba O(E) dro. INSERT da DECREASE-KEY pro-
cedurebs sWirdebaT O(1) dro. algoriTmis muSaobis droa O(V 2 + E2) = O(V 2)
Tu grafi xalvaTia (|E| ≪ |V |2), azri aqvs Q rigis realizebas, orobiTi grovis saSualebiT. orobiTi
grovis agebas dasWirdeba O(V ) dro, EXTRACT-MIN operacias dasWirdeba O(log V ) dro, aseTi opera-
ciebis raodenobaa |V |, DECREASE-KEY operacias dasWirdeba O(log V ) dro, aseTi operaciebis raode-
nobaa ara umetes ||; xolo deiqstras algoriTmis muSaobis sruli dro iqneba O((V +E) log V ) = O(E log V ),
Tu yvela wvero miRwevadia sawyisi wverodan. Tu prioritetebiani Q rigi realizebulia fibonaCis gro-
vis saxiT, algoriTmis muSaobis dro SeiZleba Semcirdes O(V log V + E)-mde.

4.5 ienis algoriTmi

(belman-fordis algoriTmis modifikacia) G grafis wveroebi gadavnomroT nebismierad da grafis wi-
boTaE simravle gavyoT or nawilad: Ef - wiboebi, romlebic mimarTulia naklebi nomris mqone wverodan
meti nomris mqone wverosaken da Eb - wiboebi, romlebic mimarTulia meti nomris mqone wverodan naklebi
nomris mqone wverosaken. vTqvaT, Gf = (V,Ef ) da Gb = (V,Eb), sadac V grafis wveroTa simravlea. cxadia,
rom Gf da Gb grafebi acikluria da orive maTgani dalagebulia topologiurad.
belman-fordis algoriTmis ciklis yovel iteraciaze movaxdinoT wiboTa relaqsacia Semdegnairad:
jer gadavarCioT wveroebi nomrebis zrdadobis mixedviT da yoveli wverosaTvis moxdes misgan gamo-
mavali Ef grafis yvela wibos relaqsacia, Semdeg wveroebi nomrebis klebadobis mixedviT da yoveli
wverosaTvis moxdes misgan gamomavali Eb grafis yvela wibos relaqsacia. ciklis |V |/2 iteraciis
Semdeg grafis yvela wverosaTvis Sesrulebuli iqneba d[v] = δ(s, v).
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4.6 savarjiSoebi

1. belman-fordis algoriTmiT ipoveT umoklesi gzebi a wverodan Semdeg grafSi:

a b c

d e
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2. Semdeg grafSi SeasruleT DAG-SHORTEST-PATHS(G,w,a):

a
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3. deiqstras algoriTmiT ipoveT umoklesi gzebi a wverodan Semdeg grafSi:

a b c d

e f g h
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4. moiyvaneT uaryofiTi wonis mqone wibos Semcveli orientirebuli grafis magaliTi, romlisTvisac
deiqstras algoriTmi iZleva araswor Sedegs.



Tavi 5

amocanaTa sertificireba da masze
dafuZnebuli sirTulis NP klasi

5.1 sertificireba da sertifikati

ganvixiloT Semdeg naxazSi mocemuli grafi. arsebobs Tu ara masSi hamiltonis cikli?

v1

v2

v4

v3

v8
v6

v7

v5

v9

grafi hamiltonis ciklisa da oTx frad SeRebvis sertifikatiT

am SekiTxvaze pasuxis gacema zogadad rTulia. magram SesaZlebelia vinmem hamiltonis ciklis arseboba
daamtkicos Sesabamisi gzis warmodgeniT: (v3, v9, v2, v7, v5, v4, v8, v1, v6, v3).

cxadia, rom SesaZlebelia imis gadamowmeba, es SemoTavazebuli gza marTlac hamiltonis ciklia, Tu
ara.

Tu igive grafze davsvamT oTx frad SeRebvis amocanas, maSin SesaZlebeli iqneba am amocanis dadebiTi
pasuxis damtkiceba konkretuli SeRebvis mocemiT (nax. ??).

ganmarteba 5.1: Tu raime amocanisTvis SeiZleba SesaZlo amonaxsnis SemoTavazeba da am SemoTavazebuli
savaraudo amonaxsnis gadamowmebis algoriTmic arsebobs, am SemoTavazebul amonaxsns YsertifikatiA,
xolo gadamowmebis algoriTms ki sertificirebis procesi (an, mokled, sertificireba) ewodeba.

A amocanis sertificirebis algoriTms aRvniSnavT rogorc VA. cxadia, rom misi monacemebi iqneba TviT
am A amocanis raRac obieqti X da SemoTavazebuli pasuxi y. magaliTad, VHC(X, y), sadac X raRac
konkretuli grafia da y am grafis gzis sityva, romelic mis hamiltonis cikls unda aRwerdes.

savarjiSo 5.1: dawereT HC , CNk, V Ck da ISk amocanebis sertificirebis algoriTmebi. ra iqneba am
algoriTmebis monacemi da ra – pasuxi?

savarjiSo 5.2: ra iqneba VGI da VSGI monacemebi?

57
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5.2 NP klasi, rogorc swrafad sertificirebad amocanaTa simravle

yvela amoxsnadi amocana, romelic aqamde gvqonda ganxiluli, polinomur droSi, anu YswrafadA serti-
ficirebadi iyo. aseT problemebs calke klasSi (simravleSi) aerTianeben, romelsac NP ewodeba:

NP = {A | A amocana polinomur droSi sertificirebadia}

amocanebis (da, saerTod, gamosakvlevi obieqtebis) erT klasSi gaerTianeba imiTaa mosaxerxebeli, rom
maTi Semdgomi Seswavla da aRwera ufro mosaxerxebeli iyos. meore mniSvnelovani klasia P, romelic
polinomur droSi amoxsnadi amocanebisgan Sedgeba:

P = {A | A amocana polinomur droSi amoxsnadia}

cxadia, rom SesaZlebelia, raime amocana romelime klasSi Sediodes (anu iyos am klasisTvis damaxasi-
aTebeli Tvisebis matarebeli), magram es ar iyos cnobili. ase, magaliTad, ricxvis simartivis testis
amocanisTvis (romelsac aseve Prime ewodeba: mocemuli ricxvisTvis gansazRvreT, martivia igi Tu ara)
ar iyo cnobili swrafi (polinomuri) algoriTmi da mas sxvadasxva xerxiT (magaliTad SemTxveviTi al-
goriTmebiT) xsnidnen, magram XXI saukunis dasawyisSi indoelma mecnierebma polinomuri algoriTmi
gamoigones, riTic Prime ∈ NP damtkicda.
aseve ar aris cnobili, amoixsneba Tu ara V Ck amocana polinomur droSi, amitomac mas ver mivakuTvnebT
P klass, Tumca araa gamoricxuli, rom es ase iyos.
cxadia, rom Tu amocana amoixsneba polinomur droSi, igi swrafad sertificirebadic iqneba, anu P ⊂ NP.

savarjiSo 5.3: daamkiceT, rom HC,CNk, V Ck, ISk, GI, SGI ∈ NP

savarjiSo 5.4: P=NP daSvebiT, ra Tviseba eqneba nebismier swrafad sertificirebad amocanas?

savarjiSo 5.5: daamtkiceT P ⊂ NP.

am savarjiSoTi mivuaxlovdiT Tanamedrove mecnierebis erT-erT udides Ria sakiTxs: radgan P ⊂ NP,
ar aris gamoricxuli, rom P = NP, magram aseve SesaZlebelia, rom P ̸= NP (Teoriulad isicaa SesaZle-
beli, rom orive SemTxveva WeSmariti iyos, anu ori erTmaneTisgan damoukidebeli Teoria arsebobdes,
erTSi pirveli SemTxveva iyos WeSmariti, meoreSi ki misi uaryofa, magram es sakiTxi Cveni kursis far-
glebs cdeba).
romelia aqedan WeSmariti, es jer-jerobiT ucnobia, Tumca am sakiTxis gadaWraze Zalian bevri Teori-
uli da praqtikuli Sedegia damokidebuli.



Tavi 6

NP-sruli da NP-rTuli amocanebi

6.1 amocanebis erTmaneTze dayvanis principi

davuSvaT, mocemuli gvaqvs raime A amocana, romlis algoriTmic CvenTvis cnobili ar aris. Tu arse-
bobs iseTi B amocana CvenTvis cnobili algoriTmiT da iseTi algoriTmi RAB , romliTac A amocanis
nebismier X monacems ise gardavqmniT B amocanis iseT X ′ monacemad, rom am ukanasknelma pirveli amoca-
nis amoxsna mogvces (anu A(X) = B(X ′)), maSin amboben, rom A amocana B amocanaze daiyvaneba (ix. Semdegi
diagrama).

A(X)
?
=

RAB

��

Y

B(X ′) = Y

cxadia, rom RAB algoriTmic (romelsac aseve A amocanis B amocanaze dayvanis processac uwodeben)
swrafi unda iyos, rom aseT operacias raime azri qondes.
aseT SemTxvevaSi amboben, rom B amocana Yaranaklebi sirTulisaaA, vidre A da es cxadicaa: B amocanis
amoxsna ufro YmartiviA rom yofiliyo, maSin sawyis amocanas swrafad (YmartivadA) daviyvandiT masze,
amovxsnidiT da saerTo jamSi A amocanis amoxsnac martivi iqneboda.
am SemTxvevaSi weren: A ≤P B da amboben, rom A amocana B amocanaze daiyvaneba (polinomur droSi).

SeniSvna: aq naxmari terminebi YmartiviA da YrTuliA mkacrad SemdgomSi iqneba ganmartebuli, axla ki
intuiciis gasanviTareblad ufro zogadi aRweriT SemovifarglebiT.

am ideebis ukeT gasagebad ganvixiloT ramodenime magaliTi.

• ISk da Cliquek : Tu mocemulia izolirebuli simravlis amocana, misi grafis gardaqmna SeiZleba
Semdegnairad: kvanZebis simravle igive rCeba. Tu sawyis grafSi ori wvero wiboTi SeerTebuli
araa, gardaqmnil grafSi es ori wvero unda SeerTdes da piriqiT: Tu sawyis grafSi ori wvero
wiboTia SeerTebuli, maSin gardaqmnil grafSi maT Soris wibo ar iarsebebs. advili saCvenebelia,
rom aseT gardaqmnil grafSi sruli simravlis amocana pasuxs gagvcems izolirebuli simravlis
amocanaze, anu pirveli amocanis meoreze dayvana SeiZleba.

• V Ck da 3SAT : (es bolo amocana igivea, rac SAT , mxolod yovel frCxilSi zustad sami cvladia
warmodgenili)

dasawyisisTvis ganvixiloT kerZo magaliTi: mocemulia funqcia, romelic Cawerilia koniunqci-
uri normaluri formiT da Sedgeba 4 cvladisa da 3 diziunqiuri Canawerisagan (anu sami frCxil-
isagan, romelSic aseve sami cvladi Sedis):

F (x1, x2, x3, x4) = (x1 ∨ ¬x2 ∨ x3)(x1 ∨ x2 ∨ x4)(x2 ∨ ¬x3 ∨ ¬x4).

59
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yovel cvladsa da mis uaryofas SevusabamoT erTmaneTTan wiboTi SeerTebuli TiTo kvanZi grafSi,
xolo yovel diziunqciur Canawers SevusabamoT sami erTmaneTTan wiboTi SeerTebuli kvanZi (ix.
nax. ??). Tu diziunqciur CanawerSi (frCxilSi) Sedis romeliRaca cvladi xi an ¬xi, am cvladis (an
misi uaryofis) Sesabamisi kvanZi Canaweris erT-erT kvanZs uerTdeba wiboTi.

reduqciis sqema

advili saCvenebelia, rom k cvladiani da c diziunqciur Canaweriani mocemuli funqciis aseTi
saxiT gardaqmnis Sedegad miRebuli grafi gadaifareba k + 2c kvanZiT maSin da mxolod maSin, Tu
es funqcia SeiZleba WeSmariti gaxdes cvladebis garkveuli mniSvnelobebisaTvis (Tu arsebobs
cvladebis aseTi mniSvnelobebi, maSin unda SeirCes maTi Sesabamisi kvanZebi).

zogadad, yoveli cvladisTvis SevqmniT or kvanZs, romelic wiboTia erTmaneTTan dakavSirebuli;
aseve yoveli frCxilisTvis SevqmniT sam kvanZs da maTac SevaerTebT (miviRebT imden samkuTxeds,
ramdeni frCxilic gvaqvs, Tanac TiTo kvanZs frCxilis TiTo cvladi Seesabameba). bolos, Tu fr-
CxilSi gvxvdeba raime cvladi an misi uaryofa, Sesabamisi cvladis an misi uaryofis Sesabamisi
wvero am frCxilis Sesabamisi samkuTxedis romelime wveros ukavSirdeba. ase Seqmnili grafi unda
gadaeces gadafarvis V Cm amocanas. sadac m = k+ 2c. aq k cvladebis, c ki frCxilebis raodenobaa.

savarjiSo 6.1: aCveneT, rom zemoT moyvanili grafi gadaifareba k + 2c wveroTi maSin da mxolod

maSin, Tu Sesabamisi funqcia araa nulovani.

savarjiSo 6.2: dawereT programa, romelic 3SAT Sesabamisad mocemuli diziunqciuri formidan
zemoT aRniSnul grafs gamoiTvlis (da SeZlebisamebr daxazavs).

• CNk da ISm:

savarjiSo 6.3: aCveneT, rom CNk ≤P ISm

Tu A ≤P B da B ≤P A, maSin amboben, rom orive amocana erTi da imave sirTulisaa da weren A =P B.

savarjiSo 6.4: aCveneT, rom V Ck = CNp da V Ck = ISp (gaiTvaliswineT, rom SesaZlebelia k ̸= p).

6.2 NP rTuli da NP sruli amocanebi

ganmarteba 6.1: Tu amocanaTa raime klasidan (simravlidan) yvela amocana raime S amocanaze daiyvaneba,

mas am klasis mimarT rTuli ewodeba. bunebrivia, radgan Cveni ganxilvis mTavari obieqti NP klasia,
amitomac pirvel rigSi NP-rTul amocanebs ganvixilavT.
NPrTuli amocana iseTic SeiZleba iyos, romelic TviTon ekuTvnis am klass. am SemTxvevaSi mas NP-
sruli ewodeba.

bunebrivia SekiTxva: arsebobs ki iseTi amocana, romelzedac NPklasis nebismieri amocana daiyvaneba?
aseTi amocanebis arseboba Zalian saintereso Sedegebis gamomwvevi iqneboda, radgan mxolod NP-sruli
S amocanis amoxsniT nebismieri sxva A ∈ NP amocanis amoxsnis gzas vipovnidiT: A amocanas daviyvandiT
S amocanaze da misi amoxsniT sawyisi amocanis pasuxsac miviRebdiT (ra Tqma unda, TviTon dayvanis
algoriTmis povnac saWiroa, magram es ufro advilia, miT umetes, rom aseTis arseboba garantirebulia).

aRmoCnda, rom NP-sruli da, Sesabamisad, NP-rTuli amocanac Zalian bevri arsebobs.
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imis saCveneblad, rom raime A amocana NP-srulia, sakmarisia imis Cveneba, rom raime ukve cnobili
NPsruli amocana S masze daiyvaneba: Tu viciT, rom nebismieri X ∈ NP amocanisTvis X ≤P S da S ≤P A,
maSin X ≤p A.

savarjiSo 6.5: daamtkiceT A ≤P B ≤P C ⇒ A ≤P C (miniSneba: gaiazreT, ras niSnavs X ≤P Y da Semdeg
erTmaneTis miyolebiT analogiuri algoriTmebis Catareba ramdenad swraf algoriTms mogvcems).
SeniSvna: am savarjiSos erTi saintereso YmaxeA aqvs, romelic aucileblad unda gaiTvaliswinoT: Tu
vinme ecdeba A amocanidan B amocanaze dayvanis RAB algoriTmisa da, Sesabamisad, RBC dayvanis al-
goriTmebis Cveulebrivi YkompoziciiTA A amocanidan C amocanaze dayvanis RAC algoriTmis agebas,
SeiZleba Semdeg problemas waawydes: x ∈ A monacemis gardaqmnisas miviRoT gacilebiT ufro grZeli
monacemi, vidre |x| (anu A amocanidan C amocanaze dayvanis algoriTmis monacemis sigrZe), rac calke
RBC algoriTmis muSaobis droze ar imoqmedebda (radgan drois zeda zRvari am grZeli monacemis
sigrZesTan SedarebiT didi ar iqneboda), magram sawyisi x monacemis sigrZesTan SedarebiT kompozicia
cud Sedegs moitans.

rogorc zemoT naTqvamidan da savarjiSoebiden Cans, SedarebiT advili unda iyos erTi amocanis meo-
reze dayvanis procesis povna (Tumca Cven aq SedarebiT martiv magaliTebs ganvixilavdiT: es procesi
ufro rTulic SeiZleba iyos, magram Zalian rTuli araa). gacilebiT ufro rTulia pirveli NP-
sruli amocanis povna, rodesac, araformalurad rom vTqvaT, pirveli xelmosaWidi ar gvaqvs da unda
damtkicdes, rom yvela amocana masze SeiZleba daviyvanoT.
NPrTuli amocanebis Teoria 1970ani wlebis dasawyisSi ganviTarda amerikeli mecnieris stiven kukis
(Stephen Cook) da, misgan damoukideblad, moskoveli mecnieris leonid levinis SromebSi – orivem aseTi
sruli problemis arseboba daamtkica, Tumca sxvadasxva gziT. samecniero literaturaSi es Sedegi kuk-
levinis Teoremis saxeliTaa cnobili.
kukis Teorema gveubneba, rom SAT amocana NP-srulia. am Sedegis praqtikuli mniSvneloba gamoCnda
amerikeli mecnieris riCard karpis (Richard Karp) 1972 wels gamoqveynebul naSromSi, sadac man 21 amo-
canis NPsruloba daamtkica: iqidan gamomdinare, rom SAT NPsrulia, man es amocana daiyvana 3SAT
problemaze, Semdeg es ukanaskneli V C amocanaze, Semdeg es IS-ze da a.S. amdagvari jaWviT yvela am amo-
canis NPsruloba damtkicda. dReisaTvis am klasis aTasobiT amocana arsebobs, romelTa Teoriul da
praqtikul mniSvnelobas Cven SemdgomSi ganvixilavT.

marTalia, pirveli konkretuli NPsruli amocana aris SAT , simartivisTvis Cven e.w. CirquitSAT (an, ro-
gorc zogierTi avtori mokled aRniSnavs, CSAT ) amocanis NPsrulobas davamtkicebT da aqedan gamom-
dinare avagebT jaWvs CSAT ≤P SAT CvenebiT.
TviT CSAT aris igive SAT amocanis analogi, romelic sqemebzea gadatanili: mocemulia f : Bn → B
funqciis sqema C . arsebobs Tu ara misi iseTi monacemi, rom C iZleodes pasuxs 1 ?

Teorema 2.1: CSAT amocana NP-srulia

damtkiceba: davuSvaT, mocemulia raime A ∈ NP amocana. misTvis unda arsebobdes sertificirebis

algoriTmi VA(X, y), romelic A amocanis X obieqtisTvis y SemoTavazebul pasuxs polinomur droSi
gadaamowmebs (magaliTad, A SeiZleba iyos hamiltonis ciklis amocana, X raime konkretuli grafi da
y am grafis raime gza). zogadobis SeuzRudavad davuSvaT, rom X da y monacemebi orobiT anbanSia
Cawerili.
Tu vaCvenebT, rom polinomur droSi SesaZlebelia VA(X, y) algoriTmis Sesabamisi sqemis ageba (anu
iseTi CVA sqemis, romelic X da y monacemebis Sesabamis Semaval signalebze igive pasuxs mogvcems, ro-
gorc VA(X, y), yvelaferi damtkicebuli iqneba: Tu mocemuli gveqneba A amocanis raime X ′ obieqti da
unda davadginoT, gvaZlevs Tu ara A(X ′) pasuxs YkiA, SesaZlebeli iqneba CVA sqemaSi X ′ Sesabamisi sig-
nalebis dafiqsireba, Semdeg amis gaTvaliswinebiT am sqemis gamartiveba (rac wina semestrSi gvqonda),
riTac miviRebT sqemas SCVA, sadac CVA sqemisgan gansxvavebiT gveqneba mxolod y elementebis Sesabamisi
monacemebis Semomavali signalebi. ase rom, Tu CSAT (SCVA) amocana gvetyvis pasuxs YkiA, maSin unda ar-
sebobdes iseTi y monacemi, romlisTvisac VA(X

′, y)=YkiA, rac imas niSnavs, rom mocemuli A(X ′)=YkiA. da
Tu CSAT (SCVA) amocana gvetyvis pasuxs YaraA, maSin ar unda arsebobdes iseTi y monacemi, romlisTvi-
sac VA(X

′, y)=YkiA, anu A(X ′)=YaraA.

zemoT naTqvamidan gamomdinare, dasamtkicebelia Semdegi lema:
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lema 2.1: nebismieri R algoriTmidan, romlis drois funqciaa fR(n), O(fR(n)
const) droSi SeiZleba aigos

Sesabamisi CR sqema.

damtkiceba: aq Cven ara mkacr damtkicebas, aramed ZiriTad ideas moviyvanT. yoveli algoriTmi SegviZlia

ganvixiloT, rogorc raRac x1, ..., xk cvladebis mimdevroba, romelzedac yovel bijze xi = ϕ(yj , yl) op-
eracia tardeba, sadac yj , yl an cvladebi, an mudmivebia (mag. x3 = x507 + x3, an x9 = x71 · 12 da a.S.).

yoveli xi cvladisTvis, romelic Segvxvdeba Cvens algoriTmSi, ganvaTavsoT (TiTo cvladisTvis Sesabamisi
bitebis raodenobis) vertikaluri mavTulebi.

cxadia, rom yoveli ϕ operaciisTvis SesaZlebelia fiqsirebuli sqemis Seqmna (im pirobiT, Tu monace-
mebis bitebis raodenoba winaswaraa dafiqsirebuli).

Tu gvaqvs gamosaxuleba xxi
= ϕm(xxj

, xxl
), sadac ϕ raime konkretuli operaciaa, misi realizacia Sei-

Zleba qvemoT moyvanili sqemiT.

x1 xk

xlxjx1 xk

Selecth Selecth

φ
m

xk x1

x1 xk

xj
x xl

x

xj
x xl

xφ
m

( ),

Storek

xj
x xl

xφ
m

( ),xi
x =

xi
x

xxi
= ϕm(xxj

, xxl
) sqema

aq cvladebis mimdevroba gamosaxulia, rogorc daStrixuli zoli, romelsac Cven YmonacemTa zolsA
vuodebT. am zolidan SesaZlebelia nebismier adgilze saWiro informaciis (am SemTxvevaSi cvlade-
bis Sesabamisi mavTulebis) gamotana. Selecth iseTi sqemaa, romelic zemodan miRebuli cvladebidan (am
SemTxvevaSi yvela cvladidan) airCevs meimdenes, rac marjvena signalebSia kodirebuli, xolo Storen
misi Sebrunebulia: zemodan iRebs yvela cvlads da aseve gamoTvlis Sedegs, qvemoT ki gamouSvebs
ucvlelad yvela cvlads erTis garda: marjvniv miRebul informaciaSi kodirebuli ricxvis pozi-
ciaze mdgar cvlads Secvlis gamoTvlis SedegiT.

saboloo jamSi miviRebT cvladebis aqtualur mimdevrobas.

Tu algoriTmis yovel striqonSi Caweril brZanebas am meTodiT gadavakeTebT sqemebad, maTi erTi meo-
reze vertikalurad gadabmis Sedegad miviRebT am algoriTmis Sesabamis sqemas, sadac gamosasvlel
signalebSi kodirebuli iqneba sawyisi cvladebis saboloo mniSvnelobebi Tavdapirvelad mocemuli
mimdevrobiT.

Tu algoriTmis nawilSi Cawerilia

if(P)

then kodi C1

else kodi C2
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misi Sesabamisi sqema iqneba

C1

x1 xk

Mux h

C2 P

if(P) then C1 else C2 sqema

bolos gasarkvevia, Tu rogor SeiZleba ciklis realizacia:

for(P)
{ kodi C }

pirvel rigSi unda ganvsazRvroT, Tu maqsimum ramdenjer SeiZleba datrialdes cikli da C kodis
Sesabamisi sqemac amdenjer gadavabaT vertikalurad erTmaneTs.
meore sakiTxia, Tu am jaWvis romeli komponentis gamoTvla unda iyos saboloo (cxadia, rom umetes
SemTxvevaSi cikli ufro naklebjer datrialdeba).
amisaTvis SemoviRoT erTi damatebiTi cvladi Counteri (romelic aseve saerTo cvladebis mimdevrobaSi
iqneba romelime poziciaze) da cikli Semdegnairad gadavweroT:

Counteri = 0;
for(P)
{
Counteri = Counteri + 1;
kodi C
}

zemoT xsenebuli jaWvis m-ur komponentSi mowmdeba piroba Counteri ≥ m da Tu es asea, pasuxad am
komponentis gamoTvla iqneba gadacemuli, winaaRmdeg SemTxvevaSi ki – wina komponentis (nax. ??)

x1 xk

C ‘

Mux h

Counter   >= 1i

P  WeSmaritia C ‘

Mux h

1

Counter   >= 2i

P  WeSmaritia C ‘

Mux h

1

Counter   >= mi

P  WeSmaritia

for ciklis sqema

SeniSvna: aq CavTvaloT, rom Counteri = 0 operacia ukve realizebulia da C ′ sqema C kodis realize-
basac da mTvlelis gazrdasac moicavs. amas garda, P gamonaTqvami yvela SrisTvis sxvadasxva cvlads
moicavs da, aqedan gamomdinare, raRac adgilidan dawyebuli mcdari iqneba.

cxadia, rom am meTodiT nebismieri algoriTmis sqemis Seqmna SeiZleba da am sqemis YSreebisA raodenoba
algoriTmis maqsimaluri bijebis raodenobis mudmiv xarisxs (ufro zustad, kubs) ar gadaaWarbebs.

r.d.g.
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savarjiSo 6.6: axseniT, Tu ris gamo iqneba zemoT moyvanili jaWvis raRac adgilamde P gamonaTqvami
WeSmariti da Semdeg ki – yvelgan mcdari. ra tipis pirobaa P?

savarjiSo 6.7: axseniT, Tu ratom SeiZleba gaxdes saWiro yovel ciklSi Tavisi mTvlelis SemoReba.
ratom ar SeiZleboda erTi mTvleliT operireba?

pirveli NP-sruli amocanis gamoyofis Semdeg unda aigos garkveuli YjaWviA im amocanebTan, romlebic
Cven aqamde ganvixileT da romlebic erTi meoreze daviyvaneT. amiT damtkicdeba am TiToeuli amocanis
NP-srulobac.
logikuri iqneboda, Tu CSAT amocanas SAT amocanaze daviyvandiT: mocemuli sqemisTvis CavwerdiT
Sesabamis funqcias koniunqciuri normaluri formiT. cxadia, Tu es funqcia dakmayofildeba, maSin
aseve dakmayofildeba Tavdapirveli sqemac.
magram es midgoma garkveul xifaTs Seicavs: rogorc wina semestris masalidanaa cnobili, funqciis
diziunqciuri normaluri formis povna eqsponenciur dros moiTxovs (cvladebis raodenobasTan SedarebiT),
Cven ki polinomuri dayvana gvainteresebs.

am sakiTxis mogvarebaSi gvexmareba e.w. Ycaitinis gardaqmnaA (Tseytin transformation).
Teorema 2.2: mocemulia sqema, romelic iyenebs mxolod NAND komponents (anu x · y). misi Sesabamisi

funqcia polinomur droSi Caiwereba koniunqciuri normaluri formiT.

damtkiceba: z = x · y gamosaxulebaSi Semavali x, y, z sameulis urTierTdamokidebuleba (anu ra kombina-

ciebia dasaSvebi) gamoixateba funqciiT (x∨z)(y∨z)(x̄∨ ȳ∨ z̄) (es gamosaxuleba iRebs mniSvnelobas 1 maSin
da mxolod maSin, Tu z cvladis mniSvneloba x da y cvladebis mniSvnelobaTa koniunqciis uaryofaa).
ganvixiloT mocemuli C sqema (magaliTisTvis ganvixiloT sqema, romelic naCvenebia naxazSi ??).

& &

&
&

x1

x2

x3

x4

y1

y2 y3 Out

NAND elementebze agebuli sqema cvladebiT

yoveli NAND elementis gamomavali signalic calke cvladiT movniSnoT, xolo am sqemis gamomaval
signals vuwodoT Out.
maSin qveda marcxena NAND elementis aRwera SeiZleba gamosaxulebiT (x1 ∨ y1)(x2 ∨ y1)(x̄1 ∨ x̄2 ∨ ȳ1),
marcxena zedasi – (x3∨y2)(x4∨y2)(x̄3∨ x̄4∨ ȳ2), Sua elementis rogorc (y1∨y3)(y2∨y3)(ȳ1∨ ȳ2∨ ȳ3) da bolo
elementis – (y1 ∨Out)(y3 ∨Out)(ȳ1 ∨ ȳ3 ∨Out).
qarTuli sityvebiT rom vTqvaT, yoveli gamosaxuleba gveubneba: Yy1, y2, y3 da Out gamoTvlis kanonieri
Sedegia. imisaTvis, rom gavarkvioT, iRebs Tu ara es sqema odesme mniSvnelobas 1, sakmarisia am gamosax-
ulebebis koniunqciebiT Sekvra da – radgan gvainteresebs, aris Tu ara Sedegi 1 – TviT Out cvladic
koniunqciiT unda mivuweroT. Sedegad viRebT:

(x1 ∨ y1)(x2 ∨ y1)(x̄1 ∨ x̄2 ∨ ȳ1)∧
(x3 ∨ y2)(x4 ∨ y2)(x̄3 ∨ x̄4 ∨ ȳ2)∧
(y1 ∨ y3)(y2 ∨ y3)(ȳ1 ∨ ȳ2 ∨ ȳ3)∧
(y1 ∨Out)(y3 ∨Out)(ȳ1 ∨ ȳ3 ∨Out) ∧Out

savarjiSo 6.8: daamtkiceT, rom am meTodiT Sedgenili koniunqciuri normaluri forma mogvcems sawyisi

sqemis funqcias.

savarjiSo 6.9: daamtkiceT, rom nebismieri sqema SegviZlia gadaviyvanoT mxolod NOR elementebiT age-

bul sqemaSi (koniunqcia, diziunqcia da uaryofa aRwereT NOR elementebis gamoyenebiT).

am savarjiSoebiT mTeli damtkiceba dasrulebulia.
r.d.g.
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araamoxsnadobisa da NP sruli
amocanebis praqtikuli mniSvneloba

NPklasisa da misTvis rTuli an sruli amocanebis ukeT SeswavlisTvis saWiroa aseve imis gaazreba, Tu
ra kavSirSia igi mis gareT mdgom (kerZod ki araamoxsnad amocanaTa) simravlesTan. aq arsebobs erTi
mniSvnelovani faqti, romelsac Cven axla ganvixilavT.

7.1 SeCerebis amocanis NP-rTuloba

sainteresoa is faqti, rom arsebobs iseTi araamoxsnadi amocana (kerZod ki SeCerebis amocanaH), romelzedac
yvela rekursiuli amocana daiyvaneba. es ki imas niSnavs, rom SeCerebis amocana yvela amoxsnad amo-
canaze YrTuliA unda iyos. ra Tqma unda, es faqti pirdapir praqtikul Sedegs ver mogvcems, radgan
araamoxsnadi amocanis realizaciac arafers mogvcems, magram misi gamoyenebiT mniSvnelovani Teori-
uli da, aqedan gamomdinare, praqtikuli Sedegebis miReba SeiZleba.
sanam konkretuli Teoremis damtkicebas ganvixilavT, jer unda gaviazroT, Tu ras niSnavs erTi amoca-
nis meoreze dayvana am amocanebis Sesabamisi enis terminebSi.
ganvixiloT simravle LH , romelic iseTi K algoriTmisa da X monacemis (K,X) wyvilebisgan Sedgeba,
rom K(X) aucileblad SeCerdeba.
axla ki ganvixiloT nebismieri rekursiuli A amocanis Sesabamisi ena LA, romelic im X monacemebisgan
Sedgeba, romelTaTvisac A(X) =YkiA.
dayvanis algoriTmiT A amocanis X monacemi unda gadavakeToT iseT A′ algoriTmsa da X ′ monacemSi,
rom X ∈ LA ⇔ (A′, X ′) ∈ LA.

amis gaTvaliswinebiT davamtkicoT

Teorema 1.1: SeCerebis amocana NP-rTulia.

damtkiceba: ganvixiloT nebismieri gadawyvetilebis amocana NPklasidan. radgan igi rekursiulia,

unda arsebobdes Sesabamisi algoriTmi A, romelic mas amoxsnis (im faqts, rom es algoriTmi Zalian
neli - eqsponenciuric ki SeiZleba iyos, aq aranairi mniSvneloba ar aqvs, radgan Cven ubralod amoxs-
nadoba da ara misi siswrafe gvainteresebs).
Cven gvainteresebs, Tu ra pasuxs mogvcems A algoriTmi X monacemze, anu A(X).
SevqmnaT algoriTmi HA Semdegnairad:

algoriTmi 21: HA

. mocemulia: algoriTmi A da misi monacemi X

1: w = A(X);
2: while(¬w)
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cxadia, rom es algoriTmi SeCerdeba maSin da mxolod maSin, Tu A algoriTmi X monacemze mogvcems
pasuxs YkiA. aqedan gamomdinare, Tavdapirveli amocana daviyvaneT SeCerebis amocanaze: Tu HA SeCerdeba,
Tavdapirveli amocanis pasuxi yofila YkiA da Tu ar SeCerdeba, Tavdapirveli amocanis pasuxi iqneboda
YaraA.

bunebrivia SekiTxva: arsebobs Tu ara iseTi amocana NPklasis miRma, romelic ar iqneba NP-rTuli? Tu
am klasis gareT yvela amocana ufro YrTuliaA, vidre am klasSi Semavali?
cnobili Teorema, romelsac dawvrilebiT SemdgomSi ganvixilavT, gveubneba, rom nebismieri sirTulis
amocanaze ufro rTuli amocanis Sedgenaa SesaZlebeli (anu Ymjobnis mjobni ar dailevaA). magram aq
gvainteresebs, arsebobs Tu ara ufro Ysusti A amocana NPklass gareT?
Tu ganvixilavT zemoT naxseneb co-NP klasis srul amocanebs, co-NP ̸=NPdaSvebiT, es amocana ver iqneba
NP-rTuli. magram es mxolod mniSvnelovani daSvebiT, rac jer-jerobiT ucnobia.

7.2 NP-sruli amocanebis mniSvneloba

mas Semdeg, rac 1972 wels riCard karpma Tavis cnobil statiaSi SAT amocanidan gamomdinare dayvanis
principiT 21 amocanis NPsruloba daamtkica, am sakiTxis mimarT interesi ar Senelebula. amis ZiriTadi
mizezi aris is, rom nebismieri NPsruli amocanis swrafad amoxsna sxva nebismieri sertificirebadi
amocanis swrafad amoxsnas niSnavs da im dros bevrma mkvlevarma swored romelime NPsruli amocanis
swrafad amoxsnaSi dainaxa mTavari problema.
samwuxarod, uamravi mcdelobis miuxedavad, verc erTi aseTi amocana swrafad ver gadaWrila, Tumca
amis imedi bevrjer gaCenila da dResac - TiTqmis naxevari saukunis Semdeg – kidev ar mileula, Tumca
sagrZnoblad ki Semcirda.
meore mizezi, Tu ratomaa NP-sruloba aseTi mniSvnelovani, misi YuniversaluribaaA: radgan yvela amo-
cana am tipis problemebze daiyvaneba, isini ama Tu im formiT iCenen Tavs sxvadasxva, erTi SexedviT
Sors mdgom amocanebSic. aqedan gamomdinare, Tu gvecodineba YgadakeTebuliA NPsruli amocanis raime
saxiT gadaWris gzebi, es SeiZleba bevri sxva amocanis gadaWraSi dagvexmaros.
radgan erTi NPsruli amocanis swrafi amoxsna yvela danarCenis swraf amoxsnasac gamoiwvevs, es faqti
ki Zalian gasakviri iqneboda NPsruli amocanebis erTmaneTisagan sakmaod gansxvavebuli struqturisa
da erTi SexedviT YmartiviA amocanebTan SedarebiT aSkara sirTuleebis gamo, dReisaTvis mkvlevarTa
absoluturi umravlesoba miiCnevs, rom am klasis amocanebis zust amoxsnaze drois kargva araa mizanSe-
wonili da maTi gadaWris alternatiul gzebs eZebs (magaliTad miaxloebiTi algoriTmebi, sadac op-
timizaciis amocanas raime patara misaRebi cdomilebiT amovxsniT, an albaTuri algoriTmebiT, rom-
liTac gamoTvlili pasuxi didi albaTobiT sworia, magram SesaZlebelia arasworic iyos, magram am
algoriTmis bevrjer gaSvebisas yvelaze xSirad miRebuli pasuxi praqtikulad swori iqneba, Tumca
Secdomis albaToba mainc iarsebebs da a.S.).
yovelive zemoT Tqmulidan gamomdinare, ucnobi amocanisTvis pirvel rigSi gasarkvevia, aris Tu ara
igi NPsruli da Tu aris, amoxsnis alternatiuli gzebia saZebni.

imisaTvis, rom raime axali amocanis NPsruloba damtkicdes, saWiroa raime cnobili NPsruli amo-
canis masze dayvana. Teoriulad nebismieri cnobili sruli amocanis dayvana unda iyos SesaZlebeli,
magram, rogorc praqtikam gvaCvena, raime konkretul amocanaze zogi sawyisi NPsruli amocanidan day-
vana gacilebiT ufro martivia, vidre sxva sawyisi amocanidan.
gamocdilebidan gamomdinare, advili dayvanis sapovnelad oTx sawyis NPsrul amocanas ganixilaven:

• V Ck (wiboebis gadafarva): gamoiyeneba iseT amocanebze dasayvanad, romlebic grafebSi amorCevas
exeba;

• HP (hamiltonis gza): amocanebisTvis grafebze, romlebic damokidebulia gadalagebebsa da marSr-
utizaciaze;

• IP (ricvTa dayofa: mocemulia naturalur ricxvTa simravle; SeiZleba Tu ara misi dayofa or qves-
imravled ise, rom TiToeul qvesimravleSi SesulricxvTa jami toli iyos?): iseTi amocanebisTvis,
romelTa sirTule damokidebulia did ricxvebze;
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• 3-SAT (samcvladiani dnf funqciebis Sesrulebadoba): iseTi amocanebisTvis, romlebsac arc erTi
zemoT CamoTvlili sawyisi amocana ar Seesabameba.

savarjiSo 7.1: ganixileT zurgCanTis diskretuli amocana: mocemulia zurgCanTa W moculobiT da
n cali tvirTi, TiToeuli moculobiT a1, ..., an. SeiZleba Tu ara ai1 , ..., aik tvirTis SerCeva ise, rom
zurgCanTa mTlianad Seivsos (anu ai1 + · · ·+ aik = W )?
daamtkiceT am amocanis NPsruloba.

savarjiSo 7.2: ganixileT zurgCanTis amocanis dinamiur daprogramebaze dafuZnebuli algoriTmi (ix.
wina semestris masala).
ra aris am algoriTmis drois zeda zRvari?

savarjiSo 7.3: ganixileT qvegrafis izomorfulobis amocana SGI . romeli sawyisi amocanidanaa misi

NPsrulobis damtkiceba yvelaze mosaxerxebeli? daiyvaneT es amocana qvegrafis izomorfizmze.

savarjiSo 7.4: daamtkiceT Semdegi amocanis NPsruloba.

programaTa eqvivalenturoba: mocemulia cvladebis sasruli simravle X da mniSvnelobaTa sasruli
simravle V , aseve ori programa P1 da P2, romelic Semdegi tipis brZanebebisgan Sedgeba:

x0 ←− if(x1 = x2) then x3 else x4

arsebobs Tu ara X simravlis cvladebis iseTi mniSvnelobebi V simravlidan, rom P1 da P2 programa
sxvadasxva pasuxs iZleodes? an, sxva sityvebiT rom vTqvaT, iZleva Tu ara es ori programa erTsa da
imave monacemze erTsa da imave pasuxs?

7.3 aragamoTvladi funqciebis gamoyeneba

rac ar unda gasakviri iyos, aragamoTvladi funqcia SeiZleba Zalian mniSvnelovan rols TamaSobdes
praqtikaSi. erT-erTi aseTi gamoyenebis sademonstraciod ganvixiloT e.w. Ysaqmiani TaxvisA amocana.
rogorc cnobilia, Taxvebi uaRresad bejiTi cxovelebi arian: gadadian tyeSi, iReben morebs, mdinareSi
micuraven da wyalsagubeblebs aSeneben. aseT iqiT-aqeT sirbils Taxvi Tavs ar anebebs, sanam Tavis
samuSaos bolomde ar daasrulebs. Taxvebis msgavsad moqmedebs algoriTmic: gamoTvlis procesSi
cvladebs Soris iqiT-aqeT darbis da mexsierebaSi garkveul simboloebs wers.
1962 wels ungrelma maTematikosma tibor radom wamoayena Ysaqmiani TaxvisA amocana: mocemulia oro-
biT kodSi Cawerili n sigrZis algoriTmi, romelic muSaobas carieli sityviT (rogorc monacemi) da
nulis toli cvladebiT iwyebs da rodesRac Cerdeba. ramdeni 1 iqneba dawerili mexsierebiaSi manqanis
gaCerebis Semdeg? da zogadad: maqsimum ramdeni 1 SeiZleba daweros n sigrZis algoriTmma gaCerebamde,
Tu igi muSaobas carieli mexsierebiT (nulis toli cvladebiT) daiwyebs? am ricxvs gamosaxaven Σ(n)
funqciiT, romelsac rados funqcias uwodeben. analogiurad SeiZleba davsvaT SekiTxva: maqsimum ram-
deni bijis Semdeg gaCerdeba n sigrZis algoriTmi? es ricxvi aRiniSneba funqciiT S(n) (Tu algoriTmi
ar SeCerdeba, maSin S(n) = 0). rogorc damtkicebulia, es orive funqcia ufro swrafad izrdeba, vidre
nebismieri gamoTvladi funqcia, anu orive aragamoTvladia:

n 1 2 3 4 5 6

Σ(n) 1 4 6 13 ≥ 4098 ≥ 101439

S(n) 1 6 21 107 ≥ 47.176.870 ≥ 102879

SeniSvna: rados funqcia ganisazRvreba e.w. tiuringis manqanebiT - gamoTvlis modeliT, romelic stan-
dartuladaa miCneuli. aq Cven mis analogs ganvixilavT, romelic intuiciur doneze (simkacris xarjze)
Sedegebis mniSvnelobas warmoaCens.

am funqciebis gamouTvladobis miuxedavad, uaRresad didi mniSvneloba aqvs maT daTvlas konkretuli
n-Tvis. magaliTad, Tu SevadgenT zemoT naxseneb algoriTms, romelic rig-rigobiT gadaamowmebs natu-
ralur ricxvebs da gaCerdeba maSin da mxolod maSin, Tu iseT luw ricxvs aRmoaCens, romelic ar war-
modgeba ori martivi ricxvis jamis saxiT, maSin SeiZleba goldbaxis hipoTezis Semowmeba: daviTvliT
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am algoriTmis sigrZes n, gamoviTvliT S(n) funqcias da am manqanas vamuSavebT S(n) bijis ganmavlobaSi.
Tu igi am droSi ar SeCerda, ese igi aRarasdros SeCerdeba da Cven ricxvTa Teoriis erT-erT umniSvnelo-
vanes sakiTxs gadavWriT.
samwuxarod, jer-jerobiT aseTi perspeqtiva sakmaod bundovania.

savarjiSo 7.5: daamtkiceT, rom S(n) funqcia araa gamoTvladi.

miniSneba: SeCerebis amocana daiyvaneT S(n) funqciis gamoTvlis amocanaze.

savarjiSo 7.6: daamtkiceT Semdegi gamonaTqvamis WeSmariteba:

(A aragamoTvladia, A ≤p B)⇔ (B aragamoTvladia)

am savarjiSodan gamomdinareobs mniSvnelovani Teorema:

Teorema 3.2: nebismieri aragamoTvladi amocana nebismier gamoTvlad amocanaze rTulia.



Tavi 8

P vs. NP

Tanamedrove mecnierebis erT-erTi umniSvnelovanesi Ria sakiTxia P vs. NP amocana, romlis Camoy-
alibebasac, faqtiurad, wina Tavebis masala mivuZRveniT. im faqtidan gamomdineare, rom mkacrad verc
tolobisa da verc utolobis damtkiceba ver moxerxda, mecnierebma imaze daiwyes fiqri, Tu ra moxdeba
ama Tu im variantis WeSmaritebis SemTxvevaSi. am sakiTxebis gamokvlevas eZRvneba am Tavis Tema, sadac
boloSi erTi Zalian mniSvnelovani Teorema damtkicdeba Sualeduri enis arsebobis Sesaxeb.

8.1 P vs. NP amocana da misi gadaWris variantebi

P vs. NP amocanis pasuxis sxvadasxva varianti arsebobs:

1. P=NP: am SemTxvevaSi yvela amocana, romelic polinumur droSi setrificirebadia, aseve polino-
mur droSi amoxsnadi iqneba. magram es sulac ar niSnavs imas, rom advili iqneba aseTi algoriT-
mebis povna. es pirvel rigSi e.w. Yarsebobis TeoremaA iqneba, anu gvecodineba, rom swrafi amoxsna
SesaZlebelia, magram aseTi amoxsnis povna calke amocanaa. ra Tqma unda, SesaZlebelia e.w. Ykon-
struqciuli damtkicebaA, anu vinme romelime NPsruli amocanisTvis dawers swraf algoriTms,
riTic toloba damtkicdeba da aseve konkretuli polinomuri amoxsnac iqneba mocemuli, Tumca
aseTi perspeqtiva dRevandeli miRwevebidan gamomdinare sakmaod Soria.

xumrobiT imasac amboben, rom P = NPSemTxvevaSi vinc gausis damtkicebas gaigebs, is gausiviT
Wkviani iqneba.

2. P ̸= NPes Sedegi imis maCvenebeli iqneba, rom arsebobs iseTi (araerTi) swrafad sertificirebadi
amocana, romlis swrafad amoxsna SeuZlebelia. praqtikaSi es imas unda niSnavdes, rom NP- sruli
amocanebisTvis amoxsnis Taviseburi gzebia saZebni: an miaxloebiTi amoxsna (optimizaciis amo-
canebSi), an monacemTa SezRudva, an e.w. evristikis Zieba da sxva. am sakiTxebs cota mogvianebiT
SevexebiT.

3. orive daSveba Tavis Tavad da erTmaneTisgan damoukideblad, WeSmaritia. aseTi SemTxvevebi maTem-
atikaSi cnobilia: nebismieri maTematikuri Teoria dafuZnebulia aqsiomebze, romelTa logikuri
kombinaciebiT miiReba Teoremebi, maTi logikuri kombinaciiT kidev damatebiTi Teoremebi da amg-
varad SeiZleba Teoriis gafarToeba. mTavari is aris, rom logikuri daskvnis jaWviT ar miviRoT
ori urTierTgamomricxavi Teorema (es aris logikis erT-erTi ZiriTadi principi: erT TeoriaSi
ar unda mtkicdebodes raime gamonaTqvami da misi uaryofa. am SemTxvevaSi ityvian, rom es sistema
arawinaaRmdegobrivia). Tu vinme SeZlebs gamoTvlis Teoriis aqsiomebis Seqmnas, saidanac (cno-
bili) Teoremebis gamoyvana SeiZleba, am aqsiomebs P ̸= NP Teziss miumatebs da daamtkicebs, rom
miRebuli sistema arawinaaRmdegobrivia, maSin SeiZleba imis dajereba, rom P = NPWeSmaritia. ma-
gram, amis da miuxedavad, Tu igive aqsiomebs davumatebT P ̸= NPaqsiomas da aseve arawinaaRmdego-
briv sistemas miviRebT, aseve iarsebebs Teoria, romelSic P ̸= NP. es ori Teoria erTmaneTisgan
damoukideblad WeSmariti iqneba.

es sakmaod rTuli sakiTxebia, romelTa dawvrilebiT Seswavla Cveni kursis farglebs cdeba, Tumca
specialuri kursebis farglebSi ganixileba.
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8.2 P ̸= NP daSvebidan gamomdinare Sedegebi

NP-sruli amocanebisTvis swrafi amoxsnis TiTqmis ormocdaaTi wlis ganmavlobaSi warumatebeli Ziebis
Sedegad algoriTmebis TeoriiTa da praqtikiT dainteresebuli pirebi iZulebilebi gaxdnen, TavianTi
kvleva P ̸= NP daSvebis Sedegad ewarmoebinaT: davuSvaT, rom P ̸= NP. rogor amovxsnaT rTuli amo-
canebi? ra struqtura eqneba NPda co-NP simravleebs? ra damokidebulebaa maT Soris? am sakiTxebze
SemdgomSi gveqneba laparaki.

aRsaniSnavia is faqtic, rom Tu wina paragrafSi ganxiluli SesaZleblobebis mesame punqts ganvixi-
lavT, anu orive SesaZlebloba iqneba dasaSvebi da P = NP SemTxvevas miviRebT,NP-sruli amocanebisTvis
mainc ver SevZlebT konkretuli swrafi algoriTmis daweras.

savarjiSo 8.1: daamtkiceT, rom Tu arc P = NPda arc P ̸= NPgamoiwvevs winaaRmdegobas da am SemTxvevaSi

davuSvebT, rom P = NP, NP-sruli amocanebisTvis swrafi algoriTmis arseboba WeSmariti iqneba, magram
aseT algoriTms veravin aRmoaCens.

aseve sainteresoa, rom P ̸= NP daSvebis pirobebSi SesaZlebelia, amocana YdaamtkiceT P ̸= NPA TviTon
NP-sruli aRmoCndes da, aqedan gamomdinare, damtkicebis povnac realur droSi SeuZlebeli iyos.

8.2.1 Sualeduri enis arseboba

P ̸= NP daSvebis pirobebSi NPsimravlis ori varianti arsebobs, romelic naCvenebia suraTSi ??.

NPC

P

(a)

NPC

P

Sualeduri amocanebi

(b)

NP simravlis SesaZlo struqtura P ̸= NP daSvebis pirobebSi
an NP simravle zustad or P da NPC klasad iyofa, an unda arsebobdes iseTi ena (amocana), romelic
ar amoixsneba polinomur droSi da arc NP-srulia.
Semdegi Teorema swored am faqts amtkicebs.

Teorema 2.1: Tu P ̸= NP, maSin arsebobs iseTi ena NP simravleSi, romelic ar ekuTvnis P simravles da
amavdroulad ar aris NP-sruli.

damtkiceba: radgan algoriTmebis simravle Tvladia, SesaZlebelia yvela iseTi M1,M2, ... algoriTmis

gadanomvra, romelTa muSaobis dro zemodan polinomuri funqciiTaa SemosazRvruli. aseve SeiZleba
R1, R2, ... polinomur droSi dayvanaTa algoriTmebis gadanomvrac. radgan es SesaZlebelia, unda arse-
bobdes algoriTmi TM1, romelic rig-rigobiT mogvcems aseT Mi mimdevrobas; analogiurad unda arse-
bobdes TM2 tiuringis manqanac, romelic rig-rigobiT mogvcems Ri mimdevrobas (anu Mi da, Sesabamisad,
Ri algoriTmebis aRweras).

SeniSvna: aRsaniSnavia, rom amdagvari gadaTvlis povna enaTa yvela klasisTvis SesaZlebeli araa. ar-
sebobs iseT enaTa klasic, romelTaTvisac gadaTvlis povna SesaZlebeli, magram Zalian Znelia.

amas garda, TS iyos iseTi algoriTmi, romelic gadaWris SAT amocanas (radgan davuSviT, rom P ̸= NP,
es algoriTmi pasuxs eqsponenciur droSi gamoiangariSebs).
axla ki aRvweroT iseTi L ena, romelic ar iqneba P simravleSi da arc NP- srulia. aseT enas Cven pir-
dapir ver aRvwerT, amitom moviyvanT iseTi TK algoriTmis magaliTs, romelic mas gadawyvets (mxolod
mis sityvebs miiRebs), riTac davamtkicebT, rom aseTi ena unda arsebobdes.
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Tu mocemulia specialuri funqcia f : N → N (romlis gansazRvrac Teoremis damtkicebis mTavari
nawilia), zemoT aRniSnuli algoriTmis funqcia (romelsac Cven aseve aRvniSnavT, rogorc TK) Semdeg-
nairad ganisazRvreba:

TK(x) =

{
YkiA , Tu TS(x) = YkiA da amavdroulad f(|x|) luwia
YaraA

sxva sityvebiT rom vTqvaT, TK mxolod maSin iRebs x sityvas, Tu x mocemulia koniunqciuri norma-
luri formiT, cvladebis romelime kombinaciaze igi 1 xdeba (sruldeba) da mis sigrZeze gamoTvlili
f funqcia luwia.

savarjiSo 8.2: formalurad gansazRvreT TK algoriTmis ena LTK .

rac Seexeba f funqcias, igi monotonurad zrdadia, anu f(n+ 1) ≥ f(n) da f(0) = 0. Tanac f Zalian nela
izrdeba.
ganvsazRvroT algoriTmi TF , romelic am funqcias gamoiTvlis. TF or etapad muSaobs, Tanac yoveli
etapi n bijs grZeldeba.
pirvel fazaSi TF cdilobs maqsimalurad bevri f(0), f(1), f(2), ... gamoangariSebas (ramdensac moaswrebs
n bijSi). davuSvaT, rom bolos gamoTvlili sidide iyo f(i) = k. f(n) sidide iqneba an k, an k + 1 imis
mixedviT, Tu rogor ganviTardeba gamoTvla meore fazaSi.
meore fazaSi muSaoba imazea damokidebuli, pirvel fazaSi gamoTvlili k ricxvi kentia Tu luwi.
davuSvaT, rom k = 2i luwia. maSin TF iTvlis Mi(z), S(z) da TF (|z|), sadac z rig-rigobiT gairbens
leqsikografiulad dalagebuli Σ∗ simravlis yvela elements da SeCerdeba maSin da mxolod maSin, Tu
aRmoaCens iseT z sityvas, rom

TK(z) ̸= Mi(z).

TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• Mi(z) =YkiA da S(z) =YaraA an f(|z|) kentia;

• Mi(z) =YaraA da S(z) =YkiA da f(|z|) luwia.

aqac gamoTvla n bijis Semdeg wydeba da Tu aseTi z ar aRmoCnda, f(n) = k. Tu am n bijSi aseTi z aRmoCnda,
maSin f(n) = k + 1.

Tu pirvel fazaSi gamoTvlili k = 2i+ 1 kentia, maSin meore faza Semdegnairad viTardeba: TF iTvlis
Ri(z), S(Ri(z)) da F (|Ti(z))|), sadac z aseve leqsikografiulad garbis Σ∗ simravlis yvela mniSvnelobas.
aq ukve TF eZebs iseT z sityvas, romlisTvisac

TK(Ri(z)) ̸= S(z).

unda aRiniSnos, rom Ri dayvanaa da, aqedan gamomdinare, sityvas iZleva.

TK manqanis gansazRvrebis Tanaxmad, iZebneba iseTi z sityva, romlisTvisac

• S(z) =YkiA da an S(Ri(z)) =YaraA an f(|z|) kentia;

• S(z) =YaraA da S(Ri(z)) =YkiA da f(|z|) luwia.

Tu gamoTvlisTvis gamoyofil n bijSi aseTi z moiZebna, maSin f(n) = k + 1. winaaRmdeg SemTxvevaSi
f(n) = k.

aRsaniSnavia, rom TF mkacrad gansazRvruli manqanaa da O(n) bijSi gamoiTvlis f(n) funqcias.
aqedan gamomdinare, aseve TK iqneba mkacrad gansazRvruli.
savarjiSo 8.3: aCveneT, rom LTK ∈ NP.

axla davuSvaT, rom LTK ∈ P. maSin iarsebebs iseTi Mi dasawyisSi naxsenebi gadanomvris mixedviT,
romlisTvisac TK(z) = Mi(z),∀z (sxva sityvebiT rom vTqvaT, TK manqana am siaSi Segvxvdeba). magram
aseT SemTxvevaSi TF manqanis meore fazaSi ar aRmoCndeba iseTi z, romlisTvisac TK(z) ̸= Mi(z) da f(n)
funqcia aRar gaizrdeba da f(n) = 2i,∀n > n0. es ki imas niSnavs, rom dawyebuli raRac adgilidan L ena
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YgadaizrdebaA SAT amocanaSi (anu TK(x) = SAT (x)) da, aqedan gamomdinare, iqneba NPsruli, rac mas P ̸=
NPdaSvebiT P simravlidan gamoricxavs.

axla davuSvaT, rom L ∈ NPC. maSin unda arsebobdes dayvana Ri SAT amocanidan LTK enaze, rac imas
niSnavs, rom TK(Ri(z)) = S(z),∀z. aqedan gamomdinare, TF manqanis meore fazaSi k = 2i+1 SemTxvevisaTvis
Sesabamisi z ar moiZebneba, ris Sedegadac dawyebuli raRac adgilidan f(n) ar gaizrdeba da darCeba
kenti. aqedan gamomdinare, LTK ena sasruli gamova, anu LTK ̸∈ NPC.

orive daSvebas (LTK ∈ P da LTK ∈ NPC) winaaRmdegobamde mivyavarT. aqedan gamomdinare, LTK YsaSuale-
doA unda iyos, anu LTK ̸∈ P da L ̸∈ NPC.

r.d.g.

savarjiSo 8.4: daamtkiceT, rom nebismieri sasruli ena P simravles ekuTvnis.

savarjiSo 8.5: zeda Teoremis damtkicebis romel adgilebSi gamoviyeneT P ̸= NP?

P ̸= NP SemTxvevaSi Sualeduri enebis arseboba Zalian mniSvnelovania praqtikaSic. magaliTad, natu-
ralur ricxvTa faqtorizaciis an grafTa izomorfizmis amocnisTvis jer-jerobiT veravin moifiqra
polinomuri algoriTmi da verc maTi NP srulobis damtkiceba SeZlo. aman gaaCina safuZvliani eWvi,
rom es ori amocana swored aseT saSualedo klass unda ekuTvnodes, magram es mxolod im pirobiT, rom
P ̸= NP.



Tavi 9

dinamikuri programireba

9.1 fibonaCis ricxvebis moZebna

ganvixiloT amocana: dawereT programa, romelic gaarkvevs ramdennairi gansxvavebuli gziT SeiZleba
kibis me-20 safexurze asvla, Tuki yovel svlaze SesaZlebelia erTi an ori safexuriT gadaadgileba.
cxadia, rom nebismier i-ur safexurze SesaZlebelia movxvdeT mxolod wina ori i-1 da i-2 safexuridan.
Tuki gvecodineba, ramdeni gansxvavebuli gziT SeiZleba movxvdeT am or safexurze, maSin i-ur safex-
urze misvlis variantebis raodenoba maTi jami iqneba. aseTi daskvnis safuZvels gvaZlevs is faqti, rom
i-2 safexuridan - or safexurze, xolo i-1 safexuridan erT safexurze anacvlebiT avalT i-ur safex-
urze. is varianti, romliTac i-2 safexuridan i-1-ze SeiZleba asvla, ukve gaTvaliswinebuli iqneba i-1-e
safexurze asvlis variantTa raodenobaSi. maSasadame, adgili aqvs rekurentul formulas:

RAOD(i) = RAOD(i− 1) +RAOD(i− 2)

radgan pirvel safexurze mxolod erTi gziT SeiZleba moxvedra, xolo meoreze - ori gziT (pirdapir
or safexurze anacvlebiT da pirveli safexuridan erT safexurze anacvlebiT), SegviZlia ganvsazRv-
roT, rom RAOD(1)=1 da RAOD(2)=2. yvela danarCeni wevris gamosaTvlelad ki Tanmimdevrulad Sevav-
soT erTganzomilebiani 17-elementiani masivi:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1 2 3 5 8 13 21 34 55 89 144 233 377 610 987 1597 2584

SevniSnoT, rom miiReba fibonaCis mimdevroba, romelsac pirveli wevri aklia. Cvens mier rekursiuli
gziT amoxsnili amocana, SedarebiT martivi gziT amoixsna da amasTanave, amocanis muSaobis dro amoca-
nis zomis proporciulia, radgan saboloo pasuxamde saSualedo mniSvnelobebi masivSi davimaxsovreT.
amocanebis amoxsnis aseT meTods, rodesac yovel bijze Tvlis dros miRebuli saSualedo Sedegebis
damaxsovreba xdeba specialur cxrilSi da es Sedegebi gamoiyeneba momdevno bijebis gamoTvlisas, uwo-
deben dinamikuri programirebis meTods.
Cvens mier gamoyenebul meTods hqonda damatebiTi specifika, radgan am funqciis mocemuli mniSvnelo-
bis gamosaTvlelad Cven aseve gamovTvaleT yvela saSualedo mniSvneloba, dawyebuli sabazodan (i=1 da
i=2), da yovel jerze adre gamoTvlil mniSvnelobebs viyenebdiT mimdinare mniSvnelobis gamosaTvle-
lad. am teqnologias ewodeba aRmavali dinamikuri programireba (bottom-up dynamic programming).
daRmavali dinamikuri programireba (top-down dynamic programming) kidev ufro martivi teqnologiaa,
rac saSualebas iZleva avtomaturad Sesruldes rekursiuli funqciebi iteraciaTa igive (an ufro
mcire) raodenobisas, rac saWiroa aRmavali dinamikuri daprogramebis SemTxvevaSi. amasTan, rekur-
siul programaSi unda Caidos instrumentaluri saSualebebi, rom davimaxsovroT saSualedo Sedegebi
da Semdeg SevamowmoT Senaxuli mniSvnelobebis arseboba romelime monacemis xelmeored gamoTvlis
Tavidan acilebis mizniT.

9.2 dinamikuri programirebis amocanebis specifika

dinamikuri programirebis zogadi principebi pirvelad aRwera amerikelma maTematikosma riCard bel-
manma meoce saukunis 50-ian wlebSi da es meTodi dReisaTvis warmoadgens erT-erT yvelaze mZlavr
saSualebas sxvadasxva saxis amocanebis amosaxsnelad.

73
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tipur SemTxvevebSi, dinamikuri programirebis meTodi gamoiyeneba optimizaciis amocanebis amosaxs-
nelad. ra Tvisebebi unda hqondes amocanas, ra tipis amocanebisTvisaa SesaZlebeli am meTodis gamo-
yeneba? optimaluri qvestruqtura (optimal substructure) da qveamocanebis gadafarva (overlapping sub-
problems) aris ori ZiriTadi niSani, riTic unda xasiaTdebodes amocana, rom misTvis gamoyenebul iqnas
dinamikuri programirebis meTodi.
amboben, rom amocanas aqvs optimaluri qvestruqtura, Tu amocanis optimaluri amonaxsni Seicavs misi
romelime (an ramdenime) qveamocanis optimalur amonaxsns. imisaTvis, rom davrwmundeT, rom amocanas
aqvs es Tviseba, unda vaCvenoT, rom qveamocanis amonaxsnis gaumjobeseba aumjobesebs sawyisi amocanis
amonaxsnsac. qveamocanebis gadafarvis Tviseba amocanisTvis niSnavs, rom mas ara aqvs qveamocanebis
"didi raodenoba", im azriT, rom rekursiuli algoriTmiT xdeba erTi da igive qveamocanebis amoxsna
da ar warmoiqmneba axali qveamocanebi. es saSualebas iZleva qveamocana amoixsnas mxolod erTxel da
moxdes misi damaxsovreba.
dinamikuri programirebis meTodiT amocanis amoxsnis procesi SeiZleba davyoT 4 etapad:

1. optimaluri amonaxsnis struqturis aRwera

2. rekurentuli Tanafardobis povna qveamocanebsa da optimalur amonaxsns Soris

3. aRmavali dinamikuri programirebis gamoyenebiT, qveamocanebis optimaluri mniSvnelobebis gamo-
Tvla

4. wina etapebze miRebuli informaciis safuZvelze optimaluri amonaxsnis ageba

optimaluri amonaxsnis struqturis aRweris Sedegad davadgenT kavSirs qveamocanebisa da sawyisi amo-
canis optimalur amonaxsnebs Soris, Semdeg, qveamocanebis optimaluri amonaxsnebis saSualebiT, av-
agebT sawyisi amocanis amonaxsns. rekurentuli Tanafardobis aRweriT dadgindeba optimaluri amo-
canis Rirebuleba qveamocanebis optimaluri amonaxsnebis terminebSi. Tu amocana akmayofilebs qveamo-
canebis gadafarvis Tvisebas da mravalgzis gvixdeba erTi da igive qveamocanis amoxsna, aseT dros Zir-
iTadi teqnikuri saSualebaa - davimaxsovroT qveamocanis amonaxsnebi im SemTxvevisaTvis, roca isini
isev Segvxvdeba. maT amosaxsnelad gamoviyenoT aRmavali dinamikuri programirebis meTodi. bolos,
arsebuli informaciis safuZvelze avagebT optimalur amonaxsns.

9.3 ugrZesi gzis povna ricxvebis samkuTxa cxrilSi

ganvixiloT sur. 9.1-ze gamosaxulia ricxvebisagan agebuli samkuTxedi. dawereT programa, romelic
ipovis samkuTxedis zeda wverodan dawyebul da mis fuZeze damTavrebul gzebis sigrZeebs Soris maqsi-
malurs. gzis sigrZed iTvleba masze ganlagebuli ricxvebis jami.

7

3 8

8 1 0

2 7 4 4

4 5 2 6 5

nax. 9.1

• yoveli biji gzaze keTdeba diagonalurad qvemoT da marcxniv an diagonalurad qvemoT da marjvniv

• striqonTa raodenoba samkuTxedSi metia 1-ze da naklebia an tolia 1000-ze

• samkuTxedi Sedgeba mTeli ricxvebisagan 0-dan 99-mde

didi moculobis Semavali monacemebisaTvis maTi realizacia SesaZlebelia erTganzomilebian masivSic,
magram amocanaSi mocemuli parametrebisaTvis organzomilebiani masivis (zomiT 1000×1000) gamoyenebac
SeiZleba. marTalia, aseT masivSi elementebis didi nawili NIL mniSvnelobis iqneba (Cveni amocanisTvis
gamodgeboda, vTqvaT -1) da manqanur mexsierebas usargeblod daikavebs, samagierod Tavidan avicilebT
mezobeli elementebis formulebiT gamoTvlas, rac erTganzomilebian masivSia saWiro.
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mocemuli magaliTisaTvis, vTqvaT, Cven ukve SevarCieT maqsimaluri gza pirvel oTx striqonSi da mxo-
lod mexuTe striqonSi dagvrCa ricxvi asarCevi. Tuki Cven vdgavarT meoTxe striqonis pirvel ele-
mentze (ricxvi 2), maSin unda avirCioT 4-sa da 5-s Soris udidesi da misken gavagrZeloT moZraoba, Tuki
vdgavarT meoTxe striqonis meore elementze (ricxvi 7), unda avirCioT udidesi 5-sa da 2-s Soris da
masze gadavideT da a.S. cxadia, rom boloswina striqonidan svlis gakeTebisas nebismier SemTxvevaSi or
qveda mezobels Soris udidesi unda avirCioT. aqedan gamomdinareobs, rom Tuki boloswina striqonis
TiToeul elements winaswar davumatebT or qveda mezobelTagan udidess da bolo striqons saerTod
gavauqmebT - miviRebT imave maqsimaluri sigrZis mqone samkuTxeds, rogoric Tavdapirvelad gvqonda
mocemuli. Tuki axali samkuTxedisTvisac gavimeorebT igive qmedebas, samkuTxedis zoma kidev erTi
striqoniT Semcirdeba da ase gavagrZelebT manam, sanam ar dagvrCeba mxolod zeda wvero, romelSic
ukanasknel bijze Cawerili ricxvi warmoadgens Cveni amocanis amonaxsns.

7
3 8

8 1 0
2 7 4 4

4 5 2 6 5

(a)

7
3 8

8 1 0
7 12 10 10

4 5 2 6 5

(b)

7
3 8

20 13 10
7 12 10 10

4 5 2 6 5

(c)

7
23 21

20 13 10
7 12 10 10

4 5 2 6 5

(d)

30
23 21

20 13 10
7 12 10 10

4 5 2 6 5

(e)

nax. 9.2

analogiur Sedegs miviRebdiT, Tuki vimoZravebdiT samkuTxedis zeda wverodan fuZisaken Semdegi prin-
cipiT: Tu meore striqonSi moTavsebul elements hyavs mxolod erTi zeda mezobeli, am ukanasknelis
mniSvnelobas vumatebT mas, xolo Tu ori zeda mezobeli hyavs - vumatebT maT Soris udidess. roca
meore striqonis yvela elements ase gardavqmniT, vauqmebT pirvel striqons da process vimeorebT.
sur. 9.3-ze mocemulia am algoriTmis muSaoba (sawyisi samkuTxedi igivea):

7
3 8

8 1 0
2 7 4 4

4 5 2 6 5

(a)

7
10 15

8 1 0
2 7 4 4

4 5 2 6 5

(b)

7
10 15

18 16 15
2 7 4 4

4 5 2 6 5

(c)

7
10 15

18 16 15
20 25 20 19

4 5 2 6 5

(d)

7
10 15

18 16 15
20 25 20 19

24 30 27 26 24

(e)

nax. 9.3

gansxvavebiT pirveli algoriTmisagan (roca fuZidan wverosaken vmoZraobdiT) aq pirdapir pasuxs ver
vRebulobT da saWiroa maqsimaluri elementis povna ukanasknel striqonSi. orive algoriTmSi ikargeba
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moZraobis marSruti da mis aRsadgenad saWiroa Sedegamde ganvlil gzaze ukan dabruneba da yovel
bijze imis Semowmeba, Tu romeli wevridan movediT mocemul elementze.
analogiuri algoriTmiT - yovel bijze minimaluri elementebis SekrebiT, SesaZlebelia minimaluri
jamis povnac.

9.4 udidesi saerTo qvemimdevrobis povna

dinamikuri programirebis klasikur nimuSs warmoadgens e.w. udidesi saerTo qvemimdevrobis povnis
amocana:
vityviT, rom mocemuli mimdevrobidan miviReT qvemimdevroba, Tu mimdevrobis zogierTi elementi wavSa-
leT, xolo darCenil elementebze SenarCunebulia rigi (Tavad mimdevrobac iTvleba sakuTar qvemimde-
vrobad). maTematikuri formulirebiT: Z = (z1, z2, . . . , zk) mimdevrobas ewodeba X = (x1, x2, . . . , xn) mimde-
vrobis qvemimdevroba (subsequence), Tu arsebobs (i1, i2, . . . , ik) indeqsTa mkacrad zrdadi mimdevroba, rom-
lisTvisac zj = xij , yvela j = 1, 2, . . . , k-saTvis. magaliTad, Z = (B,C,D,B) aris X = (A,B,C,B,D,A,B)
mimdevrobis qvemimdevroba. indeqsTa Sesabamisi mimdevrobaa (2, 3, 5, 7). SevniSnoT, rom maTematikisagan
gansxvavebiT, laparakia mxolod sasrul mimdevrobebze.
vityviT, rom Z mimdevroba warmoadgens X da Y mimdevrobebis saerTo qvemimdevrobas (common subse-
quence), Tu Z warmoadgens rogorc X-is, aseve Y -is qvemimdevrobas. magaliTad, X = (A,B,C,B,D,A,B),
Y = (B,D,C,A,B,A), Z = (B,C,A). am magaliTSi Z mimdevroba ar aris udidesi X-isa da Y -is saerTo
qvemimdevrobaTa Soris - Z = (B,C,B,A) mimdevroba ufro grZelia. Tavad (B,C,B,A) mimdevroba ki
udidess warmoadgens X-isa da Y -is saerTo qvemimdevrobaTa Soris, radgan 5 sigrZis mqone saerTo
qvemimdevroba ar arsebobs. udidesi saerTo qvemimdevroba SeiZleba ramdenime iyos, mag.: (B,D,A,B)
sxva udidesi saerTo qvemimdevrobaa mocemuli X-isa da Y -saTvis.
udidesi saerTo qvemimdevrobis (SemoklebiT usq, LCS=longest-common-subsequence) amocana mdgomareobs
imaSi, rom mocemuli X da Y mimdevrobebisaTvis vipovoT udidesi sigrZis mqone saerTo qvemimdevroba.
es amocana ixsneba dinamikuri programirebis meTodiT.
Tuki usq-is amocanas amovxsniT sruli gadarCeviT, algoriTms dasWirdeba eqsponencialuri dro,
radgan m sigrZis mimdevroba Seicavs 2m qvemimdevrobas (imdenives, ramden qvesimravlesac Seicavs
{1, 2, . . . ,m} simravle). magram rogorc qvemoT moyvanili Teorema gviCvenebs, usq-is amocanas aqvs op-
timalurobis Tviseba qveamocanebisaTvis. qveamocanebad SegviZlia ganvixiloT mocemuli ori mimde-
vrobis prefiqsebis wyvilTa simravleebi. vTqvaT, X = (x1, x2, . . . , xm) raRac mimdevrobaa. misi i sigrZis
prefiqsi aris mimdevroba X = (x1, x2, . . . , xi), sadac i moTavsebulia 0-dan m-mde. magaliTad, Tu X =
(A,B,C,B,D,A,B), maSin X4 = (A,B,C,B), xolo X0 carieli qvemimdevrobaa.

Teorema 9.1. (usq-is agebulebis Sesaxeb). vTqvaT Z = (z1, z2, . . . , zk) erT-erTi udidesi saerTo qvemimde-
vrobaa X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebisaTvis. maSin:

1. Tu xm = yn, maSin zk = xm = yn da Zk−1 warmoadgens usq-is Xm−1-isa da Yn−1-saTvis

2. Tu xm ̸= yn da zk = xm maSin Z warmoadgens usq-is Xm−1-isa da Y -saTvis

3. Tu xm = yn da zk = yn maSin Z warmoadgens usq-is X-isa da Yn−1-saTvis.

Proof. 1. vTqvaT, xm = yn. rom sruldebodes zk = xm, maSin Z mimdevrobisTvis xm = yn elementis mi-
matebiT, miviRebdiT X da Y mimdevrobebis k+1 sigrZis saerTo qvemimdevrobas, rac ewinaaRmdegeba
pirobas. e.i. zk = xm = yn. amitom, Zk−1 aris k − 1 sigrZis Xm−1-s da Yn−1-s saerTo qvemimdevroba.
vaCvenoT, rom is udidesi saerTo qvemimdevrobaa. davuSvaT sawinaaRmdego, vTqvaT, arsebobs Xm−1

da Yn−1 mimdevrobebis, (k − 1)-ze grZeli saerTo qvemimdevroba, maSin Tu mas mivuwerT xm = yn
elements, miviRebT X da Y mimdevrobebis saerTo qvemimdevrobas, romelic k-ze grZelia, rasac
mivyavarT winaaRmdegobamde.

2. vTqvaT, xm ̸= yn, radgan zk ̸= xm amitom Z warmoadgens Xm−1-s da Y -s saerTo qvemimdevrobas. va-
CvenoT, rom is udidesi saerTo qvemimdevrobaa. rom arsebobdes Xm−1-s da Y -s k-ze grZeli saerTo
qvemimdevroba, maSin is, agreTve, iqneboda X-s da Y -s saerTo qvemimdevroba, rac ewinaaRmdegeba
imas, rom Z aris X-s da Y -s usq.

3. mtkicdeba 2-s analogiurad.
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am Teoremidan Cans, rom ori mimdevrobis usq Seicavs maTive prefiqsebis usq-s. aqedan SeiZleba davaskv-
naT, rom usq-is amocanas aqvs optimaluri qvestruqtura. rogorc qvemoT vnaxavT, adgili aqvs qveamo-
canebis gadafarvasac.
Teorema 6.1 gviCvenebs, rom usq-is povna X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebisaTvis
dadis an erTi, an ori qveamocanis amoxsnaze. Tu xm = yn, maSin sakmarisia vipovoT Xm−1-isa da Yn−1-is
usq da mas mivuweroT xm = yn. Tu xm ̸= yn, maSin unda amoixsnas ori qveamocana: vipovoT usq Xm−1-isa
da Y -saTvis, vipovoT aseve usq X-isa da Yn−1-saTvis da maT Soris udidesi iqneba X-isa da Y -is usq.
zemoT Tqmulidan cxadi xdeba, rom warmoiqmneba qveamocanebis gadafarva, radgan rom vipovoT X-isa da
Y -is usq, Cven SeiZleba dagvWirdes Xm−1-isa da Y -is, aseve X-isa da Yn−1-is usq-ebis povna, TiToeuli am
amocanidan Seicavs Xm−1-isa da Yn−1-is usq-is povnis qveamocanas. analogiuri gadafarvebi Segvxvdeba
sxva SemTxvevebSic.
avagoT rekurentuli Tanafardoba optimaluri amonaxsnis RirebulebisaTvis. c[i, j]-Ti aRvniSnoT usq-
is sigrZe Xi da Yj mimdevrobebisaTvis. Tu i an j tolia 0-is, maSin ori mimdevrobidan erT-erTi carielia
da c[i, j] = 0. zemoT Tqmuli SeiZleba ase Caiweros:

c[i, j] =


0 Tu i = 0 an j = 0

c[i− 1, j − 1] + 1 Tu i, j > 0 da xi = yj

max(c[i, j − 1], c[i− 1, j]) Tu i, j > 0 da xi ̸= yj

rekurentuli Tanafardobidan gamomdinare, sirTules ar warmoadgens rekursiuli algoriTmis daw-
era, romelic eqsponencialur droSi moZebnida usq-is sigrZes ori mocemuli mimdevrobisaTvis. magram
radgan gansxvavebuli qveamocanebis raodenobamn-s proporciulia, umjobesia dinamikuri programire-
bis gamoyeneba.
LCS-LENGTH algoriTmis Semavali monacemebia X = (x1, x2, . . . , xm) da Y = (y1, y2, . . . , yn) mimdevrobebi.
c[i, j] ricxvebi Caiwereba c[0..m, 0..n] cxrilSi Semdegnairad: jer Seivseba marcxnidan marjvniv pirveli
striqoni, Semdeg meore da a.S. garda amisa algoriTmi b[1..m, 1..n] cxrilSi imaxsovrebs c[i, j]-is "warmo-
mavlobas". b[i, j] ujredSi Seitaneba isari, romelic miuTiTebs Semdegi sami ujredidan erT-erTis koor-
dinatebs: (i−1, j−1), (i−1, j) an (i, j−1), imisda mixedviT Tu risi tolia c[i, j] Sesabamisad - c[i−1, j−1]+1,
c[i−1, j] Tu c[i, j−1]. algoriTmis muSaobis Sedegebia c da b cxrilebi. moviyvanoT Sesabamisi fsevdokodi:

Algorithm 22: Longest Common Subsequence Length

Input: simboloebis ori mimdevroba
Output: udidesi saerTo qvemimdevroba da misi sigrZe

1 LCS-LENGTH(X, Y) :

2 m = len(X);

3 n = len(Y);

4 for i=0; i<=m; i++ :
5 c[i][0] = 0;

6 for j=1; j<=n; j++ :
7 c[0][j] = 0;

8 for i=1; i<=m; i++ :
9 for j=1; j<=n; j++ :
10 if X[i] == Y[i] :
11 c[i][j] = c[i-1][j-1] + 1;

12 b[i][j] = ↖;

13 elif c[i-1][j] >= c[i][j-1] :
14 c[i][j] = c[i-1][j];

15 b[i][j] = ↑;
16 else:
17 c[i][j] = c[i][j-1];

18 b[i][j] = ←;

19 return c, b;

qvemoT naCvenebia LCS-LENGTH algoriTmis muSaoba X =< A,B,C,B,D,A,B > da Y =< B,D,C,A,B,A >
mimdevrobebisaTvis. b da c cxrilebi gaerTianebulia da (i, j) koordinatebis mqone ujredSi Cawerilia
ricxvi c[i, j] da isari b[i, j]. ricxvi 4 cxrilis qveda marjvena ujredSi warmoadgens usq-is sigrZes. am
pasuxis miRebis gza nax. 3-ze ruxi feriTaa naCvenebi.
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j 0 1 2 3 4 5 6

i yi B D C A B A

0 xi 0 0 0 0 0 0 0

1 A 0 0↑ 0↑ 0↑ 1↖ 1← 1↖
2 B 0 1↖ 1← 1← 1↑ 2↖ 2←
3 C 0 1↑ 1↑ 2↖ 2← 2↑ 2↑
4 B 0 1↖ 1↑ 2↑ 2↑ 3↖ 3←
5 D 0 1↑ 2↖ 2↑ 2↑ 3↑ 3↑
6 A 0 1↑ 2↑ 2↑ 3↖ 3↑ 4↖
7 B 0 1↖ 2↑ 2↑ 3↑ 4↖ 4↑

nax. 9.4

LCS-LENGTH algoriTmis muSaobis droa O(mn). TiToeuli ujredis Sesavsebad saWiroa O(1) biji.

usq-is sigrZis povnis Semdeg b cxrilis saSualebiT SegviZlia davadginoT Tavad usq. amisaTvis saWiroa
b[m,n] ujredidan davbrundeT ukan da vipovoT ↖ isrebi. amis realizacias axdens rekursiuli proce-
dura PRINT-LCS.

Algorithm 23: Print Longest Common Subsequence

Input: LCS-LENGTH(X,Y)-iT gamoTvlili b matrica, X simboloebis mimdevroba, rekursiis
gamoZaxebisas i = |X| da j = |Y |

Output: beWdavs udides saerTo qvemimdevrobas

1 PRINT-LCS(b, X, i, j) :

2 if i == 0 or j == 0 :
3 return ;

4 if b[i][j] == ↖ :
5 PRINT-LCS(b, X, i-1, j-1);

6 print(X[i]);

7 elif b[i][j] == ↑ :
8 PRINT-LCS(b, X, i-1, j);

9 else:
10 PRINT-LCS(b, X, i, j-1);

moyvanili magaliTisaTvis procedura dabeWdavs BCBA-s. proceduris muSaobis droa O(m+n), radgan
yovel bijze mcirdeba an m, an n. usq-is is amocanaze msjelobis dasasruls, SevniSnoT, rom Sesa-
Zlebelia algoriTmis gaumjobesebac. magaliTad, Cvens SemTxvevaSi SeiZleboda b masivi saerTod ar
gamogveyenebina da usq c masivis gadamowmebiT dagvedgina. nebismieri c[i][j] ricxvisaTvis mogviwevda
Segvemowmebina c[i-1][j], c[i][j-1] da c[i-1][j-1] ujredebi, risTvisac O(1) droa saWiro. maSasadme, usq-is povna
igive O(m+n) droSi erTi cxriliTac SeiZleboda.

9.5 matricaTa mimdevrobis gadamravlebis amocana

oriAdaB matrica SeiZleba gadamravldes mxolod maSin, TukiA matricis svetebis raodenoba emTxveva
B matricis striqonebis raodenobas. Tu A matricis zomebia p×q da B matricis zomebia q×r, maSin maTi
gadamravlebiT miiReba p×r zomis C matrica. operaciebis raodenoba gadamravlebis standartul algo-
riTmSi aris pqr-is proporciuli, radgan namravlis formula Seicavs sam erTmaneTSi Cadgmul cikls.
vTqvaT, saWiroa n cali matricis A1, A2, . . . , An erTmaneTze gadamravleba. am amocanis gadasawyvetad wi-
naswar saWiroa frCxilebis srulad ganTavseba, raTa ganisazRvros gamravlebaTa Tanmimdevroba. Cven
vityviT, rom matricaTa namravlSi frCxilebi sruladaa ganTavsebuli, Tu es namravli Sedgeba an er-
TaderTi matricisagan, an aris frCxilebSi moTavsebuli, ori srulad ganTavsebuli frCxilebis mqone
matricaTa namravlis namravli. magaliTad oTxi A1A2A3A4 matricis namravlSi frCxilebi SesaZloa
xuTnairad ganTavsdes:



9.5 matricaTa mimdevrobis gadamravlebis amocana 79

(A1(A2(A3A4))) (A1((A2A3)A4)) ((A1A2)(A3A4)) ((A1(A2A3))A4) (((A1A2)A3)A4)

radgan matricebis namravli asociaciuria, saboloo Sedegi yovelTvis erTi da igivea, magram Catare-
buli operaciebis raodenobis mixedviT variantebi SeiZleba mkveTrad gansxvavdebodnen. magaliTad,
sami < A1, A2, A3 > matrica SeiZleba ornairad gadavamravloT: ((A1A2)A3) da (A1(A2A3)). vTqvaT, ma-
tricebis zomebia Sesabamisad 10 × 100, 100 × 5 da 5 × 50. ((A1A2)A3) ganlagebiT saWiroa 10 × 100 × 5 +
10 × 5 × 50 = 7500 operacia, xolo (A1(A2A3)) ganlagebiT - 100 × 5 × 50 + 10 × 100 × 50 = 75000 operacia.
maSasadame, pirveli gziT gamravleba 10-jer ufro momgebiania.
matricaTa mimdevrobis gadamravlebis amocana (matrix-chain multiplication problem) SeiZleba ase
Camoyalibdes: vTqvaT, mocemulia n cali matricisagan Semdgari < A1, A2, . . . , An > mimdevroba, ro-
melTa zomebic gansazRvrulia. (Ai matricis zomebia pi−1 × pi). saWiroa moiZebnos frCxilebis iseTi
sruli ganTavseba, rom matricaTa mimdevrobis gadamravlebisas Sesruldes minimaluri raodenobis
gamravlebis operacia. am amocanis gadasawyvetad sruli gadarCeva ar gamodgeba, radgan variante-
bis raodenoba eqsponencialuradaa damokidebuli matricebis raodenobaze. amis dasamtkiceblad ma-
tricebis mocemuli mimdevroba SegviZlia davyoT 3-3 wevrian jgufebad. TiToeul jgufSi namravlis
gamosaTvlelad arsebobs ori varianti. maSasadame 3n matricisaTvis iarsebebs aranakleb 2n variantisa.
vcadoT amocanis amoxsna dinamikuri programirebis meTodiT.
gamoyenebadia Tu ara dinamikuri programireba? aRvweroT optimalur amonaxsnTa struqtura. aRvniS-
noT Ai..j-iT matricebis namravli AiAi+1 . . . Aj . A1A2 . . . An namravlSi frCxilebis optimaluri ganTavseba
ganapirobebs iseTi k-s arsebobas, (1 ≤ k < n) rom yvela matricis namravlis gamosaTvlelad Cven jer
viTvliT A1..k da Ak+1..n namravlebs, xolo Semdeg maT vamravlebT erTmaneTze da viRebT optimalur nam-
ravls A1..n. amgvarad, aseTi optimaluri ganTavsebis Rirebuleba aris A1..k-is gamoTvlis Rirebuleba,
plus Ak+1..n-is gamoTvlis Rirebuleba, plus maTi gamravlebis Rirebuleba.
rac ufro naklebi iqneba gamravlebis operaciebis raodenoba A1..k da Ak+1..n namravlebis gamoTvlisas,
miT ufro naklebi iqneba gamravlebaTa saerTo raodenoba. aqedan gamomdinare, SegviZlia davaskvnaT,
rom matricaTa mimdevrobis gadamravlebis optimaluri amonaxsni iyenebs qveamocanaTa optimalur amon-
axsnebs. es niSnavs, rom SegviZlia gamoviyenoT dinamikuri programirebis meTodi.
rekurentuli Tanafardoba. axla gamovsaxoT optimaluri amonaxsnis Rirebuleba qveamocanebis op-
timaluri amonaxsnebiT. aseT qveamocanebs warmoadgenen Ai..j namravlebis gamoTvlisTvis frCxilTa
optimaluri ganTavsebis amocanebi, sadac 1 ≤ i ≤ j ≤ n. aRvniSnoT m[i, j]-iT namravlTa minimaluri rao-
denoba, romelic saWiroa Ai..j-is gamosaTvlelad. SevniSnoT, rom mTeli A1..n namravlis Rirebuleba
iqneba m[1, n].
m[i, j] ricxvebi ase gamoiTvleba. Tu i = j, maSin m[i, i] = 0, radgan mimdevroba erTi matricisagan Sedgeba
da gamravleba saWiro araa. Tu i < j, maSin visargebloT ukve ganxiluli optimaluri amonaxsnis struq-
turiT. vTqvaT m[i, j]-is gamoTvlis procesSi yvelaze bolos xdeba Ai..k da Ak+1..j namravlebis gadam-
ravleba, sadac i ≤ k < j. radgan Ai..kAk+1..j-is gamosaTvlelad saWiroa pi−1pkpj gamravlebis Sesruleba,
cxadia, rom

m[i, j] = m[i, k] +m[k + 1, j] + pi−1pkpj

am Tanafardobis miRebisas Cven vgulisxmobdiT, rom CvenTvis cnobilia k-s optimaluri mniSvneloba.
radgan igi winaswar cnobili ver iqneba (mis Sesaxeb winaswar cnobili mxolod isaa, rom i ≤ k < j da
k-m SeiZleba miiRos mxolod j − i gansxvavebuli mniSvneloba. maT Soris erT-erTi optimaluria da mis
sapovnelad saWiroa gadavarCioT es mniSvnelobebi. miviReT rekurentuli formula:

m[i, j] =

{
0 roca i = j

mini≤k<j{m[i, k] +m[k + 1, j] + pi−1pkpj} roca i < j

m[i, j] ricxvebi qveamocanebis optimaluri amoxsnebis Rirebulebebia. es rekurentuli Tanadoba misi
gamoTvlis saSualebas gvaZlevs, magram radgan Cven gvinda ara marto optimaluri Rirebuleba, aramed
misi miRwevis gzis codnac (anu frCxilebis ganTavsebis optimaluri rigi), dagvWirdeba kidev erTi
aRniSvna s[i, j] = k, romlisTvisac m[i, j] = m[i, k] +m[k + 1, j] + pi−1pkpj .
optimaluri Rirebulebis gansazRvra rekursiiT, dinamikuri programirebis gareSe. wina bijze miRe-
buli rekurentuli Tanafardobis mixedviT iolad SeiZleba rekursiuli algoriTmis ageba, Tumca misi
muSaobis dro, sruli gadarCevis msgavsad, eqsponencialurad iqneba damokidebuli n-is mniSvnelobaze.
droSi namdvil mogebas mxolod maSin vnaxavT, Tu gamoviyenebT im faqts, rom qveamocanebis ricxvi
mcirea da ar aRemateba n2-s. rekursiuli algoriTmi, romlis fsevdokodi qvemoTaa moyvanili, mxolod
zemoT moyvanil rekurentul Tanadobas eyrdnoba da amitom uwevs erTi da igive qveamocanis mravaljer
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amoxsna rekursiuli xis sxvadasxva ganStoebaSi, swored amiTaa ganpirobebuli misi muSaobis eqsponen-
cialuri dro.

Algorithm 24: Matrix Chain Multiplication (Recursive)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n], funqciis gamoZaxebisas i=1 da j=n
Output: i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri operaciebis

raodenoba

1 REC-MAT-CHAIN(p, i, j) :

2 if i == j :
3 return 0;

4 m[i][j] = ∞;

5 for k=i; k<=j-1; k++ :
6 q = REC-MAT-CHAIN(p,i,k) + REC-MAT-CHAIN(p,k+1,j) + p[i-1]p[k]p[j];

7 if q < m[i][j] :
8 m[i][j] = q;

9 return m[i][j];

(cxadia, ∞-is nacvlad vwerT udides ricxvs im tipis ricxvebs Soris, romelsac ekuTvnis am funqciis
mniSvnelobaTa simravle). nax. 4-ze mocemulia rekursiis xe REC-MAT-CHAIN(p,1,4)-isaTvis. yovel
wveroSi Cawerilia i-s da j-s mniSvnelobebi. ruxi feriT aRniSnulia is wveroebi, romelTa mniSvnelobe-
bis gamoTvla ganmeorebiT xdeba. cxadia, rom es algoriTmi Sorsaa optimalurisgan, risi mizezic aris
is, rom erTi da igive qveamocana mravaljer ixsneba Tavidan. dinamikuri programirebis meTodiT Sei-
Zleba amis Tavidan acileba.

1..4

1..1 2..4

2..2 3..4

3..3 4..4

2..3

2..2 3..3

4..4

1..2

1..1 2..2

3..4

3..3 4..4

1..3

1..1 2..3

2..2 3..3

1..2

1..1 2..2

3..3

4..4

optimaluri Rirebulebis gansazRvra dinamikuri programirebis meTodiT "qvemodan zemoT". vnaxoT
Tu rogor SeiZleba gamovTvaloT s[i][j] da m[i][j] ricxvebi meTodiT "qvemodan zemoT" (e.i. dawyebuli
umartivesidan, jer amovxsnaT yvelaze martivi qveamocanebi, Semdeg ki maTi saSualebiT ufro rTulebi
da a.S.).
m funqciis mniSvnelobebis gamoTvlisas, algoriTmi Tanmimdevrulad wyvets amocanas frCxilebis
optimaluri ganTavsebis Sesaxeb 1, 2, . . . , n TanamamravlisaTvis. formulidan Cans, rom j-i+1 matricis
gadamravlebis Rirebuleba - ricxvi m[i][j], damokidebulia mxolod j-i+1 ricxvze naklebi matricebis
gadamravlebis Rirebulebebze. kerZod, k = i, i + 1, . . . , j − 1 mniSvnelobebisaTvis vRebulobT, rom Ai..k

aris k-i+1 ¡ j-i+1 matricis namravli, xolo Ak+1..j - j-k ¡ j-i+1 matricis namravli.
Tavidan (str. 2) viRebT m[i][i]=0 i = 1, . . . , n: erTi matricisgan Semdgari mimdevrobis namravlis Rire-
bulebebi nulis tolia. Semdeg, (str. 3-8) ciklis pirveli Sesrulebisas, gamoiTvleba 2 sigrZis mqone
qvemimdevrobebis namravlebis minimaluri Rirebulebebi m[i][i+1] i = 1, . . . , n − 1. Semdeg gamoiTvleba
minimaluri Rirebulebebi 3 sigrZis mqone qvemimdevrobebis namravlebisaTvis m[i][i+2] i = 1, . . . , n− 2 da
a.S. yovel bijze m[i][j]-is mniSvnelobis gamoTvla damokidebulia mxolod manamde gamoTvlil m[i][k]-sa
da m[k+1][j]-is mniSvnelobebze.
nax. 5-ze naCvenebia rogor mimdinareobs gamoTvlebi n=6-saTvis.
radganac Cven ganvsazRvravT m[i, j]-ebs mxolod i ≤ j-saTvis, gamoiyeneba cxrilis mxolod is nawili,
romelic mTavari diagonalis zemoTaa moTavsebuli. masivi Sebrunebulia da mTavari diagonali hori-
zontaluradaa. qvemoT miTiTebulia matricaTa Tanmimdevroba. m[i, j] ricxvi anu AiAi+1 . . . Aj namravlis
minimaluri Rirebuleba - imyofeba Sesabamisi striqonisa da svetis gadakveTaze. yovel horizontalur
rigSi Tavmoyrilia fiqsirebuli sigrZis mqone qvemimdevrobebis namravlTa Rirebulebebi. m[i, j] ujre-
dis Sesavsebad saWiroa vicodeT pi−1pkpj namravli k = i, i+ 1, . . . , j − 1-saTvis da m[i, j]-is qveda-marjvena
da qveda-marcxena ujredebis mniSvnelobebi.



9.5 matricaTa mimdevrobis gadamravlebis amocana 81

Algorithm 25: Matrix Chain Multiplication (DP Bottom-Up)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n]
Output: m[i][j]-Si i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri

operaciebis raodenoba, s[i][j]-Si informacia frCxilebis optimaluri ganlagebisTvis

1 MATRIX-CHAIN-ORDER(p) :

2 n = len(p)-1;

3 for i=1; i<=n; i++ :
4 m[i][i] = 0;

5 for r=2; r<=n; r++ :
6 for i=1; i<=n-r+1; i++ :
7 j = i + r - 1;

8 m[i][j] = ∞;

9 for k=i; k<=j-1; k++ :
10 q = m[i][k] + m[k+1][j] + p[i-1]p[k]p[j];

11 if q < m[i][j] :
12 m[i][j] = q;

13 s[i][j] = k;

14 return m, s;

1 2 3 4 5 6

1 0 15750 7875 9375 11875 15125

2 0 2625 4375 7125 10500

3 0 750 2500 5375

4 0 1000 3500

5 0 5000

6 0

(a) m matrica

2 3 4 5 6

1 1 1 3 3 3

2 2 3 3 3

3 3 3 3

4 4 5

5 5

(b) s matrica

nax. 9.5

nax. 5-ze mocemul matricaTa zomebia: A1−30×35, A2−35×15, A3−15×5, A4−5×10, A5−10×20, A6−20×25.
m-is cxrilSi naCvenebia mxolod is ujredebi, romlebic ar mdebareoben mTavari diagonalis qvemoT,
xolo s-is cxrilSi - ujredebi, romlebic mkacrad zemoT mdebareoben. yvela matricis gadasamravle-
blad saWiro namravlTa minimaluri Rirebulebaa m[1][6]=15125. erTnairi Seferilobis mqone ujredTa
wyvilebi erTdroulad Sedian m[2][5]-is gamosaTvleli formulis marjvena nawilSi:

m[2][5] = min


m[2][2] +m[3][5] + p[1]p[2]p[5] = 0 + 2500 + 35 · 15 · 20 = 13000

m[2][3] +m[4][5] + p[1]p[3]p[5] = 2625 + 1000 + 35 · 5 · 20 = 7125

m[2][4] +m[5][5] + p[1]p[4]p[5] = 4375 + 0 + 35 · 10 · 20 = 11375

am algoriTmis muSaobis droa O(n3), radgan Cadgmuli ciklebis raodenoba 3-ia da TiToeulis mTvleli
ar Rebulobs n-ze met mniSvnelobas. optimaluri Rirebulebis gansazRvra dinamikuri programire-
bis meTodiT "zemodan qvemoT". "zemodan qvemoT" momuSave algoriTmis SemTxvevaSi, yoveli amoxsnili
qveamocanis pasuxi unda davimaxsovroT specialur cxrilSi. pirvelad Sexvedrili qveamocanis pa-
suxi gamoiTvleba da Seitaneba cxrilSi. SemdgomSi am qveamocanis pasuxi aiReba cxrilidan. Cvens
magaliTSi pasuxebis cxrilis SemoReba iolia, radgan qveamocanebi danomrilia (i,j) wyvilebiT (ufro
rTul SemTxvevebSi SeiZleba heSirebis gamoyeneba). rekursiuli algoriTmebis aseT gaumjobesebas in-
glisurad uwodeben memoization.
Tavdapirvelad imis misaTiTeblad, rom cxrilSi es ujredi Sevsebuli ar aris, Semdeg Sesabamisi
qveamocanis pirvelad amoxsnisas ujredSi Caiwereba pasuxi da Tu am qveamocanis amoxsna kidev gaxda
saWiro, pasuxi ukve pirdapir cxrilidan aiReba. nax. 5-ze Cans is ekonomia, romelsac aseTi midgoma
ganapirobebs. ruxad Seferili wveroebi Seesabameba im SemTxvevebs, roca ganmeorebiTi gamoTvlebi
saWiro aRar aris.
algoriTmi MEMOIZED-MATRIX-CHAIN saWiroebs O(n3) dros. cxrilSi elementebis raodenoba n2-is
rigisaa. yoveli pozicia erTxel inicializirdeba (MEMOIZED-MATRIX-CHAIN(p)-s meoTxe striqoni)
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Algorithm 26: Matrix Chain Multiplication (DP Top-Down)

Input: matricaTa mimdevrobis ganzomilebebi p[0..n]
Output: m[i][j]-Si i-dan j-mde matricaTa mimdevrobis gadamravlebisaTvis saWiro minimaluri

operaciebis raodenoba, s[i][j]-Si informacia frCxilebis optimaluri ganlagebisTvis

1 MEMOIZED-MATRIX-CHAIN(p) :

2 n = len(p)-1;

3 for i=1; i<=n; i++ :
4 for j=i; j<=n; j++ :
5 m[i][j] = ∞;

6 return LOOKUP-CHAIN(p, 1, n);

7 LOOKUP-CHAIN(p, i, j) :

8 if m[i][j] < ∞ :
9 return m[i][j];

10 if i == j :
11 m[i][j] = 0;

12 else:
13 for k=i; k<=j-1; k++ :
14 q = LOOKUP-CHAIN(p,i,k) + LOOKUP-CHAIN(p,k+1,j) + p[i-1]p[k]p[j];

15 if q < m[i][j] :
16 m[i][j] = q;

17 s[i][j] = k;

18 return m[i][j];

erTaderTxel ivseba - LOOKUP-CHAIN(p,i,j)-is pirveli gamoZaxebisas mocemuli i,j parametrebiT. n2-is
rigis pirveli gamoZaxebebidan TiToeuli moiTxovs O(n) dros (radgan SigniT gamoyenebuli ganmeo-
rebiTi gamoZaxebebi iTxovs mxolod O(1) dros, radgan maTi wakiTxva xdeba damaxsovrebuli cxrili-
dan), amitom muSaobis saerTo dro aris O(n3).

optimaluri amonaxsnis ageba. algoriTmi MATRIX-CHAIN-ORDER poulobs namravlTa minimalur rao-
denobas, romelic saWiroa matricaTa mimdevrobis gadasamravleblad. axla movZebnoT frCxilebis gan-
Tavseba, romelic migviyvans namravlTa aseT ricxvamde. amisaTvis gamoviyenoT cxrili s[1][n] ujredSi
Cawerilia ukanaskneli gamravlebis adgili frCxilebis optimaluri ganTavsebisas. sxvagvarad rom
vTqvaT, A1..n-is optimaluri gziT gamoTvlisas ukanasknelad Sesrulda A1..s[1,n]-isa da As[1,n]+1..n-is nam-
ravli. wina gamravlebebi SeiZleba moiZebnon rekursiulad. qvemoT moyvanili rekursiuli procedura
optimalurad ganaTavsebs frCxilebs Ai..j namravlSi, Semdegi Semavali monacemebiT: s cxrili, i da j in-
deqsebi. PRINT-OPTIMAL-PARENS(s,1,n) proceduris gamoZaxebis Semdeg, frCxilebi optimalurad gan-
Tavsdeba A1..n matricaTa namravlSi.

Algorithm 27: Print Optimal Parens

Input: MATRIX-CHAIN-ORDER(p)-Ti gamoTvlili s matrica
Output: beWdavs i-dan j-mde matricaTa mimdevrobis optimaluri gadamravlebisaTvis saWiro

frCxilebis ganlagebas

1 PRINT-OPTIMAL-PARENS(s, i, j) :

2 if i == j :
3 print(’Ai’);

4 else:
5 print(’(’);

6 PRINT-OPTIMAL-PARENS(s, i, s[i][j]);

7 PRINT-OPTIMAL-PARENS(s, s[i][j]+1, j);

8 print(’)’);

zemoT moyvanili magaliTisaTvis procedura ganalagebs frCxilebs Semdegnairad: ((A1(A2A3))((A4A5)A6)).
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9.6 mravalkuTxedis optimaluri triangulacia

miuxedavad geometriuli formulirebisa, es amocana Zalian waagavs matricebis gadamravlebis amo-
canas. mravalkuTxedi (polygon) - esaa sibrtyeze moTavsebuli Sekruli texili, romelic Sedgeba mra-
valkuTxedis gverdebad (sides) wodebuli monakveTebisagan. wertils, romelSic erTdeba ori mezobeli
gverdi, wodeben wveros (vertex). mravalkuTxeds, romelic Tavis Tavs ar kveTs, uwodeben martivs (simple).
sibrtyis wertilebs, romlebic mdebareoben martivi mravalkuTxedis SigniT, uwodeben mravalkuTxe-
dis Siga ares (interior), mravalkuTxedis gverdebis gaerTianebas uwodeben sazRvars (boundary), xolo
sibrtyis yvela danarCeni wertilebis simravles - gareTa ares (exterior). martiv mravalkuTxeds uwode-
ben amozneqils (convex), Tuki Siga areSi an sazRvarze mdebare nebismieri ori wertilis SemaerTebeli
monakveTis arc erTi wertili ara moTavsebuli mravalkuTxedis gareT.
amozneqili mravalkuTxedi SegviZlia aRvweroT misi wveroebis CamoTvliT saaTis isris sawinaaRmdego
mimarTulebiT: P =< v0, v1, . . . , vn−1 > mravalkuTxeds aqvs n gverdi: v0v1, v1v2, . . . , vn−1v0. Tu vi da vj
wveroebi ar warmoadgenen mezobel wveroebs maSin vivj monakveTs uwodeben mravalkuTxedis diagonals
(chord). vivj diagonali mravalkuTxeds hyofs orad - < vi, vi+1, . . . , vj > da < vj , vj+1, . . . , vi >. mra-
valkuTxedis triangulacia (triangulatuion) - esaa diagonalTa erToblioba, romlebic mravalkuTxeds
samkuTxedebad hyofs. am samkuTxedebis gverdebs warmoadgenen sawyisi mravalkuTxedis gverdebi da
triangulaciis diagonalebi.

V0

V1

V2

V3 V4

V5

V6

(a)

V0

V1

V2

V3 V4

V5

V6

(b)

nax. 9.6

am naxazze naCvenebia mravalkuTxedis orgvari triangulacia. triangulacia aseve SeiZleba ganisazRv-
ros, rogorc im diagonalTa maqsimaluri simravle, romlebic ar ikveTebian.
n-kuTxedis nebismieri triangulaciisas saWiroa samkuTxedebis erTnairi raodenoba. kerZod, is iyofa
n-2 samkuTxedad da amisaTvis gamoiyeneba n-3 diagonali. mravalkuTxedis yvela kuTxis jami tolia
180◦-is namravlisa samkuTxedebis ricxvze triangulaciaSi.
optimaluri triangulaciis amocana (optimal triangulation problem) mdgomareobs SemdegSi: mocemulia
amozneqili mravalkuTxedi P =< v0, v1, . . . , vn−1 > da woniTi funqcia ω, romelic gansazRvrulia iseTi
samkuTxedebis simravleze, romelTa wveroebi mdebareobs P -s wveroebSi. saWiroa moiZebnos triangu-
lacia, romlisaTvisac samkuTxedis wonaTa jami umciresi iqneba.
woniTi funqciis yvelaze martivi magaliTia samkuTxedis farTobi. magram am SemTxvevaSi nebismieri
triangulaciis samkuTxedebis wonaTa jami erTi da igivea da aris mravalkuTxedis farTobis toli.
gacilebiT Sinaarsian magaliTs warmoadgens wonad samkuTxedis perimetris ganxilva. optimaluri
triangulaciis amocanis amoxsnis qvemoT moyvanili algoriTmi SeiZleba gamoyenebul iqnas nebismieri
saxis woniTi funqciisaTvis.
arsebobs kavSiri mravalkuTxedis triangulaciasa da frCxilebis ganlagebas Soris.
triangulirebuli mravalkuTxedis yvela gverds erTis garda mivuweroT TiTo Tanamamravli. Semdeg
samkuTxedSi, romlis ori gverdi ukve moniSnulia, mesame gverds mivuweroT am ori gverdis namravli.
sabolood, Tavdapirvelad mouniSnav gverdze miviRebT frCxilebis srul ganlagebas. (ix. nax.)
SevniSnoT, rom matricebis gadamravlebis amocana optimaluri triangulaciis amocanis kerZo SemTxve-
vaa. vTqvaT, Cven unda gamovTvaloT A1×A2×· · ·×An, sadac Ai warmoadgens pi−1×pi matricas. ganvixiloT
n + 1-kuTxedi P = v0, v1, . . . , vn da woniTi funqcia, maSin triangulaciis Rirebuleba gadamravlebaTa
ricxvis toli iqneba frCxilebis Sesabamisi ganlagebisas.
miuxedavad imisa, rom matricebis gadamravlebis amocana optimaluri triangulaciis amocanis kerZo
SemTxvevaa, zemoT ganxiluli algoriTmi iolad SeiZleba gadavakeToT triangulaciis amocanaze. ami-
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saTvis sakmarisia saTaurSi p SevcvaloT v-Ti, kodSi SevcvaloT q = m[i, k] +m[k + 1, j] + w(△vivjvk) da
algoriTmis muSaobis Sedegad m[1][n] gaxdeba optimaluri triangulaciis wonis toli.
ganvixiloT rekurentuli formula. vTqvaT, m[i, j] aris < vi−1, vi, . . . , vj > mravalkuTxedis optimaluri
triangulaciis wona, sadac 1 ≤ i ≤ j ≤ n. mTeli mravalkuTxedis optimaluri triangulaciis wona
tolia m[1, n]. CavTvaloT, rom < vi−1, vi > "orkuTxedebis" wona aris 0. maSin m[i, i] = 0, nebismieri
i = 1, 2, . . . , n-saTvis. Tu j − i ≥ 1, maSin < vi−1, vi, . . . , vj > mravalkuTxedSi gvaqvs aranakleb sami wverosi
da yvela k-saTvis i ≤ k ≤ j − 1 Sualedidan unda vipovoT aseTi jamis minimumi: △vi−1vkvj-is wona plus
< vi−1, vi, . . . , vk >-s optimaluri triangulaciis wona plus < vi−1, vi, . . . , vk >< vk, vk+1, . . . , vj >-s opti-
maluri triangulaciis wona.
amitom:

m[i, j] =

{
0 roca i = j

mini≤k<j{min[i, k] +min[k + 1, j] + w(△vi−1vkvj)} roca i < j

Semdegi moqmedebebi analogiuria wina amocanis moqmedebebisa.

9.7 savarjiSoebi

1. optimalurad ganalageT frCxilebi matricaTa Semdegi mimdevrobis namravlSi:

(a) A1 − 2× 3, A2 − 3× 4, A3 − 4× 1

(b) A1 − 1× 2, A2 − 2× 3, A3 − 3× 1, A4 − 1× 4

2. ipoveT Semdegi mimdevrobebis udidesi saerTo qvemimdevroba:

(a) X = (A,R,H,M,K,O) Y = (R,B,H,O,K,M)

(b) X = (1, 0, 1, 1, 0, 0) Y = (1, 1, 0, 0, 1, 1)
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xarbi algoriTmebi

garkveuli klasis optimizaciis amocanebis amoxsna xSirad SeiZleba ufro martivad da swrafad, vidre
es keTdeba dinamikuri programirebis meTodiT. magaliTad, e.w. xarbi algoriTmebis (greedy algorithms)
gamoyenebisas, yovel bijze keTdeba lokalurad optimaluri arCevani im imediT, rom saboloo Sedegic
optimaluri iqneba. es midgoma yovelTvis ar amarTlebs, magram zogierTi amocanisaTvis marTlac Za-
lian efeqturia. rac mTavaria, arsebobs standartuli procedurebi imis gasarkvevad, koreqtulad
imuSavebs Tu ara mocemuli amocanisTvis xarbi algoriTmi.

10.1 amocana ganacxadebis SerCevaze

amocanis dasma da Sesabamisi xarbi algoriTmi. vTqvaT, mocemulia n ganacxadi erTsa da imave audi-
toriaSi mecadineobis Catarebaze. ori gansxvavebuli mecadineoba ar SeiZleba droSi gadaifaros.
yovel ganacxadSi miTiTebulia mecadineobis dawyebisa da damTavrebis dro (i-uri ganacxadisaTvis
Sesabamisad si da fi). sxvadasxva ganacxadebi SeiZleba gadaikveTon, magram am SemTxvevaSi dakmayofildeba
mxolod erTi maTgani. Cven vaigivebT TiToeul ganacxads [si, fi) SualedTan, ase rom erTi mecadineobis
damTavrebis dro SeiZleba daemTxves meoris dawyebas da aseTi situacia gadakveTad ar iTvleba.

zogadad i da j nomrebis mqone ganacxadebi Tavsebadia (compatible), Tuki [si, fi) da [sj , fj) intervalebi ar
TanaikveTebian (sxva sityvebiT, Tu fi ≤ sj an fj ≤ si). amocana ganacxadebis SerCevaze (activity-selection
problem) mdgomareobs imaSi, rom amovarCioT erTmaneTTan Tavsebadi maqsimaluri raodenobis ganacxadi.

am amocanaSi, xarbi algoriTmi muSaobs Semdegnairad: davuSvaT ganacxadebi dalagebulia damTavrebis
drois zrdadobis mixedviT:

f1 ≤ f2 ≤ · · · ≤ fn

Tuki monacemebi dalagebuli ar aris, misi dalageba SesaZlebelia O(n log(n)) droSi. Tu ganacxadebs
erTnairi damTavrebis dro aqvT, isini SeiZleba ganlagdnen nebismierad.

Tu f -s da s-s ganvixilavT rogorc Sesabamis masivebs, algoriTms eqneba saxe:

Algorithm 28: Greedy Activity Selector

Input: ori masivi, s[i] ganacxadis dawyebis dro, xolo f[i] misi damTavrebis dro
Output: SerCeuli ganacxadebis nomrebi

1 GREEDY-ACTIVITY-SELECTOR(s, f) :

2 n = len(s);

3 A = {1};
4 j = 1;

5 for i=2; i<=n; i++ :
6 if s[i] >= f[j] :
7 A = A ∪ {i};
8 j = i;

9 return A;

85
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algoriTmis muSaoba mocemulia momdevno naxazze. A simravle Sedgeba amorCeuli ganacxadebis nomre-
bisagan, xolo j ukanasknelia am nomrebs Soris, amasTan:

fj = max{fk : k ∈ A}

radgan ganacxadebi dalagebulia maTi damTavrebis drois mixedviT, Tavidan A simravle Seicavs nomer
1 ganacxads da j = 1 (2-3 striqonebi). Semdeg (cikli 4-7 striqonebSi) veZebT ganacxads, romelic ar
iwyeba j nomris mqone ganacxadis damTavrebamde. Tuki aseTi moiZebna, mas CavrTavT A simravleSi da j
cvlads mivaniWebT mis nomers (6-7 striqoni).
Tuki sortirebis dros ar gaviTvaliswinebT, algoriTmi muSaobs n-is proporciul droSi. rogorc
axasiaTebT xarb algoriTmebs, yovel bijze igi iseT arCevans akeTebs, rom darCenili Tavisufali dro
iyos maqsimaluri (raTa kidev "bevri" sxva ganacxadi Caetios).
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nax. 10.1:

algoriTmis marTebuloba. rogorc aRvniSneT, xarbi algoriTmi yvela amocanaSi ar iZleva swor pa-
suxs, magram Cven amocanaSi igi sworad muSaobs, raSic gvarwmunebs Semdegi.

Teorema 10.1. algoriTmi GREEDY-ACTIVITY-SELECTOR gvaZlevs Tavsebadi ganacxadebis maqsimalu-
rad SesaZlebel raodenobas.

Proof. rogorc aRvniSneT, ganacxadebi dalagebulia damTavrebis drois mixedviT. amis gamo, am amo-
canaSi arsebobs iseTi optimaluri amonaxsni, romelic Seicavs pirvel ganacxads. marTlac, davuSvaT
sawinaaRmdego da vTqvaT, pirveli ganacxadi ar Sedis ganacxadebis romelime optimalur simravleSi,
maSin Cven SegviZlia am simravlidan yvelaze adre damTavrebuli ganacxadi SevcvaloT pirveli ganacxa-
diT da amiT ganacxadebis Tavsebadoba ar dairRveva, radgan arc erTi ganacxadi ar mTavrdeba pirvel
ganacxadze adre, maT Soris isic, romelic SevcvaleT. maSasadame, am cvlilebiT ar Seicvleba ganacx-
adTa saerTo raodenobac da Tuki mocemuli simravle optimaluri iyo, optimaluri iqneba is sim-
ravlec, romelic pirvel ganacxads Seicavs.
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amis Semdeg ganvixiloT mxolod is gancxadebebi, romlebic Tavsebadia pirvel ganacxadTan (yvela
araTavsebadi SegviZlia gavauqmoT). Sedegad miviRebT igive amocanas, oRond ufro naklebi raodenobis
ganacxadebisaTvis. induqciis meTodiT vaskvniT, rom yovel bijze xarbi amorCevis saSualebiT mivalT
optimalur amonaxsnamde.

10.2 rodis gamoviyenoT xarbi algoriTmi?

zogadi sqema imis gasagebad, romelime kerZo amocanaSi gvaZlevs Tu ara xarbi algoriTmi optimalur
amonaxsns, ar arsebobs, Tumca SeiZleba gamoiyos ori Tavisebureba im amocanebisaTvis, romlebic xarbi
algoriTmiT ixsneba. esaa xarbi amorCevis principi da optimaluri qvestruqtura. ityvian, rom opti-
mizaciis amocanisaTvis gamoyenebadia xarbi amorCevis principi (greedy-shoice property), Tuki lokalurad
optimaluri (xarbi) arCevanebis mimdevroba iZleva globalurad optimalur amonaxsns. gansxvaveba xarb
algoriTmebsa da dinamikur programirebas Soris imaSi mdgomareobs, rom xarbi algoriTmi yovel bi-
jze irCevs saukeTeso variants da amis Semdeg cdilobs gaakeTos igive darCenil variantebSi, xolo
dinamikuri programirebis algoriTmiT winaswar xdeba Sedegebis gamoTvla yvela variantisaTvis.
imis damtkiceba, rom xarbi algoriTmi optimalur amonaxsns iZleva, ar warmoadgens trivialur amo-
canas. tipur SemTxvevebSi aseTi mtkiceba xdeba zemoT moyvanil TeoremaSi mocemuli sqemiT. Tavidan
vamtkicebT, rom pirvel bijze xarbi amorCeva ar ketavs gzas optimaluri amonaxsnisaken - nebismieri
amonaxsnisaTvis arsebobs sxvac, romelic SeTanxmebulia xarb amorCevasTan da araa pirvelze uaresi.
amis Semdeg unda vaCvenoT, rom qveamocana, romelic warmoiSva pirvel bijze xarbi amorCevis Semdeg,
sawyisis analogiuria.
xarbi algoriTmebiT amoxsnad amocanebs unda hqondeT optimaluri qvestruqtura (optimal substructure):
mTeli amocanis optimaluri amonaxsni igeba qveamocanebis optimaluri amonaxsnebisgan. am Tvisebas
Cven ukve gavecaniT dinamikuri programirebis ganxilvis dros. orive aRniSnuli meTodi - dinamikuri
programirebac da xarbi algoriTmebic emyareba qveamocanebis optimalurobis Tvisebas, amitom xSirad
iqmneba erTi meTodis nacvlad meoris gamoyenebis safrTxe. Tuki erT SemTxvevaSi - xarbi algoriT-
mis magier dinamikuri programirebis gamoyenebisas, mainc SesaZlebelia swori pasuxis miReba (Tumca
aucileblad wavagebT droSi), meore SemTxvevis dros (dinamikuris nacvlad xarbi algoriTmis gamo-
yenebisas) praqtikulad SeuZlebelia swori pasuxis miReba. am ori meTodis Tavisebureba ganvixiloT
erTi kargad cnobili optimizaciis amocanis or variantze.
zurgCanTis diskretuli amocana (0-1 knapsack problem): vTqvaT qurdi Seipara sawyobSi, romelSic inaxeba
n sxvadasxva saxis nivTi, TiTo - TiTo egzemplari (amaze miuTiTebs 0-1 amocanis dasaxelebaSi: nivTi an
aris, an ara). i-uri nivTi Rirs vi dolari da iwonis wi kilograms (vi da wi - mTeli ricxvebia). qurds surs
waiRos maqsimaluri safasuris saqoneli, amasTan maqsimaluri wona, romelic man zurgCanTiT SeiZleba
waiRos, W -s tolia (W mTeli ricxvia). romeli nivTebi unda Caalagos qurdma zurgCanTaSi?
zurgCanTis uwyveti amocana (fractional knapsack problem): diskretuli amocanisagan imiT gansxvavdeba,
rom qurds SeuZlia daanawevros moparuli nivTebi da isini zurgCanTaSi Caalagos nawil-nawil da ara
mTlianad (SegviZlia vTqvaT, rom diskretul amocanaSi qurds saqme aqvs oqros zodebTan, xolo uwyvet
amocanaSi - oqros qviSasTan).
orive amocanas zurgCanTis Sesaxeb aqvs optimalurobis Tviseba qveamocanebisaTvis. marTlac, diskre-
tuli amocanis SemTxvevaSi Tuki optimalurad gavsebuli zurgCanTidan amoviRebT j nomris mqone nivTs,
miviRebT optimalur amonaxsns W − wj maqsimaluri wonis mqone zurgCanTisa da n-1 nivTisaTvis (yvela
nivTi j-uris garda). msgavsi msjeloba marTebulia uwyveti amocanisTvisac.
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miuxedavad imisa, rom amocanebi zurgCanTis Sesaxeb Zalian waagavs erTmaneTs, xarbi algoriTmi po-
ulobs optimalur amonaxsns uwyveti amocanisaTvis da ver poulobs - diskretulisaTvis. uwyveti
amocanisaTvis algoriTmi ase gamoiyureba. yvela saqonlisaTvis gamovTvaloT 1 kilogramis fasi.
Tavdapirvelad qurdi aiRebs yvelaze Zvirfasi saqonlis maqsimalur raodenobas, Tuki zurgCanTaSi
adgili kidev darCa aiRebs fasiT momdevno saqonels da ase gaagrZelebs manam, vidre zurgCanTa ar
Seivseba. am algoriTmis muSaobis droa O(n log(n)), rac ganpirobebulia imiT, rom monacemebs winaswar
sWirdeba sortireba.
imaSi dasarwmuneblad, rom analogiuri xarbi algoriTmi ar muSaobs sworad diskretuli amocanisa-
Tvis, ganvixiloT bolo naxazze mocemuli SemTxveva. aq mocemulia 10, 20 da 30 kg wonis sami nivTi,
romelTa Rirebuleba Sesabamisad aris 60$, 100$ da 120$. masis erTeulis Rirebuleba iqneba 6$, 5$ da 4$.
xarbi strategiis Tanaxmad qurdma Tavidan pirveli nivTi unda Cados zurgCanTaSi, radgan is yvelaze
Zvirfasia. magram cxadia, rom ufro momgebiania me-2 da me-3 nivTebis arCeva, radgan am SemTxvevaSi waRe-
buli nivTebis saerTo Rirebuleba 220$ iqneba, maSin roca xarbi algoriTmiT airCeoda 160$-is saqoneli.
uwyveti amocanisaTvis xarbi algoriTmis muSaoba naCvenebia bolo naxazis (g) nawilSi.
diskretuli amocanisTvis xarbi strategia ar muSaobs, Tu xarbi arCevanebis damTavrebis Semdeg Can-
TaSi kidev darCeba Tavisufli adgili, rac Seamcirebs moparuli nivTebis fass, gaangariSebuls wonis
erTeulze. imis gasarkvevad, CavdoT Tu ara mocemuli nivTi CanTaSi, saWiroa ori qveamocanis amoxsna:
roca mocemuli nivTi aucileblad iqneba CanTaSi da roca mocemuli nivTi ar iqneba CanTaSi. ase miiReba
erTmaneTis gadamfaravi qveamocanebi, rac warmoadgens tipur simptoms dinamikuri daprogramebisTvis.

10.3 matroidebi

xarb algoriTmebs ukavSirdeba kombinatorikis erT-erTi mimarTuleba - matroidebis Teoria. igi
xSirad gamoiyeneba imis saCveneblad, rom xarbi algoriTmi iZleva optimums.
matroidi ewodeba M=(S,I) wyvils, romelic akmayofilebs Semdeg pirobebs:

1. S - sasruli aracarieli simravlea

2. I - aracarieli ojaxia S-is qvesimravlebis; I-Si Semaval yovel qvesimravles ewodeba damoukide-
beli (independent), da aucileblad sruldeba memkvidreobiTi (hereditary) Tviseba:

(B ∈ I da A ⊆ B) =⇒ A ∈ I

3. Tu A ∈ I , B ∈ I da |A| < |B|, maSin arsebobs iseTi elementi x ∈ B\A, rom A ∪ {x} ∈ I . amas ewodeba
gadacvlis Tviseba (exchange property).

ganvixiloT ori magaliTi.
vTqvaT, S aris romeliRac matricis striqonebis simravle, xolo ramdenime striqonisgan Sedgenil
simravles vuwodoT damoukidebeli, Tu es striqonebi wrfivad damoukidebelia Cveulebrivi azriT.
advili saCvenebelia, rom ase miiReba matroidi. es magaliTi imiTaa saintereso, rom matroidebis Teo-
riaSi es pirveli magaliTi iyo da saxelic (matroidi) aqedan modis.
vTqvaT G aris araorientirebuli grafi. ganvmartoT (SG, IG) wyvili Semdegnairad: SG warmoadgens
grafis wiboTa erTobliobas, xolo IG Sedgeba wiboTa acikluri qvesimravleebisgan (wiboTa aciklur
qvesimravleSi, ar arsebobs am qvesimravlis wiboebisgan Sedgenili gza, romlis sawyisi wvero amav-
droulad mis bolos warmoadgens).
winaswar aRvniSnoT ramdenime cnobili faqti grafebis Sesaxeb.
vTqvaT A aris G-s wiboebis raime qvesimravle, ara aucileblad acikluri. A-s wiboebiT grafis wveroTa
simravle V iyofa ramdenime TanaukveTi qvesimravlis gaerTianebad:

V = V1 ∪ V2 ∪ · · · ∪ Vk

Vi ∩ Vj = ∅ Tu i ̸= j

ise rom yoveli Vi aris maqsimaluri simravle, romlis nebismieri ori wvero SeerTebulia A-s wi-
boebiT Sedgenili gziT. sxva sityvebiT, am SemTxvevaSi amboben rom V1, V2, . . . , Vk aris bmuli komponen-
tebi. radgan wiboTa sxvadasxva simravle gansxvavebul bmul komponentebad xleCen wveroTa simravles,
amitom saWiroebis SemTxvevaSi xazs vusvamT Tu wiboTa romelma simravlem Seqmna bmuli komponentebis
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mocemuli sistema da vambobT, magaliTad, rom V1, V2, . . . , Vk aris (A) bmuli komponentebis sistema. ma-
galiTad, Semdeg naxazze gamosaxuli grafis wveroebis simravle aris {a, b, c, d, e, h, k,m, n}, misi wiboe-
bis simravle gayofilia orad: uwyveti monakveTebi Seadgenen A simravles romelic acikluria, xolo
wyvetili monakveTebi Seadgenen B simravles. (A) bmuli komponentebia {a, b, c, h}, {e, k}, {d,m, n}, xolo
(B) bmuli komponentebia: {a, b, c, h, e} da {d, k,m, n}. B-s wiboebisgan Sedgenili gza cbhc qmnis cikls,
amitom B simravle araa acikluri. SevniSnoT kidev erTi faqti.

a

b c

h
e

n

k d

m

nax. 10.3:

lema 10.1. Tu A simravle acikluria da v1v2 aris wibo, romlis erTi wvero ekuTvnis romelime (A) -
bmul komponents V1, xolo meore wibo sxva (A) - bmul komponents V2, maSin v1v2 /∈ A da v1v2-is damatebiT
A kvlav acikluri rCeba.

Proof. pirveli daskvna cxadia radgan v1, v2 aqamde ar erTdeboda raime gziT da amitom ekuTvnodnen sxva-
dasxva bmul komponents. garda amisa, ori bmuli komponentis gaerTianeba mogvcems bmul simravles
(V1 ∪ V2)-is nebismieri ori wvero gaxda SeerTebadi raime gziT) romlis nebismieri ori wvero A∪ {v1v2}
simravlis wiboebisgan Sedgenili erTaderTi gziT erTdeba (radgan gzis fragmentebi Zvel komponen-
tebSi erTaderTia da komponentebs Soris kavSiric erTaderTia).

magaliTad, rogorc Cans naxazze, Tu A simravles davamatebT ce wibos, igi kvlav acikluria, oRond
komponentebis raodenoba erTiT Semcirdeba. aqve kargad Cans, rom nebismieri wibos damateba ar niSnavs
aciklurobis SemarCunebas.

Teorema 10.2. Tu G = (V,E) warmoadgens araorientirebul grafs, maSin M = (SG, IG) warmoadgens ma-
troids.

Proof. wiboTa acikluri simravlis nebismieri qvesimravle agreTve acikluria, amitom IG simravles aqvs
memkvidreobiTi Tviseba da dasamtkicebeli darCa, rom mas aqvs gadacvlis Tvisebac.
vTqvaT axla, A aris G-s wiboebis raime acikluri qvesimravle. induqciis meTodiT vaCvenoT, rom V -Si
(A) bmuli komponentebis raodenoba aris |V |−|A|. marTlac, Tu A carielia, maSin |A| = 0 da yoveli wvero
calke komponentia, sul |V | cali. vTqvaT es samarTliania |A| = k-sTvis da davamatoT A-s erTi wibo
ise, rom igi kvlav acikluri darCes. maSin, axali wibo ver SeaerTebs erTi da igive bmuli komponentis
or wveros (isini ukve SeerTebulia raRac gziT da acikluroba dairRveva). amgvarad, erTi axali wibos
damateba aciklurobis SenarCunebiT iwvevs komponentebis ricxvis erTiT Semcirebas.
vTqvaT A da B - wiboTa acikluri qvesimravleebia G-Si da —B—¿—A—. (A) bmuli komponentebis rao-
denoba aris —V—-—A—, xolo (B) bmuli komponentebis raodenoba aris —V—-—B—. radgan —V—-
—B—¡—V—-—A—, amitom arsebobs B-s wveroebis mier Seqmnili bmuli komponenti T , romlis ori wvero
ekuTvnis A-s wveroebis mier Seqmnil or gansxvavebul bmul komponents, Tu arada aRmoCndeba rom (B)
bmuli komponentebi Calagebulia (A) bmul komponentebSi, anu maTi raodenoba aranaklebia (radgan
yovel (A) bmul komponents aqvs TanakveTa romeliRac (B) bmul komponentTn). e.i. arsebobs B simravlis
wiboebisgan Sedgenili gza, romelic iwyeba romeliRac (A) bmul komponentSi V1 da mTavrdeba mis gareT.
maSasadame, aucileblad arsebobs B-s iseTi (u,v) wibo, rom u ∈ V1 da v /∈ V1. zemoT damtkicebuli lemis
ZaliT gasagebia, rom Tu (u,v) wibos davamatebT A-s, kvlav aciklur qvesimravles miviRebT.

araorientirebuli G grafSi sxvanairadac SeiZleba matroidebis ganmarteba. magaliTad, SegviZlia IG
simravled gamovacxadoT wiboTa nebismieri qvesimravlis erToblioba, an mxolod carieli simravle.
magram esaa xelovnuri da uSinaarso magaliTebi.
M=(S,I) matroidSi x /∈ A elements ewodeba A-s gafarToeba, Tu A ∪ {x} ∈ I . magaliTad, grafikul
matroidSi wibo warmoadgens wveroTa damoukidebeli A simravlis gafarToebas, Tu misi damateba ar
qmnis cikls.
matroidis damoukidebel qvesimravles ewodeba maqsimaluri, Tu ar arsebobs ufro didi zomis damo-
ukidebeli qvesimravle, romelic mas moicavs.
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Teorema 10.3. mocemuli matroidis yoveli maqsimaluri damoukidebeli qvesimravle Sedgeba erTi da
igive raodenobis elementebisgan.

Proof. Tu A da B maqsimaluri damoukidebeli qvesimravleebia da —A—¡—B—, maSin gadacvlis Tvisebis
ZaliT arsebobs iseTi x /∈ A, rom A ∪ {x} ∈ I . magram es niSnavs winaaRmdegobas maqsimalurobasTan.

magaliTad ganvixiloT grafikuli matroidi MG, romelic Seesabameba bmul G grafs. MG-s yoveli
maqsimaluri damoukidebeli qvesimravle aris xe (bmuli acikluri grafi) —V—-1 wiboTi da erTmaneT-
Tan aerTebs grafis yvela wveros. aseT xes G grafis minimaluri damfaravi xe ewodeba.
M=(S,I) matroids vuwodoT wonadi, Tu S simravleze gansazRvrulia (wonis) funqcia mniSvnelobebiT
dadebiT ricxvebSi. am funqciis gavrceleba SegviZlia S-is qvesimravleebze: qvesimravlis wona ganisa-
zRvreba rogorc misi elementebis wonaTa jami:

w(A) =
∑
x∈A

w(x)

magaliTad, grafikul matridSi wibos wonad SegviZlia misi sigrZe miviRoT, xolo qvegrafis wonad -
misi wiboebis sigrZeTa jami.

10.4 xarbi algoriTmebi awonili matroidisTvis

xSirad, optimizaciis amocanis amoxsna xarbi algoriTmiT SeiZleba ganxiluli iqnas rogorc awonil
M=(S,I) matroidSi udidesi wonis mqone damoukidebli qvesimravlis moZebnis amocana. udidesi wonis
mqone damoukidebel qvesimravles ewodeba awonili matroidis optimaluri qvesimravle. magaliTad, am
tipis amocanas warmoadgens minimaluri damfaravi xis gansazRvris amocana, romelsac SemdegSi ganvi-
xilavT dawvrilebiT.
moviyvanoT xarbi algoriTmis fsevdokodi, romelic nebismier awonil matroidSi iZleva optimaluri
qvesimravlis gansazRvris saSualebas; am kodSi, M=(S,I) matroidisTvis vgulisxmobT, rom S=S(M),
I=I(M); woniT funqcias aRniSnavs w.

Algorithm 29: Greedy

Input: M = (S, I) matroidi da woniTi funqcia w
Output:

1 GREEDY(M, w) :

2 A = {∅};
3 sort(S(M)); // wonebis klebis mixedviT
4 for ∀x ∈ S(M) :
5 if A ∪ {x} ∈ I(M) :
6 A = A ∪ {x};
7 return A;

algoriTmi muSaobs Semdegnairad. Tavidan A = ∅, da SevniSnoT rom carieli simravle damoukidebe-
lia memkvidreobiTi Tvisebis ZaliT. Semdeg vasortirebT S(M)-is elementebs klebadobiT da pirveli-
dan dawyebuli, Tu morigi elementis damateba SeiZleba damoukideblobis daurRvevlad, vamatebT mas.
gasagebia, rom bolos miiReba damoukidebeli simravle. qvemoT vaCvenebT, rom mas agreTve eqneba maqsi-
maluri wona damoukidebel qvesimravleTa Soris, magram jer SevafasoT GREEDY(M,w) muSaobis dro.
sortirebas miaqvs O(n log(n)) dro, sadac n = |S|. simravlis damoukideblobis Semowmeba xdeba n-jer,
rasac miaqvs f(n) dro. maSin, algoriTmis muSaobis droa O(n log(n) + f(n)).
axla vaCvenoT, rom es algoriTmi marTlac iZleva optimaluri pasuxs.

lema 10.2. (xarbi amorCevis Tviseba matroidisTvis). vTqvaT, M=(S,I) aris wonadi matroidi wonis w
funqciiT. vTqvaT, x ∈ S aris udidesi zomis mqone elementi erTelementian damoukidebel elementebs
Soris. maSin, x Sedis romeliRac optimalur A ⊆ S qvesimravleSi.

Proof. vTqvaT, romelime B aris optimaluri qvesimravle. vigulisxmoT x /∈ B, Tu ara da dasamtkicebeli
araferia.
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aviRoT A′ = {x}. es damoukidebeli simravlea. gamoviyenoT (|B| − 1)-jer gadacvlis Tviseba, TandaTan
vafarToebT A′-s da bolos viRebT {x}-isa B simravlis (—B—-1) cali elementis gaerTianebisgan Sedge-
nil A simravles. amgvarad, —A—=—B— (e.i. A maqsimaluria) da w(A)=w(B)-w(y)+w(x), sadac y aris er-
TaderTi elementi B-dan, romelic ar ekuTvnis A-s. radgan memkvidreobiTi Tvisebis ZaliT B-s yoveli
elementi damoukidebelia, amitom w(x) ≥ w(y), x-is arCevis Tanaxmad. maSasadame, w(A) ≥ w(B) da A
agreTve optimaluria.
algoriTmi GREEDY(M,w) swor pasuxs iZleva, roca damoukidebeli elementi saerTod araa an mxo-
lod erTia; damtkicebuli lema gvaZlevs amocanis zomis Semcirebis saSualebas, radgan damoukide-
beli erTelementiani elementebis simravle - is arCevis Semdeg erTiT Semcirda. axla, Tu vaCvenebT
rom amocanis zomis Semcirebis Semdeg igive tipis amocana gvrCeba amosaxsneli (e.i. ufro mcire zomis
awonil matroidSi optimaluri qvesimravlis gansazRvra), maSin induqciis principis Tanaxmad damt-
kicebuli iqneba algoriTm GREEDY(M,w)-is koreqtuloba. sxva sityvebiT, saCvenebeli darCa, rom am
amocanas aqvs optimaluri qvestruqtura.

lema 10.3. (optimaluri qvestruqturis Tviseba matroidebisTvis). vTqvaT,M=(S,I) aris wonadi matroidi
da x ∈ S aris iseTi elementi, rom {x} damoukidebelia. maSin udidesi wonis mqone damoukidebeli
simravle, romelic Seicavs x-s, warmoadgens gaerTianebas {x}-isa da M ′ = (S′, I ′) monoidis udidesi
wonis mqone damoukidebeli simravlisa, sadac:

S′ = {y ∈ S : {x, y} ∈ S}

I ′ = {B′ ⊆ S\{x} : B ∪ {x} ∈ I}

xolo wonis funqcia warmoadgens M matroidis wonis funqciis SezRudviT S′-ze.

Proof. ganmartebis Tanaxmad, S-is is damoukidebeli simravleebi, romlebic Seicaven x-s, miiRebian x-
is damatebiT S′-is damoukidebel simravleebze. amasTan, maTi wonebi gansxvavdeba zustad w(x)-iT, anu
optimalur simravleebs Seesabameba optimalurebi.

10.4.1 ganrigis Sedgenis amocana

matroidebis Teoriis gamoyenebiT gamovikvlioT ganrigis Sedgenis amocana im pirobebSi, rom SekveTebi
toli xangrZlivobisaa (Sesrulebis drois mixedviT), Semsrulebli erTaderTia, mocemulia SekveTebis
Sesrulebis vadebi da gaTvaliswinebulia jarimebi am vadebis darRvevisTvis.
ufro konkretulad, mocemulia SekveTebisgan Sedgenili simravle S, maTgan TiToeulis Sesrule-
bas sWirdeba drois zustad erTi erTeuli. S-is ganrigi (schedule) ewodeba S-is elementebis iseT
gadanacvlebas, romelic gansazRvravs SekveTebis Sesrulebis Tanmimdevrobas: pirveli SekveTis Ses-
ruleba daiwyeba drois 0 momentSi da dasruldeba 1 momentSi, meore SekveTis Sesruleba daiwyeba
drois 1 momentSi da dasruldeba 2 momentSi, da a.S.
am amocanaSi, Semaval monacemebs warmoadgenen:

• S = {1, 2, . . . , n} simravle, romlis elementebs vuwodebT SekveTebs

• mTeli arauaryofiTi ricxvisgan Sedgenili mimdevroba d1, d2, . . . , dn, romlebsac Sesrulebis vadebi
(deadlines) ewodebaT (1 ≤ di ≤ n yoveli i-sTvis, di ekuTvnis i-ur SekveTas)

• n mTeli arauaryofiTi ricxvisgan Sedgenili mimdevroba w1, w2, . . . , wn, romlebsac jarimebi (penal-
ties) ewodebaT (Tu i-ur SekveTa ver Sesruldeba di droisTvis, gaTvaliswinebulia jarima wi)

Cveni amocanaa ise ganvsazRvroT elementebis Tanmimdevroba S-Si, rom jarimebis jami iyos minimaluri.
romelime SerCeul ganrigSi, i-ur SekveTas ewodeba vadagadacilebuli (late) Tu misi Sesruleba mTavr-
deba di momentis Semdeg, xolo winaaRmdeg SemTxvevaSi ewodeba droulad Sesrulebuli (early).
yoveli ganrigis modificireba SeiZleba jarimebis jamis Seucvlelad ise, rom masSi yvela vadagada-
cilebuli SekveTa idges droulad Sesrulebuli SekveTebis Semdeg. marTlac, Tu ganrigiT gaTval-
iswinebulia vadagadacilebuli y SekveTis Sesruleba droulad Sesrulebuli x SekveTis Semdeg, maSin
maTi adgilebis Secvla arc jarimebis jams cvlis da arc maT statuss.
ufro metic, jarimebis jamis Seucvlelad SegviZlia yovel ganrigs mivceT kanonikuri saxe (canonical
form), romelSic vadagadacilebuli SekveTebi dgas droulad Sesrulebuli SekveTebis Semdeg, xolo
droulad Sesrulebuli SekveTebis Sesrulebis vadebi dalagebulia zrdadobis mixedviT. marTlac,
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ukve vanaxeT rom SegviZlia vadagadacilebuli SekveTebi davayenoT droulad Sesrulebuli i SekveTe-
bis Semdeg. vTqvaT axla, droulad Sesrulebuli i da SekveTebi sruldebian drois k da k+1 momentebSi,
Sesabamisad, magram di > dj . vnaxoT Tu ra moxdeba maTTvis adgilebis gacvlis SemTxvevaSi. j-ur Sekve-
Tas araviTari problema ara aqvs, radgan kidev ufro adre dasruldeba. radgan di > dj ≥ k + 1, amitom
isic droulad dasruldeba, jarimis gareSe. radgan aseTi SesaZlo gadanacvlebebis mTliani ricxvi
sasrulia, amitom SesaZlebelia ganrigis miyvana kanonikur saxeze.
amgvarad, ganrigis Sedgenis amocana daiyvaneba iseTi A simravlis gansazRvraze, romelic Sedgeba
droulad Sesrulebuli SekveTebisgan: rogorc ki es simravle moiZebneba, mTliani ganrigis Sesadgenad
sakmarisia A-Si Semavali SekveTebi ganvalagoT Sesrulebis vadebis zrdis mixedviT, xolo danarCeni
SekveTebi maT Semdeg nebismieri TanmimdevrobiT.
A ⊆ S simravles vuwodoT damoukidebeli, Tu am simravlis SekveTebisTvis SesaZlebelia iseTi gan-
rigis Sedgena, rom yvela SekveTa droulad Sesruldes. aRvniSnoT I-Ti yvela damoukidebeli qvesim-
ravlis erToblioba.
Cveni msjeloba rom konstruqciuli iyos, unda mivuTiToT kriteriumi, romelic dagvexmareba imis
garkvevaSi, aris Tu ara mocemuli simravle damoukidebeli. yoveli t = 1, 2, . . . , n-isTvis aRvniSnoT
Nt(A)-Ti A simravlidan im SekveTebis raodenoba, romelTa Sesrulebis vada ar aRemateba t-s.

lema 10.4. yoveli A ⊆ S qvesimravlisTvis Semdegi sami piroba aris erTmaneTis ekvivalenturi:

1. A aris damoukidebeli simravle

2. yoveli t = 1, 2, . . . , n-isTvis sruldeba Nt(A) ≤ t

3. Tu A simravlis SekveTebs ganvalagebT Sesrulebis vadebis zrdis mixedviT, maSin yvela SekveTa
Sesruldeba droulad

Proof. Tu Nt(A) > t romelime t-sTvis, maSin drois pirvel t intervalSi Sesasrulebeli SekveTebis rao-
denoba metia t-ze da amitom erTi maTgani mainc aRmoCndeba vadagadacilebuli. amitom 1) =⇒ 2). vTqvaT,
sruldeba 2) da ik aris im SekveTis nomeri, romlis Sesrulebis vada aris k-uri, Tu vadebs davaxarisxebT
zrdadobis mixedviT. maSin, 2)-is Tanaxmad, dik ≥ k, anu Tu SekveTebs ganvalagebT Sesrulebis vadebis
zrdis mixedviT, yvela maTgani droulad Sesruldeba. bolos, 3) =⇒ 1) cxadia.

sawyisi amocana, anu vadagadacilebuli SekveTebis gamo miRebuli jarimebis jamis minimizacia - igivea
rac argadaxdili jarimebis jamis maqsimizacia, anu im jarimebisa, rac ukavSirdeba droulad Sesrule-
bul SekveTebs. Semdegi Teorema gviCvenebs, rom aseTi optimizaciis amocana ixsneba xarbi algoriTmiT.

Teorema 10.4. vTqvaT, S aris toli xangrZlivobis SekveTebis simravle mocemuli Sesrulebis vadebiT,
xolo I aris SekveTebis damoukidebeli qvesimravllebis erToblioba. maSin (S, I) wyvili warmoadgens
matroids.

Proof. cxadia, rom damoukidebeli simravlis yoveli qvesimravle aseve damoukidebelia da dasamtkice-
beli gvrCeba, rom sruldeba gadacvlis Tvisebac. vTqvaT A da B damoukidebeli simravleebia da
—B—¿—A—. SevadaroT ricxvebi Nt(B) da Nt(A) sxvadasxva t-sTvis. roca t = n, pirveli ricxvia meti;
vamcirebT ra t-s, raRac momentSi isini erTmaneTis toli xdeba da am moments vuwodoT k (Tu es sul bo-
los moxdeba, viRebT k = 0). amgvarad, Nk(A) = Nk(B) Tu k = 0 daNk+1(B) > Nk+1(A). amitom arsebobs erTi
SekveTa mainc x ∈ B\A, romlis Sesrulebis dro ar aRemateba (k+1)-s. aviRoT A′ = A∪{x}. Tu t ≤ k, maSin
Nt(A

′) = Nt(A) ≤ t A simravlis damoukideblobis ZaliT; Tu t > k, maSin Nt(A
′) = Nt(A) + 1 ≤ Nt(B) ≤ t

ukve B simravlis damoukideblobis ZaliT. maSasadame, A′ damoukidebelia damtkicebuli lemis ZaliT
da (S, I) wyvilisTis sruldeba gadacvlis Tviseba.

rogorc vxedavT, SekveTebis optimaluri A simravlis gansazRvrisTvis SegviZlia xarbi algoriTmis
gamoyeneba, xolo Semdeg unda SevadginoT ganrigi, romelic jer A simravlis SekveTebs ganalagebs
Sesrulebis vadebis zrdis mixedviT, xolo Semdeg danarCen SekveTebs. es aris ganrigis Sedgenis amoca-
nis amoxsna. Tu gamoviyenebT algoriTms GREEDY, maSin muSaobis dro iqneba O(n2), radgan algoriTmis
muSaobis procesSi saWiroa simravlis damoukideblobis Semowmeba n-jer, da TiToeul aseT Semowmebas
sWirdeba O(n) operacia.
Semdeg cxrilSi moyvanilia ganrigis Sedgenis amocanis erTi nimuSi.
xarbi algoriTmi arCevs SekveTebs 1,2,3,4 Semdeg iwunebs SekveTebs 5,6 da kvlav arCevs 7-s. Semdeg
SerCeuli SekveTebi sortirdeba Sesrulebis drois mixedviT da Sedgenili optimaluri ganrigi mi-
iRebs saxes: ¡2,4,1,3,7,5,6¿ jarimebis jami aris w5 + w6 = 50.
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SekveTa 1 2 3 4 5 6 7

di 4 2 4 3 1 4 6

wi 70 60 50 40 30 20 10

nax. 10.4:

10.5 savarjiSoebi
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Tavi 11

qvestriqonebis Zebnis amocana

11.1 aRniSvnebi da terminologia

vTqvaT, mocemuli gvaqvs Σ anbani. misi elementebisgan Sedgenil sasruli sigrZis simravles vuwodoT
striqoni (string). Σ∗-iT avRniSnoT Σ anbaniT Sedgenili striqonebis simravle. sasruli sigrZis ca-
rieli striqoni (empty string), romelic aRiniSneba ϵ-iT, agreTve, ekuTvnis Σ∗-s. x striqonis sigrZe
avRiniSnoT —x—-iT. x da y striqonebis konkatenacia (concatenation), avRiniSnoT xy-iT, misi sigrZea
—x—+—y— da Sedgeba mimdevrobiT x da y striqonebis simboloebisagan.
ω striqons ewodeba x striqonis prefiqsi (prefix), (aRiniSneba ω ⊏ x) Tu arsebobs imave anbanze gansazRv-
ruli y striqoni, iseTi, rom x = ωy. (mag.: x = abcca, ω = ab, ab ⊏ abcca).
ω striqons ewodeba x striqonis sufiqsi (suffix), (aRiniSneba ω ⊐ x) Tu arsebobs imave anbanze gansazRv-
ruli y striqoni, iseTi, rom x = yω. (mag.: x = abcca, ω = cca, cca ⊐ abcca).
carieli striqoni ϵ, aris nebismieri striqonis prefiqsic da sufiqsic. Tu ω aris x-is prefiqsi an
sufiqsi, maSin |ω| ≤ |x|. nebismieri x da y striqonebisTvis da nebismieri a simbolosTvis, x ⊐ y sruldeba
maSin da mxolod maSin, roca xa ⊐ ya. adgili aqvs Semdeg lemas:

lema 11.1. ( ori sufiqsis Sesaxeb). vTqvaT, x, y da z striqonebia, romlebisTvisac x ⊐ z, y ⊐ z:

• Tu |x| ≤ |y| maSin x ⊐ y

• Tu |x| ≥ |y| maSin y ⊐ x

• Tu |x| = |y| maSin x = y

Tu striqonis prefiqsi an sufiqsi ar emTxveva striqons, mas uwodeben sakuTriv prefiqss, an sakuTriv
sufiqss.
n sigrZis T striqoni avRniSnoT T[1..n]-iT. T[1..n]-is k-simboloiani prefiqsi avRniSnoT Tk-Ti. amrigad,
T0 = ϵ da Tn = T = T [1..n].

11.2 qvestriqonebis Zebnis amocanis dasma

vTqvaT, mocemuli gvaqvs Σ anbanze gansazRvruli n sigrZis striqoni, romelsac vuwodebT teqsts da
avRniSnavT T[1..n]-iT dam sigrZis striqoni, romelsac vuwodebT nimuSs da avRniSnavT P[1..m]-iT (pattern)
(m ≤ n).
vityviT, rom T teqstSi P nimuSi Sedis s wanacvlebiT (occurs with shift s) an rac igivea, P nimuSi T teqstSi
gvxvdeba s+1 poziciidan (occurs beginning at position s+1) Tu 0 ≤ s ≤ n−m da T[s+1..s+m]=P[1..m].
Tu P nimuSi T teqstSi Sedis s wanacvlebiT, maSin s-s dasaSveb wanacvlebas (valid shift) uwodeben, winaaR-
mdeg SemTxvevaSi - s dauSvebeli wanacvlebaa (invalid shift).
qvestriqonebis Zebnis amocana (string matching problem) mdgomareobs SemdegSi: vipovoT yvela is dasaSvebi
wanacvleba, romliTac P nimuSi Sedis T teqstSi. qvestriqonebis Zebnis amocana SeiZleba asec Camovay-
aliboT: vipovoT yvela is s wanacvleba 0 ≤ s ≤ n−m intervalSi, romlisTvisac P ⊐ Ts+m.

95
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Cven ganvixilavT qvestriqonebis Zebnis ramdenime algoriTms. algoriTmebi mocemuli iqneba fsevdoko-
dis saxiT. yvela maTganSi qvestriqonebis Zebnis amocanaSi veZebT pirvel dasaSveb wanacvlebas, rome-
lic Seesabameba marcxnidan pirvel qvestriqons teqstSi. Tu saWiroa yvela qvestriqonis povna teqstSi,
algoriTmi gaagrZelebs muSaobas teqstis bolomde.
fsevdokodSi igulisxmeba, rom erTnairi sigrZis ori striqonis Sedareba primitiuli operaciaa. stri-
qonebis Sedarebisas, garkveuli raodenoba simboloebis damTxvevis Semdeg, pirvelive ardamTxvevis-
Tanave procesi wydeba. iTvleba, rom am procesze daxarjuli dro gamoixateba wrfivi funqciiT, ro-
melic damokidebulia striqonebis toli (damTxveuli) simboloebis raodenobaze. ufro zustad, iTv-
leba, rom testi "x = y" sruldeba Θ(t + 1) droSi, sadac t aris yvelaze grZeli z striqonis sigrZe,
romelic aris erTdroulad x-is da y-is prefiqsi (z ⊏ x, z ⊏ y) (rom gaviTvaliswinoT t=0 SemTxveva,
Θ(t)-s nacvlad vwerT Θ(t + 1)-s. am situaciaSi ar emTxveva striqonebis pirvelive simboloebi, magram
amis Sesamowmebladac saWiroa raRac dadebiTi dro).

11.3 qvestriqonebis Zebnis umartivesi algoriTmi

qvestriqonebis Zebnis yvelaze martiv algoriTmSi, romelic damyarebulia "uxeSi Zalis" meTodze, s
dasaSvebi wanacvlebis povna xdeba s-is yvela SesaZlo n-m+1 mniSvnelobisTvis P[1..m]=T[s+1..s+m] piro-
bis TanmimdevrobiT SemowmebiT.
algoriTmi muSaobs Semdegnairad: nimuSis da teqstis pirvel simboloebs (elementebs) vusworebT erT-
maneTs da vadarebT Sesabamis wyvilebs marcxnidan marjvniv, sanam yvela m wyvili ar daemTxveva erT-
maneTs (am SemTxvevaSi, algoriTmi asrulebs muSaobas). Tu Sedarebisas aRmoCnda gansxvavebuli wyvili,
nimuSs vamoZravebT erTi poziciiT marjvniv da simboloebis Sedareba grZeldeba nimuSis pirveli sim-
bolosa da teqstis Sesabamisi simbolos Sedarebidan. SevniSnoT, rom teqstis bolo pozicia, romelic
SeiZleba qvestriqonis pirveli simbolo iyos, aris n-m+1.

Algorithm 30: Naive String Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 NAIVE-STRING-MATCHER(T, P) :

2 n = len(T);

3 m = len(P);

4 for s=0; i<=n-m; s++ :
5 j = 1;

6 while j <= m and P[j] == T[s+j] :
7 j++;

8 if j == m+1 :
9 print(s);

algoriTmis muSaobis dro. CavTvaloT Sedarebis operacia ZiriTad operaciad. Semavali monacemebi
ganisazRvreba teqstis da nimuSis simboloebis raodenobiT. algoriTmis muSaobis dro iqneba:

n−m∑
s=0

m∑
j=1

1 =

n−m∑
s=0

(m− 1 + 1) =

n−m∑
s=0

m = m(n−m+ 1) ∈ Θ(mn)

ganvixiloT magaliTi, romelic Seesabameba e.w. uares SemTxvevas, roca gvixdeba m simbolos Semcveli
nimuSis yvela simbolos Sedareba teqstis Sesabamis simboloebTan, anu, roca pirveli m-1 simbolo
emTxveva teqstis Sesabamis simboloebs, da bolo-ara. sul dagvWirdeba (n-m+1)m Sedareba. (Cvens
SemTxvevaSi - 9).
magaliTi 1. vTqvaT, T=aaaab, P=aab, n=5, m=3.
amrigad, uares SemTxvevaSi, algoriTmis muSaobis droa Θ(mn), magram tipobriv SemTxvevebSi, mosalod-
nelia, rom wanacvlebebis umetesoba Sesruldeba Sedarebebis mcire raodenobis Catarebis Semdeg. al-
goriTmis muSaobis dro saSualo SemTxvevaSi arsebiTad ukeTesia muSaobis droze uares SemTxvevaSi,
kerZod, SeiZleba vaCvenoT, rom igi tolia (m+ n) = Θ(n).
magaliTi 2. ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
BESS-KNEW-ABOUT-BAOBABS nimuSis - BAOBAB Zebnis amocana umartivesi algoriTmiT.
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a a a a b

a a b 3 Sedareba
a a b 3 Sedareba

a a b 3 Sedareba

tabula 11.1: sul 9 Sedareba
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B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

tabula 11.2: sul 24 Sedareba

umartivesi algoriTmis araefeqturobas ganapirobebs is, rom informacia teqstis Sesaxeb s wanacvlebis
Semowmebis dros, saerTod ar gamoiyeneba, momdevno wanacvlebis Semowmebisas.
umartivesi algoriTmisgan gansxvavebiT, ufro swrafi algoriTmebi emyareba nimuSis winaswari "da-
muSavebis" ideas: nimuSze garkveuli informaciis miRebas, mis Senaxvas cxrilSi da Semdeg, am infor-
maciis gamoyenebas teqstSi nimuSis realuri Zebnisas. am ideas emyareba ori yvelaze cnobili algo-
riTmi: boier-muris, boier-mur-horspulis (boier-muris gamartivebuli SemTxveva), knut-moris-pratis
algoriTmebi. boier-muris, boier-mur-horspulis algoriTmebSi nimuSis ganxilva xdeba marjvnidan
marcxniv, xolo knut-moris-pratis algoriTmSi - marcxnidan marjvniv.

11.4 knut-moris-pratis algoriTmi

es algoriTmi damoukideblad Seqmnes erTi mxriv, knutma (Knuth) da morisma (Morris) da meore mxriv,
pratma(Pratt) 1977 wels. misi muSaobis siswrafe ganpirobebulia imiT, rom mocemuli P[1..m] nimuSisTvis
winaswar viTvliT e.w. π[1..m] prefiqs-funqcias (prefix-function). algoriTmi muSaobs Semdegnairad: nimu-
Sis da teqstis pirvel simboloebs vusworebT erTmaneTs da vadarebT Sesabamis wyvilebs marcxnidan
marjvniv, sanam yvelam wyvili ar daemTxveva erTmaneTs (am SemTxvevaSi, algoriTmi asrulebs muSaobas).
Tu Sedarebisas aRmoCnda gansxvavebuli wyvili, nimuSs vamoZravebT marjvniv. cxadia, algoriTmi miT
efeqturia, rac metia wanacvlebis sidide yovel bijze. am algoriTmSi wanacvlebis sidide dgindeba
e.w. π[1..m] prefiqs-funqciis (prefix-function) gamoyenebiT, romelic gamoiTvleba O(m) droSi. igi nimuSis
elementebzea gansazRvruli da Seicavs informacias imis Sesaxeb, Tu ramdenad emTxveva nimuSi Tavis
Tavs wanacvlebis Semdeg, rac saSualebas gvaZlevs aviciloT Tavidan zedmeti Sedarebebi.
prefiqs-funqciis gamoTvlis saWiroeba SeiZleba ganvixiloT Semdeg magaliTze: vTqvaT, mocemulia
laTinuri anbani Σ, nimuSi P=ababaca da teqsti T=bacbabababacaca.
vTqvaT s wanacvlebisTvis aRmoCnda, rom nimuSis pirveli q simbolo (am SemTxvevaSi q=5) daemTxva
teqstis Sesabamis simboloebs, xolo momdevno (meeqvse) simbolo gansxvavebulia.
es niSnavs, rom Cven viciT teqstis q raodenoba T[s+1],. . . ,T[s+q] simboloebi da is, rom nimuSi s wa-
nacvlebiT teqstSi ar Sedis. mocemuli informaciis safuZvelze SeiZleba davaskvnaT, rom zogierTi
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b a c b a b a b a b a c a c a

<- -s- -> a b a b a c a

<- - -q- - ->

tabula 11.3

wanacvleba ueWvelad dauSvebelia. Cvens magaliTSi dauSvebelia wanacvleba s+1, radgan am dros nimu-
Sis pirveli elementi a aRmoCndeba teqstis s+2-e elementis - b-s qveS. s+2 wanacvlebisas, ki nimuSis
pirveli 3 elementi daemTxveva teqstis T[s+3], T[s+4], T[s+5] elementebs (anu teqstis CvenTvis cnobil
bolo 3 elements) amitom, am wanacvlebis Seumowmeblad uaryofa ar SeiZleba.

b a c b a b a b a b a c a c a

<- - s’=s+2 - -> a b a b a c a

<- k ->

tabula 11.4

informacias dasaSvebi wanacvlebebis Sesaxeb gvaZlevs π[1..m] prefiqs-funqcia, romelic gamoiTvleba
algoriTmis dawyebamde da Seitaneba cxrilSi. Tu s wanacvlebisas, pirveli q simbolo emTxveva, maSin
Semdegi wanacvleba, romelic SeiZleba iyos dasaSvebi, tolia s’ = s + (q - π[q]).
sakiTxi SeiZleba davsvaT Semdegnairad: vTqvaT, nimuSis P[1..q] simboloebi daemTxva teqstis T[s+1..s+q]
simboloebs. ras udris is umciresi wanacvleba s’¿s, romlisTvisac:

P [1..k] = T [s′ + 1..s′ + k] (11.1)

sadac s’+k = s+q. saukeTeso SemTxvevaSi s’ = s+q da s+1,. . . ,s+q-1 wanacvlebebis ganxilva ar dagvWird-
eba. magram, Tu nimuSi iseTia, rom misi wanacvlebisas sakuTari Tavis mimarT, misi garkveuli elementebi
emTxvevian erTmaneTs, maSin s+1,. . . ,s+q-1 wanacvlebebidan SeiZleba romelime iyos dasaSvebi. nebismier
SemTxvevaSi, s’ wanacvlebis ganxilvisas, SegviZlia ar SevadaroT nimuSis pirveli k simbolo teqstis
Sesabamis simboloebs, radganac isini aucileblad daemTxvevian erTmaneTs. (P[1..k] = T[s’+1..s’+k]-s sa-
fuZvelze).
s’-s sapovnelad, sakmarisia vicodeT nimuSi P da ricxvi q. saxeldobr, Pq striqonis k simboloiani
sufiqsi, romelic emTxveva teqstis T[s’+1..s’+k] simboloebs. k ricxvi (11.1) formulaSi warmoadgens
iseT udides ricxvs, romlisTvisac Pk aris Pq-s sufiqsi.
P[1..m] nimuSis prefiqs-funqcia ewodeba funqcias π : {1, 2, . . . ,m} → {0, 1, . . . ,m−1}, romelic gansazRvru-
lia Semdegnairad: π[q] = max{k : k < q da Pk ⊐ Pq}
sxva sityvebiT rom vTqvaT, π[q] aris P nimuSis im udidesi prefiqsis sigrZe, romelic Pq-s sakuTriv
sufiqss warmoadgens.

Algorithm 31: Compute Prefix Function

Input: teqstSi saZebni nimuSi P
Output: prefiqs funcqciis mniSvnelobebi masivSi

1 COMPUTE-PREFIX-FUNCTION(P) :

2 m = len(P);

3 π[1] = 0;

4 k = 0;

5 for q=2; q<=m; q++ :
6 while k>0 and P[k+1] != P[q] :
7 k = π[k];
8 if P[k+1] == P[q] :
9 k++;

10 π[q] = k;

11 return π;

qvemoT moyvanili knut-moris-pratis algoriTmi fsevdokodis saxiT, sadac xdeba COMPUTE-PREFIX-
FUNCTION-is gamoZaxeba.
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Algorithm 32: atcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 KMP-MATCHER(T, P) :

2 n = len(T);

3 m = len(P);

4 π = COMPUTE-PREFIX-FUNCTION(P);

5 q = 0;

6 for i=1; i<=n; i++ :
7 while q > 0 and P[q+1] != T[i] :
8 q = π[q];
9 if P[q+1] == T[i] :
10 q++;

11 if q == m :
12 print(’ nimuSi aRmoCenilia wanacvlebiT ’, i-m);

13 q = π[q];

algoriTmis muSaobis dro. saamortizacio analizis potencialTa meTodis gamoyenebiT, SeiZleba va-
CvenoT, rom COMPUTE-PREFIX-FUNCTION-is muSaobis dro aris Θ(m). k (teqstisa da nimuSis toli
simboloebis raodenoba) sididis potenciali ukavSirdeba mis mimdinare mniSvnelobas algoriTmSi. me-
4 striqonidan Cans, rom k-s sawyisi mniSvnelobaa 0. me-7 striqonSi k mcirdeba misi yoveli gamoTvlisas,
radgan π[k]¡k. magram, radgan π[k] ≥ 0, k arasodes ar xdeba uaryofiTi. erTaderTi striqoni algo-
riTmSi, romelSic SeiZleba Seicvalos k-s mniSvneloba, aris me-8 striqoni, sadac is izrdeba araumetes
1-iT. radgan ciklSi Sesvlamde k¡q, da q-s mniSvneloba izrdeba ciklis yoveli iteraciisas, k¡q narCun-
deba, iseve rogorc utoloba π[q]¡q. while ciklis tanis yoveli Sesruleba me-6 striqonSi SeiZleba
"gadavixadoT" potenciuri funqciis SemcirebiT, radganac π[k]¡k. me-9 striqonSi potenciuri funqcia
izrdeba araumetes 1-iT, amitom 6-10 striqonebSi ciklis tanis saamortizacio Rirebuleba tolia O(1)-
s. radgan gare ciklSi iteraciebis raodenoba aris Θ(m) da radgan potenciuri funqciis saboloo
mniSvneloba sawyis mniSvnelobaze naklebi araa, COMPUTE-PREFIX-FUNCTION-s muSaobis faqtiuri
dro uares SemTxvevaSi tolia Θ(m)-s.

analogiurad mtkicdeba, rom KMP-MATCHER-s muSaobis dro aris Θ(n). amrigad, algoriTmis muSaobis
dro iqneba Θ(n+m).

qvemoT moyvanilia prefiqs-funqciis cxrilebi nimuSebisTvis:

i 1 2 3 4 5 6 7

P[i] a b a b a c a

π[i] 0 0 1 2 3 0 1

(a)

i 1 2 3 4 5 6

P[i] B A O B A B

π[i] 0 0 0 1 2 1

(b)

tabula 11.5

magaliTi 3: ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
BESS-KNEW-ABOUT-BAOBABS nimuSis - BAOBAB Zebnis amocana knut-moris pratis algoriTmiT.
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B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

tabula 11.6: sul 24 Sedareba

magaliTi 4: ganvixiloT laTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi:
bacbabababacaca nimuSis - ababaca Zebnis amocana.

b a c b a b a b a b a c a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

a b a b a c a

tabula 11.7: sul 15 Sedareba

11.5 boier-mur-horspulis algoriTmi

boier-mur-horspulis (SemdegSi, b-m-h-is) algoriTmi, iseve rogorc k-m-p-is algoriTmi, nimuSis winaswari
damuSavebis xarjze, amcirebs teqstis da nimuSis Sedarebebis raodenobas.
algoriTmi muSaobs Semdegnairad: nimuSis da teqstis pirvel simboloebs vusworebT erTmaneTs, vada-
rebT nimuSis ukidures marjvena simbolos teqstis Sesabamis simbolosTan da vmoZraobT marjvnidan
marcxniv, sanam yvelam wyvili ar daemTxveva erTmaneTs. (am SemTxvevaSi, saZiebeli qvestriqoni napovnia
da algoriTmi dasrulebulia) Tu Sedarebisas aRmoCnda gansxvavebuli wyvili, nimuSs vamoZravebT mar-
jvniv. cxadia, gadaweva jobs, rac SeiZleba meti poziciiT, magram ara qvestriqonis gamotovebis riskis
xarjze. b-m-h-is algoriTmi am poziciebis raodenobas gansazRvravs im c simbolos ganxilviT, rome-
lic teqstis da nimuSis erTmaneTis mimarT gasworebis momentSi, mdebareobs nimuSis bolo elementis
gaswvriv. gvaqvs ori SemTxveva:

1. Tu c simbolo ar emTxveva nimuSis pirvel m-1 simbolos, maSin nimuSis wanacvleba marjvniv xdeba
m poziciiT.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 11.8
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(am SemTxvevaSi K simbolo ar gvxvdeba nimuSis pirvel 5 simbolos Soris, rac niSnavs, rom nimuSis
wanacvlebiT marjvniv 6 poziciiT ar gamovtovebT dasaSveb wanacvlebas)

2. Tu c simbolo gvxvdeba nimuSis pirvel m-1 simboloebs Soris, maSin wanacvleba xdeba ise, rom
nimuSis c-s toli ukiduresi marjvena simbolo gauswordes teqstis c simbolos.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 11.9

(am SemTxvevaSi B simbolo orjer gvxvdeba nimuSis pirvel 5 simbolos Soris, nimuSis wanacvleba
marjvniv xdeba ise, rom nimuSis pirvel 5 simbolos Soris yvelaze marjvniv mdgomi B simbolo
gauswordes c simbolos, rom ar gamovtovoT dasaSvebi wanacvleba)

am magaliTebidan Cans, rom simboloebis Sedarebas marjvnidan marcxniv mivyavarT ufro did wanacvle-
bebTan, vidre umartives algoriTmSi, magram Tu c simbolos SevadarebT nimuSis yovel elements, maSin
Sedarebebis raodenoba imave rigis iqneba, rac umartives algoriTmSi. Semavali monacemebis "gaumjobe-
sebis" idea amcirebs am Sedarebebis raodenobas. teqstis yoveli elementisaTvis (nimuSis gaTval-
iswinebiT) winaswar viTvliT wanacvlebis sidides, romelic Semdegnairad gamoiTvleba:

Table[c] =



m Tu c ar emTxveva nimuSis pirvel m− 1 elements

manZili nimuSis pirvelm−1
elementebs Soris ekidure-
sad marjvena c elementsa da
bolo elements Soris

winaaRmdeg SemTxvevaSi

wanacvlebis sidides vinaxavT cxrilSi.

Algorithm 33: Boyer Moore Horspool Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 SHIFT-TABLE(T, P) :

2 n = len(T);

3 m = len(P);

4 for k=1; k<=n; k++ :
5 Table[T[k]] = m;

6 for s=1; k<=m-1; s++ :
7 Table[P[s]] = m-s;

8 return Table;

9 BOYER-MOORE-HORSPOOL-MATCHER(T, P) :

10 n = len(T);

11 m = len(P);

12 Table = SHIFT-TABLE(T,P);

13 i = m;

14 while i <= n :
15 k = 0;

16 while k < m and P[m-k] == T[i-k] :
17 k++;

18 if k == m :
19 print(’ nimuSi aRmoCenilia wanacvlebiT ’, i-m+1);

20 i += Table[T[i]];

algoriTmis muSaobis dro. winaswari damuSavebis fazis (wanacvlebis cxrili) muSaobis dro aris Θ(n),
xolo boier-mur-horspulis algoriTmis muSaobis dro uares SemTxvevaSi aris Θ(mn).
ganvixiloTlaTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi: BESS-KNEW-
ABOUT-BAOBABS nimuSis - BAOBAB-s Zebnis amocana.
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c simbolo A B E S K N W O U T -

Table[c] wanacvleba 1 2 6 6 6 6 6 3 6 6 6

(a) wanacvlebebi

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

B A O B A B

B A O B A B

B A O B A B

(b) sul 13 Sedareba

tabula 11.10

11.6 boier-muris algoriTmi

boier-muris algoriTmis Rirseba mdgomareobs imaSi, rom nimuSis winaswari damuSavebis xarjze, mcird-
eba nimuSisa da teqstis simboloebis Sedarebebis raodenoba: zogierTi SedarebisTvis winaswar cno-
bili xdeba, rom igi usargeblo iqneba.
boier-muris algoriTmiT qvestriqonebis Zebna, iseve rogorc boier-mur-horspulis algoriTmSi, iwyeba
teqstisa da nimuSis pirveli elementebis erTmaneTTan gasworebiT. teqstisa da nimuSis elementebis
Sedarebas viwyebT nimuSis bolo elementidan da vmoZraobT marjvnidan marcxniv, sanam yvela m wyvili
ar daemTxveva erTmaneTs.(am SemTxvevaSi, saZiebeli qvestriqoni napovnia da algoriTmi dasrulebulia).
vTqvaT, teqstisa da nimuSis Sesabamisi wyvilebis k (0 ≤ k < m) raodenoba daemTxva erTmaneTs, xolo
k+1-e wyvili gansxvavebulia. am SemTxvevaSi boier-muris algoriTmi gansazRvravs wanacvlebis sidides
ori evristikis gamoyenebiT. esenia " sdeq-simbolos evristika" da " usafrTxo simbolos evristika".
TiToeuli maTgani iZleva mniSvnelobas, romelTa Sorisac udidesis arCeviT, SeiZleba gamoviTvaloT
iseTi maqsimaluri wanacvleba, rom ar gamovtovoT dasaSvebi.
wanacvlebis pirveli sidide - sdeq-simbolos wanacvleba (bad-symbol shift) ganisazRvreba teqstis im c
elementiT (davarqvaT mas sdeq-simbolo) romelic Sedarebisas pirveli ar daemTxva nimuSis Sesabamis
elements (es elementi SeiZleba iyos pirvelive elementi. am SemTxvevaSi k=0).
Tu c elementi ar Sedis nimuSSi, maSin nimuSi unda gadavaadgiloT marjvniv ise, rom sdeq-simbolo
aRmoCndes wanacvlebis gareT. wanacvleba gamoiTvleba formuliT: Table[c]-k, sadac Table[c] wanacvlebis
cxrilis elementia, xolo k teqstisa da nimuSis toli elementebis raodenoba:

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 11.11

erTmaneTs daemTxva nimuSis da teqstis bolo ori AB elementi k=2, sdeq-simboloa "-". nimuSi gadaadg-
ildeba marjvniv Table[-]-k, anu 6-2=4 poziciiT. ixileT wanacvlebis cxrili 11.11.
Tu c elementi Sedis nimuSSi da Table[c]-k¿0, maSin wanacvleba isev am formuliT gamoiTvleba, anu xdeba
nimuSis gadaadgileba Table[c]-k poziciiT.

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

B A O B A B

tabula 11.12

ar daemTxva erTmaneTs nimuSis bolo elementi B da teqstis Sesabamisi elementi A (sdeq-simbolo),
nimuSi gadaadgildeba marjvniv Table[A]-k, anu 1-0=1 poziciiT.
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Tu sdeq-simbolo c Sedis nimuSSi magram Table[c]-k¡0, maSin, cxadia, ver wavanacvlebT nimuSs uaryofiTi
raodenoba poziciiT. am SemTxvevaSi, viyenebT "uxeSi Zalis" princips da vamoZravebT nimuSs erTi pozi-
ciiT marjvniv.

amrigad, "sdeq-simbolos evristikiT" wanacvlebis sidide d1 tolia Table[c]-k, Tu es sidide dadebiTia,
da udris 1-s, Tu igi aradadebiTia.

d1 = max{Table[c]− k, 1}

wanacvlebis meore sidide - saerTo sufiqsis wanacvleba (good-suffix shift) ganisazRvreba nimuSis k ele-
mentis damTxveviT teqstis Sesabamis elementebTan da igi emyareba Semdeg ideas: vTqvaT, nimuSSi gvxvdeba
simboloebis ganlageba, romelic emTxveva nimuSis k - simboloian sufiqss, maSin nimuSi SeiZleba wa-
vanacvloT imdeni poziciiT, rom k - simboloiani sufiqsis toli simboloebis ganlageba, romelic
marjvnidan meorea, daemTxves k - simboloian sufiqss. amasTan unda gaviTvaliswinoT erTi mniSvnelo-
vani garemoeba: simboloebis aRniSnul ganlagebas win unda uZRodes im simbolosgan gansxvavebuli
simbolo, romelic win uZRoda k - simboloian sufiqss.

... D B A B ...

A B A B C B A B C B A B

tabula 11.13

am magaliSi 3-simboloian sufiqss win uZRvis simbolo C, misi Sesabamisi simbolo teqstSi aris D da
am simboloebis Sedarebisas moxda pirveli ardamTxveva. nimuSSi gvaqvs kidev ori aseTi ganlageba;
marjvnidan pirvels win uZRvis simbolo C, xolo marjvnidan meores - simbolo A. Tu nimuSs ise wa-
vanacvlebT, rom nimuSSi marjvnidan meore BAB ganlageba (romelsac win aseve uZRvis simbolo C)
daemTxves teqstis Sesabamis simboloebs, aRmoCndeba, rom vimeorebT usargeblo Sedarebas (D isev ar
daemTxveva C-s).

... D B A B ...

A B A B C B A B C B A B

tabula 11.14

am SemTxvevaSi, nimuSis SesaZlo dasaSvebi wanacvleba iqneba:

... D B A B ...

A B A B C B A B C B A B

tabula 11.15

anu, nimuSis gadaadgileba xdeba ise, rom marjvnidan meore BAB ganlageba (romelsac win ar uZRvis
simbolo C) daemTxves teqstis Sesabamis simboloebs.

Tu k - simboloiani sufiqsis toli simboloebis ganlageba nimuSSi ar aris, maSin, TiTqos, logikuria
vifiqroT, rom wanacvleba unda moxdes nimuSis toli sigrZiT.

magram, Tu nimuSi Seicavs elementTa Tanmimdevrobas, romelic aris k - simboloiani sufiqsis raime
l-simboloiani sufiqsi l ¡ k, maSin nimuSis toli sigrZiT wanacvlebisas SeiZleba gamovtovoT dasaSvebi
wanacvleba.

imisaTvis, rom aviciloT Tavidan arakoreqtuli wanacvlebebi, k sigrZis sufiqsisTvis unda vipovoT l¡k
sigrZis udidesi prefiqsi, romelic emTxveva, imave nimuSis l sigrZis sufiqss. Tu aseTi prefiqsi arse-
bobs, d2 gamoiTvleba rogorc manZili prefiqssa da sufiqss Soris, winaaRmdeg SemTxvevaSi, d2 nimuSis
sigrZis tolia.
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Algorithm 34: Boyer Moore Matcher

Input: teqsti T da teqstSi saZebni nimuSi P
Output: teqstSi nimuSis wanacvlebebi

1 BOYER-MOORE-HORSPOOL-MATCHER(T, P) :

// biji 1: mocemuli m sigrZis nimuSisTvis da anbanisTvis, romelic gamoiyeneba teqstSi da
nimuSSi, avagoT wanacvlebebis cxrili

// biji 2: mocemuli m sigrZis nimuSisTvis, avagoT saerTo sufiqsebis wanacvlebebis cxrili

// biji 3: gavusworoT nimuSi teqstis dasawyiss

// biji 4: manam, sanam ar iqneba napovni saZiebeli qvestriqoni, an manam, sanam nimuSi ar
miaRwevs teqstis bolo simbolos, gavimeoroT Semdegi moqmedebebi: nimuSis bolo
simbolodan dawyebuli, marjvnidan marcxniv, vadarebT nimuSis da teqstis Sesabamis
elementebs. Tu dadgindeba yvela m simbolos toloba (e.i. teqstSi napovnia nimuSi) Tu
nimuSis 0 ≤ k < m simbolo daemTxva teqstis Sesabamis simboloebs, xolo k + 1 simbolo ar
daemTxva teqstis Sesabamis simbolos da es simbolo teqstSi aris c, maSin wanacvlebebis
cxrilidan vipoviT Table[c]-s. Tu k > 0, saerTo sufiqsebis wanacvlebebis cxrilidan vipoviT
d2-s. nimuSs wavanacvlebT marjvniv d poziciiT, sadac:

d =

{
d1 Tu k = 0

max(d1, d2) Tu k > 0

d1 = max(Table[c]− k, 1)

algoriTmis muSaobis dro. boier-muris algoriTmis muSaobis dro uares SemTxvevaSi aris Θ(mn + Σ).
winaswari damuSavebis fazas sWirdeba Θ(mn + Σ) dro, xolo Zebnis fazas - Θ(mn). is swrafia, roca
anbani didia (mag.: A-Z, 1-9) da nelia, roca anbani pataraa (mag.: {0,1}).
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ganvixiloTlaTinuri anbanis asoebisgan da xazgasmis simboloebisgan Sedgenil teqstSi: BESS-KNEW-
ABOUT-BAOBABS, nimuSis - BAOBAB Zebnis amocana.

c simbolo A B E S K N W O U T -

Table[c] wanacvleba 1 2 6 6 6 6 6 3 6 6 6

(a) wanacvlebebi

k nimuSi d2
1 BAOBAB 2

2 BAOBAB 5

3 BAOBAB 5

4 BAOBAB 5

5 BAOBAB 5

(b) saerTo sufiqsebis wanacvlebebi

B E S S - K N E W - A B O U T - B A O B A B S

B A O B A B

d1 = t1(K)− 0 = 6
B A O B A B

d1 = t1(-)− 2 = 4
d2 = 5
d = max{4, 5} = 5

B A O B A B

d1 = t1(-)− 1 = 5
d2 = 2
d = max{5, 2} = 5

B A O B A B

(c) sul 12 Sedareba

tabula 11.16

dasasrul, ganvixiloT sakiTxi: anbanis, teqstis da nimuSis zomis mixedviT, Cvens mier ganxiluli,
romeli algoriTmis gamoyenebaa ufro xelsayreli. arsebobs mravali gamokvleva amis Sesaxeb. boier-
muris algoriTmis upiratesoba umartives algoriTmTan SedarebiT, gansakuTrebiT sagrZnobia, roca
anbanic, teqstic da nimuSic didia (grZelia). boier-muris algoriTmis upiratesoba mis ufro martiv
boier-mur-horspulis algoriTmTan vlindeba mxolod maSin, roca nimuSi grZelia da teqstSi xSirad
gvxvdeba nimuSSi Semavali simboloebis calkeuli mimdevrobebi. mokle anbanisaTvis rekomendirebulia
knut-moris-pratis algoriTmi, xolo Tu teqstic da nimuSic moklea, umartivesi algoriTmic sakmaod
efeqturia misi simartivis gamo (winaswari damuSavebis etapis gareSe).

11.7 savarjiSoebi

1. ganvixiloT genebis Zebnis amocana dnm-s mimdevrobaSi horspulis algoriTmis gamoyenebiT. dnm-s
mimdevroba warmoadgens teqsts, gansazRvruls {A,C,G,T} anbanze, xolo geni, an genis monakveTi -
nimuSs.

(a) aageT wanacvlebis cxrili genis Semdegi monakveTisTvis: TCCTATTC

(b) gamoiyeneT horspulis algoriTmiam nimuSis Semdeg teqstSi mosaZebnad: ATCTGTACTTCCTATTCGTA

2. simboloebis ramdeni Sedareba unda Sesruldes boier-mur-horspulis algoriTmiT Semdegi nimuSe-
bis Zebnis dros teqstSi, romelic Sedgeba 1000 nulisgan:

(a) 00001
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(b) 10000

(c) 01010

3. simboloebis ramdeni Sedareba unda Sesruldes boier-muris algoriTmiT Semdegi nimuSebis Zebnis
dros teqstSi, romelic Sedgeba 1000 nulisgan:

(a) 00001

(b) 10000
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